LAPLACE’S EQUATION IN SPHERICAL POLAR CO-

ORDINATES
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Transformation of coordinates from Cartesian to Spherical, of a given function let’s say ¥, (that
isW(x,y,z) = ¥(r, @, 0))is governed by the following fundamental relationships:
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Then, the partial derivatives of the Cartesian coordinates with respect to the Spherical ones are:
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Now bearing in mind that for any function ¥;
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In matrix notation, these relationship can be presented as follows:
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Now, we need to determine the values (or expressions) of partial derivates in Cartesian
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coordinates from the above 3x3 matrix, in terms of the spherical polar ones

For simplicity in working with the partial derivatives operators, let
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From this matrix, we therefore need to solve for a, b and c.
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We therefore need to find first, the inverse of the matrix A

The transpose of this matrix is
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Finally we need to find the determinant of our original matrix A given by
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Similar procedures apply in getting the rest of the values of the matrix; that is:
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Eventually the above detailed mathematical procedures confirm the fact that
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Therefore, the above procedures confirm that A~ and A are inverse matrices to each other.
However, this confirmatory test is not part of our problem.
Eventually, we continue as follows:
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cos? @ cos@\ 9 (cos<psin<p) 0
r2sinf |06 r2sin?6 / do
Finally;
02
a—yz =a' + ﬂ’ + Y

18



- o 2 02 N sin? gsinf cos@\ 02 N SlTl(pCOS(p) 02
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Table 2a
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— cos? 8 0% sinBcos® 0  sinfcosO 02 +sin20 0 sinfcosd 02 +sin9c059 0
= COS Vgz "2 06 9ra0 or r  0rdo 72 06
sin? 8 92
rz2 002
62
@ — COEFFICIENTS OF DERIVATIVES SUMMARY TABLE
2 2 0?2 2 0?2 0?2 d 0 0
DERIVATIVE 6_ 6_ —_— 9 — — —
ar? 002 | 0¢2 roe drdp | 000¢ or a0 do
) . . 2 .
COEFFICIENT | cos?2g | Sit 0 0 _ 2sinBcosb 0 0 sin“ 6 | 2sinfcosf | 0
r2 r r r2
Table 3
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9% 9

2

v:= + + — COEFFICIENTS OF DERIVATIVES SUMMARY TABLE — 1
ax?  dy? 0z?
DERIVATIVE COEFFICIENT
2
% 0s2¢ sin? 8 + (sin? ¢ sin? @) + cos? 6
r
92 cos? @ cos?p [sin?¢@cos?@\ sin?6
— + +
502 72 r2 72
02 sin? cos?
— ey (g O
d¢p? r2sin?0  \r?sin?6
92 2cosBsinfcos?q N <251n2 @sind cosG) 2sinfcosO
drdé r r r
02 2singcos 2singcos
_ 2singcosp | ( ¢ <p> ‘o
drdg r
92 2cosOcospsing <25in<pcos<pcost9> 4
000¢ r2sinf r2sinf
] cos? 0 cos?p  sin? sin? ¢ cos?*0  cos? sin?
— LA < L4 + 222y
ar T r T r r
2cosOsinfcos?@  sin? ¢ cosO
0 2 r2sinf
20 2sin? @sind cos® cos? @ cosf\ 2sinfcosh
+( - . + +
T r4sind T
cos@psing + cos@ cos? B sing  singcosg
g r? r2sin? 0 rzzsinze
singcos cos” 0 singpcos cospsin
g _(singcose ingcosg | cospsing) o
r? r2sin?6 r2sin? 0

SUMMING UP AND SIMPLIFYING THE ABOVE TRIGONOMETRIC RATIO TERMS

coefficients for

62
ar?

cos? @ + cos?@sin? @ + sin? psin® 9 =1

cos? @ + cos?@ sin? @ + sin? @ sin? § = cos? O + sin? O (cos?¢ + sin? @)

= cos? 60 +sin?6 =1

3% | cos?8cos?g

292 r?

