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Integration

IN I Eﬂnnl I“N -

Integration is process of reversing differentiation. Previously, we
learned differentiation of different relations. Here we are going to
find out the relation/function whenever the derivative is given.
The required relation/function is called anti — derivative or definite integrals.

The origin of integral calculus can be traced back
to the ancient Greeks. They were motivated by
the need to measure the length of curves, the
area of a surface, or the volume of a solid.
Archimedes used techniques very similar to
actual integration to determine the length of a
segment of a curve. Demo{gr/tus 410 B.C. had the
insight to consmf@g tha;\a cone was made up of
infinitely many pIarfg@ cross sections parallel to

the base.

BARAKA LO1BANGUT1 &
The theory of integration received very little

stimulus  after  Archimedes”  remarkable
achievements. It was not until the beginning of the 17™ century that the interest in
Archimedes’ ideas began to develop. Johann Kepler 1571 — 1630 A.D. was the first among
European mathematicians to develop the ideas of infinitesimals in connection with
integration. The use of the term “integral” is due to the Swiss mathematician Johann
Bernoulli 1667 — 1748. In the present chapter, we shall study integration of real-valued
functions of a single variable according to the concepts put forth by the German
mathematician Georg Friedrich Riemann 1826 — 1866. He was the first to establish a
rigorous analytical foundation for integration, based on the older geometric approach.
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Suppose we are given the function y=3>x2 +4x -3, it is the derivative% =6x+4. The
X
guestion is can do reverse to find y? It is possible to gety, the rule that guide integration

n+1
is Ix”dx=x +A where A is a constant of integration and n#-1. So for the
n+

derivative 2 =6x+4 multiply both sides dx

ax
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dx% =(6x+4)dx = dy = (6x+4)dx
X
Put the integral both sides, as Idyzj(6x+4)dx

Idyszxdx+I4dx thus y=3jxdx+4jdx therefore y=%x2+4x+A

Indefinite integrals

The indefinite integrals: These are integrals of the form jf(x)dx thus if

[ (00 gt)aix = [ xia [ gl

Example 1

Evaluate the integral I(2x3 +4x? +7)dx

&
. (OX‘% é‘\po
Solution @, &
&
3 2 S
From J.(Zx +4x°+ 7)dx & dj‘%e
& S

j(sz +4x%+7 X=ZIx3dx+4jx2dx+7jdx

, , X e
ZIX dx+4jx dx+7jdx thus =2 7 +4 ? +7x+A

4 4X3

.'.I(2x3+4x2+7 x:%+T+7x+A

Example 2

Evaluate I(Zx —3)dx

Solution
From I(2x —3)dx = I3xdx —Ide

2]xdx—3jdx thus j(Zx—B)dx=x2 —3x+A
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Example 3

Evaluate j(i%xz —5x+%—l)dx

x> X
Solution

3 2
I(3X2 —5X)dx=3jx2dx—5j‘xdx thus =3[%]—S(%}+A
2
I(3x2 —5x)dx =x> —5%+A

Example 4

Evaluate I(2—3x +5x° )c/x

Solution
&
From I(2—3x+5x3)1x = Zj.dx—3J‘xdx +5Ix3dx (O’% N
G, V\@q;“
2 4 & a
=2x —3(X—J+5£X—J+A & ey,
2 4 & >

3x*  5x*
Therefore J.(2—3x+5x3)dx=2x—%+%+,4

Example 5
Evaluate I(xs —3x2)dx

Solution

Given I(x3 —3x2)dx thus I(x3 —3x2)jx=jx3dx—3jx2dx

4

.'.I(x3 —3x2)dX=XT—x3 +A
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Integration

1

EXERCISE
1. I(X3 —2x? +5)dx
3. I(élx3 —5x+2)dx
5. I(4—3X+1Ox4 —ng)dx

7. I(3x2 —4x)dx
9. j(x4 —2x3 4+ x? —x)dx

11. I(ZJ_—TJ

Substitution / Change of variable
Integrals of the form J.f

= f'(x) hence a’x=ﬂ

f'(x)

du
u—f(x):g

Example 6

2. I(x —2x Xx 2)dx

4, I(3 —% +5x% +12dex
X

(x)dx are easily evaluated by letting

Evaluate the integral I(ZX +3)(x2 +3x —Z)dx

Solution
From I(ZX + 3)()(2 +3x— Z)dx

Let u=x? +3x—2 then %=2X+3
X

Make dx the subject and substitute

dx= au then I(2x+3)u

(2x +3) (2x+3)
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2
J.udu:[u?}LA But u=x% +3x-2

J.(2x+3)(x2 +3x-2 x:%(xz +3x—2)Z +A

Example 7

Evaluate j (2x—6)ax? - 12x)dx

Solution

From I(ZX—G)(ZXZ —12x)dx, Let u=2x%—12x and %=4x—12
X
du

dx=m andIZX 6)u—— (2 —6)

1 1( u?
—Iudu=— v +A But u=2x> —12x
2 20 2

.'.I(ZX—G)(ZXZ —12x)dx=%(2x2 —12)()2 +A

&
(O@v _\\90
G, &
7 &
&
Example 8 & %,
+° i
& 0
2 3 A
Evaluate | \3x° +1RK/\5x~ + 5x dx

Solution

Let u:\/5x3 +5x =u? =5x> +5x

299 Z15x2 45 Substituting

ax
2udu 2udu
dx = and J-3X +1
53x +1 )1513x2+1i

2
—qudu=—u +A But u=w115x3+5xi
5 15
1 3
I(3x2+1MSX3+5x)dX=E(\/5x3+5XJ +A
Therefore,j(3x2+1 5x% +5x x:%(5x3+5xMSx3+5xi+A
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Example 9

Evaluate I(7x +1)(7)<2 +2x —1)5 dx

Solution
Given J.(7x+1)(7x2 +2x—1)5dx Let u=7x? +2x —1therefore
d d
=— % thus I(7x+1)u5—u
2(7x +1) 2(7x+1)
lJ.usdu=iu6+A But u=7x%+2x-1
2 12

Therefore, I(7X + 1)(7x2 +2x — 1)5 dx = % (7)(2 +2x — 1)6 +A

Example 10

Evaluate j(z —3)()(3)(2 —4)()9 adx

Solution ©p, é\\.é’&
5 0 G""z & du
I(Z—Sx)(.%x —4x) dx Let u=3x> —4x theh,—=6x—4
fa\éo 0.
=M then —J.(2—3X)U9L But u=3x2 "~ 4x
22— 3x) 2(2-3x)°

10
——Iu du—— x —4X) +A

.'.I(2—3x)(3x2 —4x) dx:—%(.%xz —4x)10 +A

EXERCISE 2
Evaluate the following
1. .[(6)( —1)(3X2 - X+ 2)dx 2. J.(Zx—l)3 4x* —4x+3dx
3. J.sin3X\/c053xdx 4. J.sin7 X COSs xdx
5. .[cos3 xdx 6. J.sin5xcos 3xdx
7. Icosxsin3 xdx 8. J.sin2 4 x cos 4xdx
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4
9. jx(3x2 +2) dx 10. I(2x+1)4dx
11. J.xtanxzdx 12. Icos(3x+1)dx
13. J.secxtang xdx 14, J.(x—l)(x2 —Zx)%dx
15. J.singxcosz xax 16. Isinxcosxdx
17. J.sin5 xdx 18. Itanz xsec? xdx
19. jx a? —x?dx 20. jx 1+ x?dx
Integration of natural logarithm
From, i(|nx)=l d(|nx)=1dx
ax X X
J‘d(lnx)zj‘ldx Inx=£ldx &
X e, &
“ &
1 ,@0‘? %
.‘.J‘ﬂzln|x|+A thus J‘ dX=—InA|ax+b| &0 JJ«%
X ax+b a & )