sin? ¢ cos? 0\ sin?8
+ +

r2 r2
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2 2 P2 2 P2 2 P2
cos“ 6 cos“p sin“@cos“8 sin“6O cos‘ 6 _ sin“ 6
2 + . Tt =02 (cos?@ + sin® @) +

r2

1
= — (C0s Sin =
= %0 + sin® 6)

r2
92 sin?@ cos? ¢
dp? | r?sin?0  \r?sin?6
sin?g cos’p 1 1

(cos? @ + sin? @) =

r2sin?@ r?sin?0 r2sin?6 r2sin%6

92 2cos0sinfcos?@ N <2$in2 @sind cosH) 2sinfcos6
arao r

r r

2c0s0sinfcos?@ N 2sin? @sinf cos@ 2sinBcosb

T T T
2sinfBcosb _ 2sinfcosf  2sinfcosf 2sinfBcosbO
= ————(cos? ¢ +sin? @) — = — =0
T T T T
9> 2singpcosy N <25in(pcos<p)
drde r r

2sin@pcose N 2singpcosp

r r
9> 2cosOcospsing <25in(pcos<pcost9)
d00¢ r2sinf r2sinf

2cosfcospsing  2sinpcospcosd

r2sinf r2sinf

] cos? 6 cos? sin? sin® @ cos*60 cos? sin? 0
LA L4 + 222,
ar r r

r r r
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cos? @ cos?g

sin? ¢ cos? 6

P2 2
Sin CoS
LA

sin? @

r r r r r
1
== [cos? 0 (cos?¢ + sin? @) + (sin? @ + cos? @) + sin? 6]
1 _ 2
=—[1+4 cos?8 +sin? 0] = —
r r
d 2cosOsinfcos?q  sin? ¢ cosO 2sin? @sinf cosd cos? @ cosf\ 2sinBcosO
— | — - - , +
BT T2 r2sinf r2 r2sinf r2
2cos0sinfcos?@  2sin? @sinf cosd  sin® @ cosd cos? @ cosd 2sinBcosO
r? r? r2siné r2sinf r?
_ 2sinfcosb (cos?0 + sin® ) + cos6 (sin? o + 2 ) + 2sinfBcosf
= 2 cos®g + sin® @) + 5 (sin” ¢ + cos® ¢ 2
_ 2sinBcos®  2sinfcosd  cosf  cosf
B r? r? r2sin  r2sinf
P cos@sing  cos@ cos? @ sing  sin@cose sin@cosy 4 cos? 0 sinpcosp  cos@sing
= r? r?sin? 6 r2sin26 r? r2sin? 6 r2sin? 6
d¢
+0
cos@sing  singcosg  cos@ cos?Osing  cos? 0 sinpcosQ  SiNYcosp  cosQPSIng —0
r? r? r?sin? 6 r?sin? 6 r2sin?0 r2sin2
9> 9* 2 FINALTABLE

2

V2 =
s= o2 ay> Tz

— COEFFICIENTS OF DERIVATIVES

2% | 92 0° 92 ik PR 9 ] 0
DERIVATIVE | — | — — _ el —
or? | 062 d¢? orof | 0rde | 060¢ | or 00 g
1 1 2 0
COEFFICIENT | 1 | — : 0 0 o | 2| 0
r2 | r?sin?6 r | r?sinf
V2_62+62+62_62+(2>6+(1>62+(c050>6+( 1 )62
S 0x2  dy?  9z2 or?z \r/or \r2)062 \rZsinf) 06 \rZsin26/d¢2
_1[a<za>]+ 1 6(_96>+ 1 0°
~r2lar\" ar r25in6 g \""" a9) " r2sin?@ dp?
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Hence

V2—1[6<26>]+ 1 a<,06>+ 1 9>
s =72 [ar\" ar)l T 72sine a6 \°*"" 30) T ¥2sin?e dp?

LAPLACE’S EQUATION IN CYLINDRICAL POLAR CO-
ORDINATES

Transformation of coordinates from Cartesian to Cylindrical polar coordinates, of a given

function let’s say ¥, (thatis ¥(x,y,z) —» ¥ (p, ¢, z)) is governed by the following fundamental

relationships:
X = pcose
y = prsing
z=1z
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The laplacian in Cartesian coordinates is given by the expression
02 02 02

VE=—+—+
€ 0x% 0y? 0z2
Now our task here is to find a corresponding expression for “V2" under the above coordinates

transformation. Since the transformation affects only on the horizontal components x and y but

not the vertical, the rate of change with respect to z is zero, i.e.
aZ

d
3= 07 527"
The partial derivatives in Cartesian coordinates with respect to the cylindrical ones are:
0x dy .
% = cos@; % = sing
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d0x ) dy
% = —psing; % = pCcosQ
Moreover;
d Ox 0 dy 0
dp dp dx 0dp dy
d d .0
= % = cos<p&+sm(p@
and
0 d 0

% = —psinq)a + pcoso @

In a matrix form, the above two equations can be written as

0 0
< cos® sin(p) ox _ %\
—psing pcosp)\ 0 | | @

» \as

From this matrix therefore, we need to solve for d/dx and d/dy in terms of d/dp and d/d¢
using the determinant method

Therefore let

A= ( cosQ sing )
~ \—psing pcose

A (=)

1| Op
— 1

o |=4| 5
dy EY)

where A™1 is the inverse matrix of A. Now, to begin with, let’s find A~1
pcosy —sin(p)

A= ( cosg sing ) N (psin(p cosQ
—psing pcose Det(A)

Then

Det(A) = (pcosg)(cosp) — (—psing)(sing) = pcos? + psin’p = p

Therefore
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sing

cosp —
A—l — p
cosQ

P

A quick check to confirm if the above matrix is an inverse matrix of A.

sing

Two matrices B and B~ are inverses of each other if

BB = ((1) ‘1)) =1

where I is the identity matrix

Hence
sing
cosp — ,
14 p cosp sing
A—7A= cosQ (—psin(p pcos¢>
sing
p
) sing . . sing
cos“ + (— ) (—psing) cos@sing + (— ) (pcosy)
. cosp . . . cosp
singpcosg + <T> (—psing) singsing + ( ) (pcos0)
B cos’@ + sin’e cos@sing — cosgsing\ (1 0)
~ \singcosp — singpcose sin’ + cos’¢@ 0 1
Therefore it’s correct that the above expression for A~ is an inverse matrix of the original
matrix A
Eventually;
0 /0\ 0 sing /6\ / 0 sing 0
— = — — — coSQp — — —
0x | _ 4-11 9P | [ 0x | _ €os¢ p ap | _ Yo" 0 o9
2 |~ 0 a |~ sing cosQ o1 | 0 +cos<p 9]
—_ —_ — — sing — -
dy o dy p 90 YT 0 90
Finally
J d sing 0
ox cos¢ dap p 0@
g 0 +cos<p d
3y - sing - > 90
Then
a 0 sing 0 0> 0 0 sing 0
ax _ °? ap p dp  9x% Ox 05¢ ap p dp



02 0 [ 0 sing 6] sing 0 [ 0 sing 0
— — — ¢ —
dp p 0O¢ dp p O¢

p ¢
B 62 6(1>6+16(6>
= cosg cosgoa sing 3 30t 290 \3g

sing 6( )6+ 6(6) 1 ( ) + 6(6)
R cos 3 cosQ a0 \ap sing smgoa 30
~ 92 10 19
= cos@ |cosp 3,7 sing 290 53p00
singol 0 N 02 1< d g 02 )l
— —sing — + cos — —| cosp— + sinp—
p Yop Yopae  p\“ %0 Y op7
_[ , 0% cospsing 0  cospsing 0? l
= [cos® @ — + > — -
dp p do p  0pde
sin?¢ 0 _ cosgsing 0%  cospsing @ sin?¢ 02
p 9p  p 0rde p*  dep  p* 0¢*
02 0% sin?¢@ 0% 2cospsing 0% sin?¢@ 0  2cosgsing 0
= —=cos?p=—+ L4 — one + L ki
0x? dp*  p* 0¢? p dpdp  p 0p p: ¢
Similarly;
62_6<6)_ [ +cos<p6
ay? _ ay\ay) oy’ 3p " "o o
02 0 [ 0 | cosg 6] cosg 0 [ 0 | cosg d
= sin sin — sin —
ay 7] B PRI p 0p (pap p 0o