Integral of the form j];((x)) ax
X

Suppose you have J‘%X))dx Let u= f(x)= du = f'(x)dx
X

J.%zln|u|+A But u = f(x)
u

Mx=n x )+
jf(x)d In|£(x) + A

Example 11

Evaluate I dx
2x+1
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Solution

let u=2x+1

Pt} dx=ﬂ
dx

2
1
J‘—(@j thus = du:lln|u|+A, But u=2x+1
u\ 2 24 u 2

J' N L oxr 1]+
2x+1 2

Example 12

Evaluate j

> ax
3x°+9
Solution

J' —dx Let u=3x2+9
3x°+9
ﬂ:Gx dx
dx

¢ §
du O@V &

= &
6x Jé\@

x \ du K4 o%v
Substituting I(—J(—) & R
u )\ 6x ©

1 @=1|n\3x2+9\+A
6 6

But u=3x>+9
u

1
J. X dx:—ln‘_'«}x2 +9‘+A
3x2+9 6

Example 13

x? +3x—1

Jx

Evaluate dx

Solution

x? +3x-1

2
de simplifying I X—£+3—)1(—i1 dx

x2 x?2 x?

J.(xl‘5 )dx + 3J.XO‘5dx — J.X_O'SdX

12|Integration



Integration

5

3 1
5
=XT+2X2 +2x2 + A

Jx

43x-1), 2 > S 2
.'.J‘(—de:gx2+2x2+2x2+A

Example 14

Evaluate J.ﬂdx

sinx+2
Solution

COoS X
From I
9nx+2

= cos x = du = cos xdx
dx

jﬁﬂ:mM+A
u

oS X .
.'.I+dx=ln|5|nx +2|+A
sinx+2

Example 15
2x -2x
. e —e
Find [| 5" fox
e +e

Solution

Let u:ez thUS ﬂ=2(ezx _e—2x)

dx
% — (eZX _ e—2x LX

LNy L
2u 2 u 2

2x —2x

e’ —e 1 _
I S X = e+

e’ +e 2

Let u=sinx+2

But u=sinx+2

But u=e> +e7 ¥
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Example 16

2x+3
Find I X
x? +3x— 2
Solution
Let u=x?+3x—2 then ﬂ:2x+3:>dx: du
ax 2x+3
J‘2x+3( du J
u 2x+3
J.%:In|u|+A, But u=x?+3x-2
u
.'.IZZ)(—Jr:)’dx:In‘)(2 +3x—2‘+A
X“+3x-2 o o
% +F
4’400)?\@@'»
& %
Example 17 & J"@e
& 5
3x -5
Find J. X ax
3x2 —5x+7
Solution
3x=5
Fromj dx let u=3x>—-10x+7
3x2 —10x+7
Y _ev—10 =Y
dx 2(3x-5)
3x-5 du du
[ _j I||+A
u 2Bx-5) 2Ju
But u=3x>—10x+7
3x-5

Therefore, .[2—
3x°=10x+7

dx:%ln‘?,xz —10x + 7‘ +A
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Example 18

2 —_
Evaluate IX—de

X
Solution

x? —2x+3

Separate the integrals as I
X

dx thus dex —ZJ‘dx+3J‘%
X

2 2
—2x+3
RS i

X
Fin dj‘ cot x
In|5|nx|
Solution
cotx © C
I ——dx Let u=I(F‘ﬂészx(lj;o"’§
Infsinx| Jg@%
& %
3° %
ﬂ=cotx dx=—c,f,g— i
Ix Bt x
cotx( du
J—(—J thus J.ﬂ=ln|u|+A but u=In|sinx|
u cot x u
cot )
j X dx=|n||n|5|nx||+A
In|sin x|
EXERCISE 3
Evaluate the following integrals.
i COS X —sinx
LR o L
5+cos x CoS X +sinx
cos 3x 2x+3
(=2 ) N RN
1+4sin3x X% +3x—1
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2 1
sec” x
I dx 6. 5 3dX
3tanx Jox+
2 . 3
7. IX—4dx 8. X lax
(X3+8) Jl2+x8
CoS X F X
9. I—dx 10. dx
V1+sinx Jx-3
f X+2 r 2x+3
11. ax 12. | ——dx
Jx—=3 o 4_X2
r 3—X 2
13. —de 14. I dx
TN1-x 1-x?
15 r ax 16 J' ax
© XZ\/l—xz x’Vx? -1
o X 9
17. | ——=dx 18. .[y—dy
T Na—x* p 3+y22@
%, &
c@}@g
é‘%}%
Standard integrals
n+1 .
1 J'XndX: X T A 3. J.cosxdx=smx+A
n+1
2. J.sinxdx=—cosx+A
4, J.tanxdx=—|n|cosx|=|n|secx|+A
5. J.cotxdx=ln|sinx|+A 6. J.secxdx=|n|secx+tanx +A
7. jcosecxdx=—cotx+A 8. J.secxtanxdx=secx+A
9. J.seczxdx:tanx+A 9. Icoseczxdx=—cotx+A
10. J.exdx=eX+A a*
11. Iaxdx:—+A, a>0
Ina
— el —tant
12. I =cos (x)+A 13. I > =ta (x)+A
1—x? 1+x

l6|Integration
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=tanh

=sec 1 +A 15. I _1(x)+A

14, J.X\/X_ -

16. J.coshxdx=sinhx+A 17. J.sinhxdx=coshx+A

Nz

18. J.tanhxdx=|n|coshx|+A dx =sinh 2(x)+ A

20. J.cosec xdx = |n|cosec X—cotx|+ A

INTEGRAL OF TRIGONOMETRIC RATIOS OF THE FORM Isinf(x)dx or jcosf(x)dx

or Ita nf(x)dx
Example 20

Integrate Isin 3xdx

Solution ©, q.&.o“&
v
From Isin3xdx Let u=3x, dx= —a,“%
'b\$ e%
du 1 ’o‘{- \9‘)\5‘
Jsinu(?) thus — smudu——gcosu+A But u=3x

Isin 3xdx = —%cos 3IXx+A

Example 21

Find I(cos 5x + tan2x )dx
Solution

1 1
I(cos 5x +tan2x)dx thus Icos 5xdx+jtan 2xdx = gsin 5x—5|n|cos 2x|+ A

Example 22

Integrate Isin 4x cos 5xdx

Solution

17|Integration
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From J.sin4xcos5xdx
Recall: sin(A+B)—sin(A—B)=2cos AsinB

1 1
E-'.Zsin 4x cos Sxdx = Ej(sin 9x — sin x )dx

1 1
.'.Jsin4xcos Sxdx =—Ecos 9x +Ecosx+A

Example 23

Evaluate the integral J‘cos7 xdx
Solution

J.cos7 Xdx = J.cose x cos xdx thus I(cosz X)3 Cos xdx

%

I(l —sin? x)3 cos xdx Let u=sginx th
&7

%,

\@

<
& 3

C/;} 7\@%
du=cosxdx substituting J.(l—uz)zdu then I(l —,ﬁ\z%i}_%u“ —ue)du
& %,
9\5\9
3 1 J
j(l—uz)azu—u3+gu5—;u7+A But U =sinx

3 1
Therefore Jcos7 xdx = sinx —sin> + gsin5 X —;sin7 X+ A

INTEGRATION BY PART

, .. d dv  du
Refer product rule of differentiation —(uv)z Uu—+v—
ax dx  dx

Then d(uv) =udv+vdu
Integrating both sides jd(“V):j“dV+_[Vd“ thus uv=Iudv+Ivdu

Therefore J.udv:uv—J.vdu

This is the formula of integrating by part

To get the function u consider the word ILATE where,
| — Inverse of trigonometric functions
L — Logarithmic functions

18| Integration
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A — Algebraic functions
T —Trigonometric functions (common and natural logarithm)
E — Exponential functions

The function that comes first is u any other function is dv.

Example 24

Evaluate Ix cos xdx

Solution
Consider ILATE, therefore, Algebra comes before Trigonometric
We let u=x = du=dxand dv=cosxdx

jdv=Icosxdx = v=sinx

Ixcosxdx=xsinx—.[sinxdx thus chosxdx:xsinx+cosx+A

Example 25
<, -\5’06\
% &

Uy,
Evaluate Ixzexdx s
& B,
: & s,
Solution & RN

‘Q’b

Let u=x?> = du=2xdx and J.dv:J.ede =v=e
J.xzexdx:xzex —ZJ.xede But Ixexdx need by part integration

J.xexdx =xe* —J.exdx

2
Ixexdx:xex —eX + A thus for szedeZX e —2(xex —e” )+A

2
Therefore, szexdx:x e —2xe* +2e* + A

Example 26

Find J.ex cos xdx

Solution
Let u=cosx =du=—-sinxdx and dv=e*dx thus
Idv=Iede:v=eX

19|Integration
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Substituting J.ex cos xdx = e* cosx+J.eX sin xdx
Iex sinxdx = e* sinx—jex cos xdx
J.ex cos xdx = e* cos x +e* sinx—J.eX cos xdx

Zjex cos xdx =e”* cos x +e”* sinx + A

1
.'.Iex cos xdx =§ex(cosx+sinx)+A

Example 27

Evaluate J.x4 In xdlx
Solution

1
From | x* Inxdx, Let u=Inx=>du==dx and dv=x"*dx

X
1 1 1 1
J.dv=J.x4dx:>v=—x5 thus IX4 Inxdx:—xslnx——jgs(—)dx
5 5 (O‘)d’ 5 _\\_6’ X
1 1 U, o
.‘.Jx4 Inxdx==x"Inx——x> + A & o
5 25 & By
& RN

The tabular method or tic — tac — toe method

So far we saw the process of evaluating integrals by using by part
technique, but what will happen when you have the integral like

Ix4exdx ? This cause a repetition of a by part method. To avoid repetition

of by part process in integration, we introduce this method to simplify the
repeating of the by part integration process.

Suppose we want to evaluatejx4exdx if we use by part method we will

repeat the process 4 —times. To deal with this, we introduce the so called
tabular method or tic — tac — toe method.

Example 28

Integrate J.X4€XdX

Solution
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From Ix4exdx Llet u=x* and dv =e*dx
Consider the table below:-
u sign dv
X4 + eX
4X3 \\ eX
12x2 x eX
24x \ X
~
u T
0 \ X

We multiply by following an arrow direction and the appropriate sign to
connect each product is shown. Therefore,

Ix4exdx:(x4 —4x> +12x* —24x +24)€>X +A

A >
400 &
Example 29 7 &
&
o %\QJ

Integrate J (Inx Yix P & %y,
Solution
1
j.lnxdx Let u=Inx=du=—dx and dv=dx=>v=x

X
IInXdszlnx—Idx therefore .[Inxdx:xlnx—x+A

Example 30

Integrate J.tanfl(x)dx

Solution
J.tan_l(x)dx, let u=tan Tx = du= and dv=dx=>v=x
1+ x2
_ _ xdx
Itan !(x)dx = x tan lx—J 5 therefore,
1+x

Jtan_1 (x)dx =xtan~" (x) - %In‘l + xz‘ +A

21| Integration
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Evaluate the following integrals by using by part method

1. Ixsinxdx
3. Isirw_1 3xdx
5. J-Inxdx

7. Ix3exdx

9. stinEBxdx

11. I(ezx sinx)c/x

13. j(xz + Z)In xdx

2 -1

X" tan " x

15. j—zdx
1+x

17. j‘lenxdx

19, jx3(|nx)2dx

EXERCISE 4
2. J.x3 cos xdx
4. Ix4 sin xdx
6. J‘xsm Lx
V1-— x°
8. Isin xdx
-
10. J‘ sm2 X dx
X
1 J‘ Sin_lx/;—COS_l\/; o
sint \/;(+ cost \/g
K &
14.'[ '”de %, &
(X+1) ,g.*e %,
& %,
16. Ixze3xdx & R
18. Ie_x cos xdx
2 . -1
20. jwdx

(w2

22 |Integration
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Integration by partial fractions

Case 1: When the denominator of the rational function contain linear

factors, thus;

fx) A B +...+ where A, B,
(ax+b)cx +d)+.. +/<x+q) ax+b ox +d kx+qg
Z,a,b,c d k gare constants.
Example 31
X+3
Integrate I—dx
(X—2)(2X+1)
Solution
X+3
From .[
2x+1
Decompose the ratlonal function into small rational fractions
x+3 A B
= +
(x—2)2x+1) x-2 2x+1, .
Find the values of A and B 0’4’4% Qsa?'('
X+3 A B 5
= + -;0’§ %\{7
(x—=2)2x+1) x-2 2x+1 & Ty
& s
By comparison; x+3=A2x+1)+B(x-2) °
When x =2 then A=1 and when x=-1/2 then B=-1

x+3 11
(x—2)2x+1) x-2 (2x+1)

I—(X_;)ZziJrl)dx:Iidx—J'ﬁdx

3
Therefore J‘L
(x—2)2x+1)

Example 32

Evaluate J‘de
(3x + 1)(2x + 1)

dx:ln|x—2|—%ln|2x+1|+A

Solution

From j ax
3x+1)(2x+1

23| Integration
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x—4 A
t = +
(3x+1)(2x+1) 3x+1 2x+1
x—4=A@2x+1)+B(3x+1)
2A+3B=1
+B=—4
Solve for A and B, using a calculator, A=—-13 and B=9
x> —4x 13 9
=— +
(3x+1)(2x+1) 3x+1 2x+1

then

Compare the coefficients, {

I x* —4x dx = I 13 dx+j 2 dx therefore
(3x+1)(2x+1) 3x+1 2x+1

J‘id)c——3In|3x+1|+g|n|2x+1|+A
( 3 2

3x+1)2x+1)
Example 33

X+3 4 &
Solve J. adx Ofdg,c &,?-0

x? -4 7 &

&

Solution \6@% O%V

X+3 X+3 X+3 & )
From 5 dx let 5 = °

X° =4 x- -4 (X—Z)(X+2)

x+3 A B

Writing into partial fractions as

= +
(x—2)(x+2) X—2 Xx+2
Thus x +3=A(x+2)+B(x—2), whenx =2 then A=% and when

X+3 _ 5 3 1
(x=2)x+2) 4(x-2) 4(x+2)