= sing

62+ 6(1>6+16(6>
Sm(pap 0%\ 9p\p) 39 " pap\ag

cos<p ( ) + ( ) ( ) _|_ 0 < 9 )
sing sing — 90 cose A
. . 62 N 1 62
sing |sing 53 + cosg ,02 a<p papa¢

N cos<p[ d N ( 0 N 02 )l
cosQ — + sing —Sing — + cosp —
p dp 6/)640 p do dp?
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., 0% singcosp @  sinpcosp 0°
sin“ @ - — +
dp? p* 09 p  0pdg

cos’@ @ singcosp 0?  singcosg 0 +c052(p 02
p  0pdg p:  0p  p* 0¢?

p dp
02 ., 0% cos’@ 0°  2singcosp 0° cos’p 0  2singcosp 0
= S =sin“p—+ > > — - > -
dy dp p? d¢ p dpdg p dp p dg
0?2 02 0% sin?¢@ 0% 2cospsing 9%  sin®’¢ 0
= —+—=[cosPp—+ L4 — one + L
dx? = dy? dp*  p* 0¢? p dpdp  p 0p
2cos@sing 0
p?  0¢
., 0% cos*p 0° 2sinpcosp 3°  cos’¢ 0
+|sin® ¢ —+ > > -
dp p? 0@ p dpdy p Op
2singpcos@ 0
p>  0¢
0% 1 02 2cos@sing  2cos@sing\ 02
— 2 L2 N 2 in2 o) — + [ —
(cos® @ + sin” @) 37 + oz (cos® ¢ + sin” @) 32 + ( P + p >6p6(p

1 d 2cospsing  2cos@sing\ 0
+ — (sin? ¢ + cos? )—+< — )—

p v Y p p? p? de
ik 02 92 1 9% 10 - a? %  9* ? 14 1 0%

= - S pZ= - - -7
o oy T a2 T e Toop "o "oy T 92 9pZ pop | prog?

g 0 10 12
7 ap? pap p?og?

MATRICES REVIEW AS APPLIED IN INTEGRAL CALCULUS

Review Task 1: Gien the following 3x3 matrix below, determine its inverse matrix

7 2 1
A=(0 3 -1
-3 4 -2

SOLUTION:
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7 2 1 7 0 =3
Az(O 3 —1>=>AT=<2 3 4)
-3 4 -2 1 -1 -2
The co-factors, C(AT) of the transpose matrix AT are as follows:
(5 HE HE 5
(& 26 DG 2
G DG DG )

—64+4 —4—-4 -—2-3 -2 -8 -5
=>C(AT)=<0—3 —14 +3 —7—0)=<—3 ~11 —7)

0+9 28+6 21-0 9 34 21

+ - + -2 -8 -5\ /+ - +
Adjoint(A)=C(AT)<— + _>:<_3 ~-11 —7)(— + —)
+ - + 9 34 21/\+ - +

-2 8 -5
Adjoint (4) = < 3 -11 7 )

9 =34 21

a=(0 3 )= =G -2(" (Y )
-3 4 =2

det(A) =7(—6+4)—2(0—-3)+ (0+9) =7(-2)—2(-3)+9=-14+6+9 =1

det(4) =1
Adjoint(A —2 8 =5
A7l = C:t—(A()) = < 3 -11 7 )
€ 9 -—34 21
-2 8 -5
= A1 = ( 3 —-11 7 )
9 =34 21

ALTERNATIVELY:

7 2 1
A=10 3 -1
-3 4 =2

The co-factors, C(A) of the matrix 4 are
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[ (G
G D0 D0
GG 26D