X+3 5 1 1 1
I > dx:—I dx——j dx therefore
X< —4 4Jd x-2 4Jd x+2

I X2+3 dx:5|n|x—2|+lln|x+2|+A
x“—4 4 4

Example 34

Find I dx
3x% —5x -2

1
Xx=-2 then BZ_Z thus,
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Solution
Partialize —2X — by factorize the denominator (if possible)
3x°—5x-2
3x% =5x—2=(3x+1)(x -2)
Xx—=7 _ X—=7
3x2—5x—2  (3x+1)x-2)
-7 A B
X = +—2— thus x—7=Ax—2A+3Bx +B
(Bx+1)x-2) 3x+1 x-2
. A+3B=1
Compare coefficients and solve for A and B
—2A+B=-7
~7 22 5
A=22/ and B=—3/ thus X = -
A A (3x+1)(x—2) 7(3x+1) 7(x—2)

I—X_7 dx:2 ! dx—EJ.—d1 x
3x? —5x -2 7 J3x+1 7d x-2

[ i 21|~ S -2+ A
21 7 4

3x% —5x =2 % &
46‘0;} Q@Qscb
& %
EXERCISE 5 @@“‘ J"’%?
By partial fraction, integrate the following
[ 21, S J—,
(x—2)(3x+2) (1) (x+2)
J’ X+2 dx A F dx
(X—Z)(3—2x) - Jg-2x?
x?2 ) COS X
6. o)
-[i2+x3 il_x3idx J (l—sinx)(Z—sinx) X
dx x3dx [ X
= 8. dx
jx(x4—1) -[x4(x4—1) ' (X_Z)(X+1XX_3)

IX(X—f;((x+1) 10 J 1 ox

sinx +sin2x
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Case 2: When the denominator contain quadratic factor(s)

Ax + B Cx+D E
fix) = X +...+

= +
(ax2+bXCx2+d)+...+(px+q) ax> +b o’ +d px+q

A B, C D, E a, b,c d p qare constants.

Example 35

Evaluatej X+2
x 3ix +2i

Solution

X+2 A Bx+C

Partialize = +
(x—3)(x2+2) Xx=3 x*+2

x+2=AQ2+ﬂ+@n+ch—3

X+2=Ax? +2A+Bx% —3Bx +Cx —3C g,
—3B+C=1 &
2A-3C=2 &
A+B=0

Compare the coefficients

5 5 4
Then, A=—, B=—— and CZ_H thus

11
X+2 A X+
()(—3)(x2 +2) x—3

x2+2
X+2 5
Therefore Imdx = E

1 1
ERVE 5X+4dx
11

x?+2

X+2 x-3 3 242 _{ X j
J ———1tan — |+ A
(x— 3‘X +2) x2 +2 11 72

Example 36

where
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+
Evaluatej XZ 3 dx
XiX +1i
Solution

2
Partialize X +3 :A Bx+C

X(X +1) X+X2+1

x? +3=Alx? +1)+ x(Bx +C)

x2 +3=Ax% + A+Bx? +Cx then

2
J‘x+3 :J‘idX_J‘ 22x N
X

xix2 +1idX

x“+1

@, K

x% +3 6

s
j 5 dx=3|n|x|—|n‘x2 +1‘+A 5

xix +1 ’ & B,

> 7,
& N

x* +3 _ x3 ’
e e

Example 37

2
Evaluate J XT—4x+3 ax

2x3 —x? +18x -9

Solution

x2—4x+3 _ x2—4x+3

2 —x2+18x—=9  [x2 +9)2x—1)
L x> —4x+3  Ax+B C

Partialize > =— +
(x +9X2X—1) x“+9 2x-1
x2—4x+3=(Ax+B)(2x—1)+C(x2+9)
x? —Ax+3=2Ax? — Ax +2Bx —B+Cx* +9C
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Compare the coefficients

2A+C=1
—A+2B=—4
—B+9C=3
16 66 5
Then, A=—, B=—— and C=—
37 37 37
1 rl6x—66 5 1 N
37 x%2+9 37J2x-1
16 X 66 1 5
— X — — ax + — x
37Jd x2 +9 37Jd x2 49 37J2x-1

8 2 5
= il +9-tan ! 2 1+ infox—1]+ A
37 37 3) 74

(O(.& \90'5\
40» Qf’b
EXERCISE 6 v &
Evaluate the following integrals e,
X & dx R
I 5 ax 2 f =
(x+1)\x* +3 xlx® +1
dx
I(—3 ;( jdx 4 I 2
X7 =x“+x-1 x -1

J
]
J

x—3

5 ax
‘x +1ix—4)

xX+5

5 dx
ix +2ix—2)

dx
1+2x% |x—4)

o
—_—
x
<

Nl =
+
H

&

8. I 3 X dx
(x +1i3x—1)

10 J' dx
xix2+2i
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Case 3: When the denominator contains the repeated root(s).

) - A B o+ ¢ ;0P
(ax+bY"..(px+q) (ax+b) (ax+b)"t (ax+b)"™"  px+q

where A, B, C, D, a, b, p, q are constants and n is a positive integer, where
ris less than or equal to n.

Example 38

Evaluate J.ledx
3x(x+2)
Solution
. x+1 A B C
Partialize — =" +t—
3x(x+2)* 3x x+2 (x+2)
x+1 A B C

=—+ +
3x(x+2)* 3x  x+2  (x+2)

J(\@%
then B=-1/12 s a,
\5\0 J@v
x+1 1 1 1 & R
_ = - =+ <
3x(x+2)  12x 12x+2) 6(x+2)
j x+1 x=i 1dx—i idx+lj; X
3X(X+2)2 12J x 129 x+2 6 ()H.z)2
Therefore, J‘X—de=iln|x|—iln|x+2|——+A
3x(x +2) 12 12 6(x +2)
3x -7
Evaluate v"—dx
(x+5)2x—1)°
Solution
Partialize 3x=7 A, B L C
(x+5)2x—1)* x+5 2x-1 (2x-1)
3x—=7 A B C

(x+5)2x—1) Tx45  2x-1 +(2x—1)2
3x—7=A@2x—1F +B(x+5)2x 1)+ C(x +5)
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A-5B+5C=-7 when x=0 5 A
A+6B+6C=-4 when x=1 thus AZ_E' BZE and C=-1
9A-12B+4C=-10 when x=-1

3x -7 __ 2 N 4 1
(x+5)2x-1)  11(x+5) 11(2x-1) (2x—-1)
2 1 4
Then ——

1 1
. —J' d —_[ d
11J (x+5) SR (2x-1) ¥ (2x-1) ¥
:—£In|x+5|+£|n|2x—1|+l(—1 j+A
11 11 2\ 2x-1

3x—7 2

2x—1
Therefore I—:— n +
(x+5)2x—1)* 11

X+5

1
4x—-2

+A

EXERCISE 7

Evaluate the following integrals
ey O Py

x*(x+1) "%&)/( ]Q}Z”
J‘ x+2 4 J‘

(x+1) x+3)2 ﬁx+1%x 1)

&

X+3
5. I(—dx 6. J‘( x> +x+3 dx

x=2)x—1) 2x+3)3x—1)
3x-1
7. J' dx 3 J‘ x? —3X+1 d
(x—2) @Br-sp(r1)"
4x x+4
S o 10. J' d
J.(x—1)2(><+1)2 * (2x? —1)x+3)(x-1) ¥

Case 4: When the denominator has no real factors or cannot be
fx)

ax” +bx"? +ox" +dx" K

factorized easily

Example 40

Find (a) Ide (b) j ox

x> +2x+2 2x% +11x+3
Solution
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Integration

4
Y —
(@) X2 +2x+2

Consider x” +2x+2= (x +1)2 +1 therefore,

Cixi2 (x+1)+1

ax

dx thus J.