—-6+4 0-3 0+9 -2 -3 9
=CA)=(-4-4 -14+3 28+46]|=(-8 —-11 34

—-2—-3 —-7—-0 21-0 -5 =7 21

. (-2 -8 =5
(c(a) =<—3 —11 —7)

9 34 21
St - -2 -8 -5\/+ - + -2 8 -5
Adjoint (4) = (CD) |- + —-|=|-3 -11 -7|[- + —-|=[3 -11 7
+ - + 9 34 21/\+ - + 9 -34 21
-2 8 -5
Adjoint(4A) =| 3 -11 7
9 -34 21
-2 8 -5
=A"1=3 -11 7
9 -34 21

Which is a solution similar to the one found earlier, indicating that C(AT) = (C(A))T

G 20 206G D
a G DG D)
GG G )
Review Task 2: Solve for x, y and z in the following system of equations
2x—3y+z=u
x+2y=v
X—zZ=w

In matrix notation, the above system of equations can be represented as
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Let

2 -3 1 2 1 1
B=[1 2 0 |=B"=|-3 2 0
1 0 -1 1 0 -1

The co-factors, C(BT) of the matrix BT are

6 DG 2

-2 3 =2
=CBH={-1 -3 -1
-2 3 7

+ - o+ —2 3 —2\/+ - + -2 -3 -2
Adjoint(B)=C(BT)<— + —>=<—1 -3 —1)(— + —)=(1 -3 1)
+ - o+ -2 3 7/\+ - + -2 -3 7

-2 -3 -2
Adjoint (B) = < 1 -3 1 )
-2 -3 7

p=(1 2 o)mdam=2(2 %)es(t O)+( )
1 0 -1
=2(-2)+3(-1D+(0-2)=-4-3-2=-9

det(B) = -9
. Adjoint(B)  1(72 3 2 2 3 2
=W=—§ 1 -3 1 |]===1-1 3 -1
€ -2 -3 7 2 3 -7
1/2 3 2
B_1=§ -1 3 -1
2 3 -7

Note that

BB = BB~! =[; where
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1 0 0
I=10 1 0
0 0 1

Review Task 3: A quick check to see if this is true for the above matrix B

2 -3 1 1/2 3 2 1/2 =3 1\/2 3 2
B=(1 2 o0 ];B'=5|-13 -1|=BB"=;(1 2 0 (-1 3 -1
1 0 -1 2 3 -7 1 0 -1/\2 3 -7

(2)2+(=3)(-D+1(2) 2)3+(=3)B)+113) @2+ (3D +1(=-7
- 1@+2-D+0 13)+23)+0 1(2)+2(-1)+0
1(2) + 0+ (-1 (2) 13)+ 0+ (—1)(3) 1(2) + 0+ (-1 (=7)

L[(A+3+2 6-9+3 4+3-7)\ /9 0 0) 10 0
BB == 2-2 3+6 2—-2 |==l0 9 0])=(0 1 o|=1

I\ 2-2 3-3 2+7) 009/ \o o1

Therefore
2 -3 1 X u 1 2 3 2 2 -3 1 X
(1 2 0 ><y> = (v) =>§<—1 3 —1) <1 2 0 ><)’>
1 0 -1 w 3 1 0 -1/ \z
1 3 1 0 0\ x 1 2u+ 3v + 2w X
=9(— 3 ) (0 1 O)<y>=§<—u+3v—w)=(y>
3 0 0 1/ \z 2u+3v—7w z

Therefore the solution to the system of equations
u=2x—-3y+z
v=x+2y

W=X—12

1
x=§(2u+3v+2w)

1
y=§(—u+3v—w)

1
Z=§(2u+3v—7w)

and the Jacobean is
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Ju OJv
_0(x,y,z) |0y 0y

o(u,v,w) |du Ov
dz 0z

du dv

J

O N

SOLUTION:

Adjoint (D) = c(DT) (

_|_

_|_

Wl R Wk, W] -
|
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81

I

+

+

81

+

+

+

2
81

)

= |-l -|
-

[

1

0

-1

1

_52

0
-1
1

)

1
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1 -1 0
Adjoint (D) = (0 1 —1)
0 O 1

o=(0 1 1)=a@=(5 (5 Y+ H=1-0+0-1

0 0 1 0 1 0 1 0 0
det(D) =1
_, _ Adjoint(D) 1 -1 0
e I L
€ 0 0 1
Therefore
1 -1 O
D=0 1 -1
0O O 1
Check:

1 1 1)\\/1 -1 O 1 0 O
pp~*=(o 1 1]l0 1 -1)=(0 1 0
0 0 1/\0 O 1 0 0 1
Review Task 5: Now consider the following system of equations

x+y+z=u

yt+z=v

X 1 =1 0 u u—v
=()=(0 1 2)(z)=(v)
zZ 0 O 1 w w
Therefore we observe from above that

X=U—v;y=v—W;Z=Wwor



0x

ou
d(x,y,z) |0y
d(u,v,w) "~ ou
0z

Ju

=[|14040/=1

Review Task 6:

Let

0x
v
dy
ov
0z
ov

0x
ow
dy
ow
0z
ow

A= (146 —21)

Determinat (4) = Det (4) = 4(—1) —16(2) = —4—32 = -36

A7lA

1
- %(116

Det (4) = —36
A7 = _(—_116 _42) - %
=A7 = %(116
A B s

Therefore, for the system of equations
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116 —2 4)
)

_ 1
64 — 64 322 +24) = %(306 306) - ((1)
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4  2\(*\ _ /(8
(16 —1) (y) N (14)
We can determine the values of the variables x and y as follows:

(146 _21) (;) - (184) = %(116 —24) (146 —21) (;) - %(116 _24) (184)

1 1
(1§8+3§6) = %@g) = G) =

~ 36 y

Review Task 7:

Similarly, for a simultaneous equation

or (in matrix notation)

Let
/(3 2
A= o)
Determinat (4) = Det (4) = 3(6) + 6(2) = 30
16 -2
-1 _
=4 =5 3)

Check to see if this value of the matrix A~1 is correct

1 0

1 — 1 — 1
A4 = %(2 32) (—36 2) - %Gg ! 1&23 1% + 38) - %(300 300) - (o 1
Therefore
1 — 1 — 1
6)=35( 3)(E) =35(2118)=35(0) =)
= (;) = (;) = (x,y) =(1,2)
Example 1.

(3)=(3)or @y =02

)=1

Using integral calculus, find the volume of the parallelepiped defined by the inequalities:
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0<2x—-3y+z<5
1<x+2y<4

—3<x—z<6

Let
u=2x—-3y+z )
v=x+2y (i)
wW=x-—2z (iii)
—
0<uc<s
1<v<4
—3<w<6
u 2 =3 1 X
<v> = <1 2 0 ) <y>
w 1 0 -1 z
:>]:6(u,v,w):2(2 0)_(_3)(1 0)+1(1 2)
d(x,y,z) 0 -1 1 -1 1 0
J=2(-2)+3(-1)+1(-2)=-9
d(x,y,z) o(u,v,w) -
dxdydz = |——=| dudvdw = |——| dudvd
xdydz ‘a(u,v,w) udvdw 30x,y.2) udvdw
1 1
JI7t = -9/ = 5= dxdydz = adudvdw
Therefore
1 1 5 4 6 1
V=ff —dudvdw=—f duf dvf dw ==(5)(4—-1)(6+3)
9 9 0 1 -3 9
1
V= 5(5)(3)(9) = 15 cubic units
Note:
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0(x,y,2)| _|0(w,v,w) -

= =Yt = oy =
o(u,v,w) d(x,y,2) 9
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6)(-3)-G)-3)l-51(-5)(-5)- G) (-3)] +5[(-3) G) - G) G

_2[ 21 3

81 81] 981 81] 9l 81 81

=5|-al sl +slsl = —s-ara = w3
/= 9181] ' 9 ~ 781 81 81 81 9
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