J.x +2x+2 J.(x+1
Let x+1=tan#

2
Hence dx =sec’ @6 thus 4IM=40+A

tan 0 +1

Therefore, J. dx=4tan H(x+1)+A

X2 +2x+2

ax
b) j—z
2x°+11x+3

11 97
The expression 2x* +11x +3 ZZ(H—I) _?
d d p7 S
therefore, j > X :J X . %490 &
2x"+11x+3 11 97 % &
2l x+— | —— & a
4 8 \‘;\0 ezd’v
fz}'sp 9‘%&
8 dx 8 dx

97 16( 11}2 97 4 11 2
1-—| x+— 1—| — | x+—=
97 4 V97 4

(See the hyperbolic substitution section)

Let tanh&zi( 11) then @tanhe x+E hence
NEYAR 4 4

ﬂsechzédé’:dx
4
@sechzede s J97
Substituting —— 4—2:——><—J.d¢9
97 1-tanh“ @ 97 4

2
———0+C replacing 8, then —

Jo7

Ltanh_l[
Vo7 Vo7

4
dx=4J‘
(x+1)* +1 (x+1) +1

31|Integration



Integration

Therefore,j 5 ox =— 2 tanh1(4x+11j+A
2% +11x+3 97 NEY]

EXERCISE 8
Evaluate the following
d d
TR - R -
2x°—x+3 5x“+7x+1
ax dx
3. I 4. jz—
%% +8 2x°+2x+1
c J‘ dx 6 J' ax
\/X2—2X+1 \/x2—2x+5
ax ax
o N e
2x°+4x+11 Ax° —8x+7
2
X" +3x-2 %gz( —3x+2
4’40% ,@é‘@
&
& %
d ’S@\@ JJ@VJ\%
Case 5: The use of N =Ad—(D)+ B, where N is &umerator,™D is
X
d
denominator, A and B are constants, M then f(x)=A—g+B
g(x) dx
Evaluate J.sz—_adx
X" +3x+5
Solution
2x—3 d
From 2X— Let N=A—(D)+B then 2x —3=A(2x +3)+
Xx“+3x+5 ax

2x—3=2Ax+3A+B hence A=1 and B=—-6
2Xx—3=2x+3-6

2x—3  2x+3-6
x? +3x+5 x> +3x+5
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2x+3-6  2x+3 B 6

X2+3X+5_X2+3X+5 x? +3x+5
2x+3-6 2x+3 6
[Z326 4| - o

x2 +3x+5 x> +3x+5 x2 +3x+5
2x-3 12 1 2x+3
Iz—dx=ln‘x2+3x+5‘— tan* +A
X“+3x+5 V11 V11
Example 42
x> +3x-3
Evaluate jz—dx
X" —6x+8
Solution

The rational function involved in this integral is an improper rational
function. So divide first to lower the numerator degree.

1
Use long division method, x? —6x+8)x*+3x-3
2 © &
X~ —6x+8§, @\-"
% &°
Ix—-11 &
& B
&° de‘%
9x —-11 & =
14— N

x*—6x+8
9 11
jd j X
2_6x+8
Now Partialize,

9x —-11 9x —-11

x*—6x+8 _(X—Z)(X—4)

9x-11 A N B
(x—2)(x—4) x=2 x—4

Ix—11=A(x—4)+B(x-2)

25 7
When x=4, B:? and when x=2, Az—E
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Id 25 ax 7J‘dx

X—3 2Jx-2
2
+3x-3 25 7
Therefore, J)(Z—XdX:X+—In(x—4)——|n(x—2)+A
X°—6x+8 2 2
4
Evaluate IX +2dx
X +5
Solution

4
+5
From sz adx
X“+2
x? -2
Dividing by long division x? + 2) x* +0x% +5

—x* +2x?
—2x° + 54 &
2 S, &
_ZX _4 G@‘r\\@;
& %
° é’S@D J&ve‘g?s
0
4
+
X 5=X2—2+ 9
X+2 x> +2
4
+5
_[Xz ax jx —2)dx+j
X°+2 x? +2
4 3
+5 9 _
J.Xz—dX=X——2x+—tan 1[LJ+A
X°+2 3 2 2
EXERCISE 9
Evaluate the following integrals
2x -1 +4
TR L o [
2X° +3x+2 X +x+1
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3x+2 2xX+5
s [ o [
X" +2x+2 X" +4x— 7
2x+5 2 +3
5. I )2( ax J. X
x“+4 2x? +6
5 J' X+2 dx J’ X+3
. X(X2+4) 2x2—x+1
5-3 +1
9 IZ—de 10. J' ZX
X“+3x+4 2X° —Xx— 3
11. J-Zx;ldx 12. j dx
X" —x+3 3x2 +9x +1

INTEGRATION OF TRIGONOMETRIC FUNCTIONS

d
Case 6: The use of N=d—(D)+BD (for tr/gonometr/c) where N is
X

O (,0

Numerator, D is denominator and A and B are con§¢;grgo$

€4 Sinbyx 4+ ¢, cos by x d

Integrals of the form J.

Example 44

C3Sinbzx +c4c0sbyx

sinx
Evaluate J‘d
CoS X —2sinx
Solution
sinx d
From I4dx Let N=—(D)+BD
cos X —2sinx ax

sinx=Adi(cosx—Zsinx)+ B(cosx—2sinx)
x

sinx =—Asinx —2Acosx + Bcosx —2Bsinx

-A-2B=1
Compare
—-2A+B=0

1 2
Solve for A and B, A:_E and BZ_E
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Integration

J‘ sinx _ J‘(smx+2cosx J'(cosx 25|nx)
cosx—2sinx cos x —2sinx Cos X —2sinx
Consider
1 (sinx+2cosx )
—| ——dx, Let u=cosx—2sinx
5J cosx—2sinx
du=—(sin x + 2 cos x )dx
1rdu .
=|—==-=Iny, But u=cosx —2sinx
5J u 5
1 (sinx+2cosx 1 .
- +dx=——|n|cosx—2smx
5J cosx —2sinx 5
Also consider
2 fcosx —2sinx 2 2
—|—-d =——J.dx=——
5J cosx —2sinx
sinx 1 . 2
Therefore, I+dx:——ln|cosx—25|nx|——X+A
cos X —2sinx 5 5
Example 45 ‘o, &
46‘0» Qs\'b
7 &
COoS X & o
Evaluate | —————dx & e,
3cosx +sinx & RN
Solution ®
cosx
FromJ‘
3cosx+smx
d . .
cosx=Ad—(3cosx+5|nx)+B(3cosx+S|nx)
X
cosx =Acosx —3Asinx +3Bcosx + Bsinx
o A+3B=1
Compare coefficients
—-3A+B=0
1 3
Solve for A and Bthen A=— and B=—
10 10
CoSs X 1 [cosx—3sinx 3 (3cosx+sinx
j—_d =—|——mdx+— | ———dx
3cos x +sinx 10J 3cos x +sinx 107 3cosx +sinx

cos 1 3
J.—de:—|n|3cosx+sinx|+—x+A
3cos x+sinx 10 10

ax
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EXERCISE 10
Evaluate the following integrals
1 J' sin2x dx 7 J' 2sinx + cos x dx
COS2X +sin2x 7sinx —5cos x
3 IZanX+3cosde A * 3cos x dx
3sinx +4cos x J J3sinx + 4 cos x
c * 5sinx dx 6 *  4sinx N
. ) —
J JJcosx J \J2cosx+5
* sinx * 3cos x
7. —dx 8. —adx
J cosx +sinx J cosx+4sinx
* COS X —SinX r tan x
9 —adx 10. ax
J cosx +sinx J cosx
@, K
400/\ Qs\'b‘
Integrals of the form J§@
& %
dx dx & B dx
(a) I— (b) j— ¢ (c) j(—
a+ bcos x a+bsinx acos x + bsinx

Use of t formula

1—t? . 2t X
Refer, cosx = 5 and sinx = 5 where tztan[g)

1+t 1+t

Example 46

dx
Solve I—
3+5cos x

Solution

Id—x Let t=tan X then ﬂzlsecz X
3+5cos x 2 dx 2 2

Thus 2;'Itzdx

secz(xj
2
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But COS X =
1+t
2dt
2
J' 1+t thenJ. 22dt 5 :J. Zdtz
1-t2 3@+¢ )+5@—t ) 82t
3+5 5
1+t
t
I 5 :_‘[ , Let —=tanh® thus dt=2sech’6d0
4-t° 4 1_7)2 2
_J‘ 2sech’ =£9+A
1—tanh? 49 2

But 0=tanh_1[§j and t=tan(§)
J.L:tanh_1 1tan(ﬁj +A
3+5cos x 2 2

7 Q@Q‘
& o
Example 47 \av” %
* V%“es

dx ®
Solve I—
5-3cos x

Solution

2dt
From jL Let t =tan| — | then dx=——— therefore
5—3cos X 2 z(xj
sec 5

2dt

1+t2
2dt

2
J' 1+t :J' dt2 thusj‘ 2dt2=J‘ dt .
: _{1—#} 2+8t 248t J1+(2t)

dx =

1+t2
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1
2t=tanf@=dt= Esec2 @l therefore

2
J.Lzzlj.wzléwA But @=tan"*(2t) and
1+(t) 2J1+tan’6 2

t:tan(ij thus jLzltan 2tan +A
2 5—3cosx 2 2
Example 48

IntegrateJ. -
1+sinx
Solution
ax X dt 1  ,(x
From.[ —, Let t =tan| — | then —=—sec”| — | thus
1+sinx 2 dx 2 2
2
2dt 2dt 2
dx = = > substltutlngI 1+ 4 G:J‘ q}r"& - dt
secz(XJ 1+t o 2+t
2 1+t & %
2 2 & J%se
I dt:j dt  Lletu=t+1 théh du=dt =
142t +t° (t+1)
20u__ 2,4 but u=t+1
u? u
X
J. Zdt =———+A buttztan(—j
(t+1 t+1 2
d 2
'[ X - +A

1+sinx X
tan| — [+1
2
Example 49

ax
Evaluate I

3cosx4sinx+6
Solution
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1
From J‘L Let t=tan X = dt==sec’ X ax then
3cosx4sinx+6 2 2 2

2dt

1+tan2(xj
J‘ 2
1—t2 2t
3 : +4( 2j+6
1+t 1+t

2dt
J’ 1+t j 2dt
3-3t2 +8t+6+6t2 3t? +8t+9
1+1t2
2J' dt gJ' dt
3 , 8 3 4\ 11
t +§t+3 (l’-l—] 4=
3 9
2 3t+4
——tan + A But t—tan
Vi1 [\/ ) ( L«‘“
G, o
2 stan(y)+4
——tan! +A S O%V
Ji1 Vi1 & %,

Example 50

Evaluate j

ax

(2sinx + cos x)2
Solution

From J‘L Divide by cos x
2sin x + cos x

J‘ sec xdx thus. — 1
(2tanx+1)2 ’ 2(2tanx+1)
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EXERCISE 11
Evaluate the following
r ax r dx
1. 2. _—
J3cosx—4sinx+5 J 4+ 5sinx
r dx r dx
3 —_— 4.
J 1—sinxcosx J12cosx —5sinx+13
r ax F dx
5 6. _—
J 2sinx+cosx+3 J 2+3tanx
o H o . +
2 sinx dx g sinx + cos x dx
J 2cosx +3sinx J 2sinx 4+ cos x
* CoS X
. — 10, [~ _ax
J1+cosx+sinx 2+sin2x

R— FORMULA IN INTEGRATION
rcos(@+a)=rcos@cosa Frsin@sina or )
O

rsin(@+a)=rsin@cosa *rcosPsina “

&
&
& %
Example 51 & ‘&,
g =3
’b@ %

dx *
Evaluate J—
3cos x +4sinx

Solution
dx ) )

JA—' Let 3cosx+45|nx:rsm(x+a)

3cosx +4sinx
3cosx +4sinx=rsinxcosa +rcos xsina
rcos xsina =3¢os x
rsina=3 (1)
rsinxcosa =4sinx
rcosa=4 (2)
Divide equation (1) by equation (2)

a=tan! (ij
4

Square equation (1) and (2) and sum then

r=v3%+4? =5
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3cosx +4sinx =5sin

VR

o)

ax

55in[x + tan_l(

1 -1
chosec X +tan

cosec(x +tant (

Nlw
TN
Sl T

b
Jrefrre )

EXERCISE 12

1
—In +A

Nlw

Evaluate the following

ax
S - S P
5cosx — 125|nx cos x +sinx
O e e [t
24cosx +7sinx Oy @’&7_(smx—cosx)
c J‘sec xdx & I%‘)—%OSX dx
tanx + 3 & cot ¥+ 4
sinx +2cos x 4
'[ dx 8. I —dx
COS X —Sinx 3+sinx
sec x
9. I ax 10. I—dx
sin2x +3cos 2x tanx +4

Integral of the form Icosm xsin” xdx

Example 52

Evaluate J.sin2 xdx

Solution
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2

Given J‘sin2 xdx from cos2x=cos? x —sin® x thus

sin” x =%(1—cos 2x)

1 11
Isinz xdx=EJ(1—cos2x)dx therefore J'sinzxdx=5—zsin2X+A

Example 53

Integrate J‘cosg X sin xdx

Solution

du
let u=cosx =>dx=———

sinx

_du 1
—I 35|nx_—=—ju3du=——u4 +A But u=cosx then
sinx 4

, 1
J.cos3 X sin xdx :_ZCOS4 X+A

&
&
r
Example 54 & o‘%v
> £
Gl N

Evaluate Icos3 xsin® xdx

Solution

2

Icosg xsin’ xdx =Jcosxcos xsin’ xdx

Icosxcosz xsin? xdx = Icos x(l—sin2 x)sin2 xdx
Let u=sinx = du=cos xdx

1 1
j(l—uz)JZdu=§u3—Eu5+A But u=sinx

. 1. 1.
IcosS xsin’ xdx=§sm3 X—=sin° X+ A
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EXERCISE 13
Evaluate the following integrals
1. v"sins’xcos2 xdx 2. Isingxcos4xdx
3. J.sin7xdx 4. Isingxcossxdx
3 1 1
5. Show that J.sec xdx:Esecxtanx+5|n|secx+tanx|+A
6. JCOSSXSin7 xdx 7. Icosllxdx
8. J.sec4xtanxdx 9. J.cos7xsin2xdx
s 2
5 i 1
10. Show that J.szinz xdx=—+=—
0 16 4
.3 7 4
11. Ism xcos’ xdx 12. J-cos xdx
pN .\\55’&
1 400;?Q©Q§®
Integrals of the form I > > dx & o
acos” x+bsin® x & Ty
& 5

‘Q’b
Example 55

dx
Integrate I 5 5
3cos” x+5sin” x
Solution
dx o 2
From I > Divide throughout by cos” x
3cos” x+5sin” x
2
J.szdx Let u=tanx = du=sec? xdx
3+5tan” x
du 1 du 5
I zz—j S Let %u:tanﬁ
3+5u° 344,22 3

3

Edu: sec? Gd@ therefore du :ésec2 o

VE] V5
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ﬁsec 6do

= de
3 1+tan’ @ 3\/5-[

Rt V]
But @ =tan [EUJ

£ta -1 Eu A But u=tanx
35 V3
Eta -t £tanx +A
15 3
Therefore, j ox =\/Etan_l Etanx +A
3cos? x+5sin®x 15 3

Example 56

X @ &
Solve Jd— % Q;@c
1—cos2x 0

&
Solution S %

dx
From | ———
1—cos2x
_ 2 .2
COS2X =C0S“ X—sin” x

dx 1 dx 1 2
I — =—J. — =—jcosec xdx
2sin“x  2Jdsin“x 2

ax 1 1
j—2=—jcosec2xdx=——cot2 X+A
1—cos? x 2

ax 1
j—2=——cot2 X+A
1—cos® x

Example 57

COoS X

Evaluate I—zdx
4+sin® x

Solution

COS X .
From J. Let u=sinx thus du=cosxdx
4 +sin? x
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J' du _lj‘ du
4+u® 4
1+
d 1 _ 1 (1
I u =—tan l(ﬂj:—tan 1[—sinxj+A
44yt 2 2 2 2

1 (1
Therefore, I&d)m—tan 1(Esinxj+A

4+sin? x 2
Example 58

sinx
Evaluate —zdx
1+4+cos” x
Solution
smx
From
&
1+cos’ x 0, &
6, &

. ©, &
¥ sinx sec xtanx Ry

5 > dx:j > dx a@" %,
Y 2c0s” x+sin” x 2+tan” x ra %Ses

‘Q’b

* sec x tanx
—de Let U=SeCcX = du=sec x tan xdx
J 1+sec” x
r du _

> =tan 1(u)+A But u=secx
J1+u
* sinx _
—" —dx=tan""(sec x)+A

Y 1+4cos” x
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EXERCISE 14

Evaluate the following

J' dx ) J‘ dx
cos? x+4sin’ x ' cos2x+3
) 1 1
ﬁdx 4. ————dx
Y 9¢cos” x+sin® x 2+ cos xsinx
) 1 * sinx
> dx 6. —dx
Jsin” x—+/3 cos x J cosx—sinx
* tan x . 1
———adx 8 | ———dx
J 1+sinxcosx J 24+cos2x
) 2 F COS X +5sin X
—dx 10. | ———dx
J 4 cosx—secx J cos x—sinx

Integrals of the form J'(ax+b)\/px2 +qgx +rdx

d @ &
Use ax+b=A d_ (px2 +gx+ r)+ B ifsubstitut/on@‘t@ghégg@ue is not
x :

S

working.

&
Example 59

Evaluate J(x+2)V2x2 +2x+1dx

Solution
d

Let x+2=Ad—(2x2 $2x+1)48
X

Xx+2=A(4x+2)+B
2A+B=2
4A=1

1 3
Z-_"(4x+2)2x2+2x+1dx+5_[\/2x2+2x+1dx

1 /
Consider ZI(4X+2) 2x? +2x+1dx, Let u=v2x* +2x+1 =

1 3 1 3
then A== and B== thus x+2==(4x+2)+=
4 2 4 2

2 1(v?
2udu = (4x+2)dx thus —qudu == —
4 2\ 3
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1 3

But u=v2x%+2x+1 thus E(V2X2 +2x+1j
. 3 2

Consider Ej 2Ax°+x+1kx

ﬂ".coshz 64 thus ﬁj.(cosh 20+1)d6

3\2

32

2

RO
S

I [( j +1]dx let sinh@= 2(x+ij 2x+1 thus

dx = cosh @

2
%J\/sinhz 6 cosh@d @

do

55

——sin h29+—6+A
32 16

32

——sinh
32

But 0—5|nh 1(2x+1)

(Zsinhf1 (2x +1))+ %sinh1 (2x+1)+A

Combining the two solutions I(2x+1)V2x2 +2x +1dx
3
:é(\/2x2+2x+1) +33£225inh(25inh_1(2X+1))+¥sinh_l(2x+1)+A

Example 60

Evaluate J

Solution

From J

2
x°+1
dx

4 x?+1

X

dx Divide throughout by x?

—x’+1
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1
X2[1+2j 1+i
2

1 dx complete the squareJ. 1 dx
X (X2—1+2J x? —1+—=-2+2
X X
1
1+i2 1+—
J. X dx thus I—dex and let
1
[x2+—2j+1 (X_lj 41
2
X X
1 1
u=x——:>du=(1+—2jdx
X X
du - 1
I ——=tan Hu)+A but u=x—-—
u®+1 X
2
Therefore I%dx:tan_{x—lj+A
X —=x"+1 X
pN .\\55’&
EXERCISE 15 o
Evaluate the following integrals < %,
& %,
\@ <%
j(3x+2) x? —5dx 2. J‘(X+f) x? +x+1dx
3. I(2x+1)\/(2x2+2x—10)5dx
" J‘ 4x2—21 dx 5. I(S—x) 2x7 +4x +8dx
X +x°-1
6. J‘(3x I x? —x+2dx 7. J‘(7x—5) 2x? —5x +3dx
8. I(2x—1)(x2 +3x—1)3dx 9. I(4x—3)(2x2—3x)3dx
x+1 -
10. j 11. I x* -2
2 —2 x* +x? +4

12. I(x +3Wx+4dx = %(x +3)72(3x+7)+A
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SUBSTITUTION OF INVERSE OF TRIGONOMETRIC FUNCTIONS

1
Integrals of the form 4dx or I—2dx
1- flx)? 1+(f(x)
Refer the derivatives of inverse of trigonometric functions
1
1. If y=sin~ L(x) then == dy
dx 1—x2
2. If y=cos “H(x) then =£ dy
dx
_ 1
3. If y=tan 1(x) then Q:—z
dx  1+x
4. If y=sec “H(x) then dy _
1
5. If y=csc™ L(x) then =£ dy
dx
_ -1 dy _ 1 Ofdg, ,;,\\5’0‘:Q
6. If y=cot " (x) then - Tl 90/}§@Q§
& %
@)@\ &v%“e&
°
Evaluate ;dx
V4 —9x?
Solution

This integral resembles, cosine or sine inverse, any of the function can be used.

Given

V4 —9x?

e
lxﬂ%da—ﬂde

i

1 .
————dx, this can expressed as

2
dx let sin@z%x, then gcosﬁdezdx

36’+A , but G:Sin_l(ng therefore
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EXERCISE 16

Evaluate the following

L S S T
\V5-3x? V1+2x—9x?
1
3. I—dx 4, I—dx
4+ 49x° J6 4 x— x2
. J’XSIn 1x? 6. J' dx
,/1 x4 V3+3x—x?
T+x+x7 (2—4X—X2)l/2
2
0. J’de 10._[ X+32d
\5—4e* —e* 4-x
%, _\po@
&400;?\@5@

SUBSTITUTION OF INVERSE OF HYPERBOLIC FUNCTIONS \5@” %J&
Vg
Refer the derivatives of inverse of hyperbolic functL@“hs, for further studies

of these integrals of these form, check the hyperbolic functions topic in
book 2.

1. If y=cosh_1(x) then Q: !
X \x? -1
2 If y=sinh ™ (x) then & = 1
X N14x?
_ d 1
3. If y=tanh }(x) then Y >
ax 1-x
4. If y=sech }(x) then il ;
dX 31— x?
5. If y—cosech (x) then v ;
X xx?+1
d 1
6. If y=coth™}(x) then Yo >
dx x°-1
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Example 62

Integrate Iﬂdx
\1-3x?

Solution

From ﬂdx , thus

6x ax
X o+ j X
V3x? -1 ".\/3)(2—1 V3x? -1

INTEGRAL OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Suppose we have ~[axdx, forall a>0

Let y=a” then Iny=Ina® = Iny =xlIna

lQ:Ina thus dyzylnadx:_[dyzjylnadx
y dx
y=|naJ‘ydx but y=a” thus a* =Ina'Laxdx o
Z, A8
X &400’5 @"S@\
a &
Therefore jade=—+A, where a >0 <
Ina @@@ 2 2%,
Example 63 <
2
Integrate I(x)(f%x jdx
Solution
2
From I(x)[?;x )dx, let y = x? :ﬂ=2x
ax
dy 1
x|3Y —=—ISyd , let
J- ( )2)( 2 y
1dy dy 1 .
——==2In3 thus —=ydx:—jdy=jydx replacin
y dx 2In3 2In3 P &y

2

2
Therefore, J3X dx:3 +A

In9
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Example 64

Integrate j(3ex +2% )dx

Solution

X
I(Sex +2% x=3jexdx+szdx thus j(3ex +2% dx =3¢* +2—+A

Example 65

Integrate I 4%y

Solution

Let y=4"" =Iny=(2x-1)In4

1d
__y:2|n4:>dy=yln16dx
y dx % &
«‘@4 ’;>\\-°
jdyzlanIydx:y=|n16J.ydx but y=42@§;¢0®
\’S@\@ - e{‘k‘
4?1} 1
421 =|n16j42x_1dx therefore .[42)(_10’)(: N +A
n

Example 66

Integrate J(IOX +3% e )dx
Solution

Using a general observation J.(lox +3% X )dx

Can be expressed as IlOX dx+I3xdx—Iezxdx thus

10° 3* 1
J(10X+3X—ezx):f S 2 ey
IN10 In3 2

In2

Question
2x+2

+A

3
Show that I32X+2 dx =
In9
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Example 67

10x* +5%In5
Integrate J—dx

2x° +5%
Solution
10x* +5%In5 d
From J‘de , let u=2x>+5% thus —u=10x4 +5%In5
2x° +5% dx
10x* +5%In5

- dx:ln(2x5 +5X)+A
2% +5%

Ildu=|nu+A thus I
u

DEFINITE INTEGRALS
The fundamental theorem of calculus

b
The integrals of the form If(x)dX=F(b)—F(a) are called definite
a

b &
integrals. If a=b then j F(x)dx = F(b)~ F(b) = et F(a)£0
(%
a Eﬁ’g\@%
e@@ )

2( 3
Evaluate the value ofI (x +2x—3)dx
1

Solution

4 2

2
From J. (x3+2x—3 X=X7+x2—3x+A
1

1

2 24 12
= 7+22—3x2+A - T+12—3><1+A
1

2( 3
Therefore I (x +2x—-3dx=5
1

Example 69
4x? +4x—17

By first expressing

X4

2 4 x?—3x+A
4

> into partial fractions, show that
2X“ +5x-3

24x° +4x—-17 4
[rlamenr, , o)
1 2x? +5x-3 4
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Solution
2
Use long division method first to simplify the function w
2x° +5x-3
2
2x° +5x—3i 4x* +4x—17
—4x> +10x-6
—6x—-11
4x* +4x-17 _  6x+11
2x? +5x—3 2x? +5x—3
Partial fractions
11 . bx+11
2x2 +5x -3 (2x—1)(x+3)
6x+11 A

= 2 thus 6x +11=A(x +3)+B(2x 1)
(2x-1)x+3) 2x-1 x+3

When x=-3, B=1 and when X=l,A=4 .
2 (O@q ’_b\\po
11 _ 4 N 1 G"/}}\@Qf
(2x-1)x+3) (2x-1) (x+3) Q\g" %,
24x% +4x—17 & E

Now combine the solutions I d;

1 2x% +5x-3
2 2 2 1

Zjdx—4j dX+J dx
1 12x-1 1 x+3

9x5
:2—|n( X J
4

2 Ay2 _
Therefore I w
1 2x°+5x-3

Example 70

e

dx=2 —In[%) Hence shown

Evaluate J3 (sec x + tanx)dx
0

Solution
Tt

s
From j3 (sec X +tan x)dx thus J3 sec xdx+'[3 tan xdx
0 0 0

55|Integration



Integration

e

= In|sec X +tan x| + In|sec x||3

=In‘2+\/§‘+|n|2|=ln1+€‘
Vi

Therefore J.3 (sec x + tanx )dx = In1 + ?‘
0

Example 71

Express( +)12 in to partial fractions and hence show that
Xx—3

10 2x+1 1
I X2 gy =6+In[4g
Solut|on
From 2X+12: A + B > and 2x+1=Ax—-3A+8B

(x=3)" x-3 (x-3)
Compare the coefficients A=2 and B=7 o, &
2x+1 2 7 M, &
— + J}\@

(=3 x=3 (-3) e,
10 o +1 10 10 7 & =5,
I X 2 J dx+_[ de < ;

(x-3) 4 x—3 4 (x—3)

10

10 2x +1 7
j 2dx:2ln|x—3|—

4 (x-3) x =3l

10 2 +1
J' X*2 ix=(2I7-1)-(2In1-7)

(x 3

10

I 2x+1 dx=6+|n|49| Hence shown

Example 72

A
- d
Showthatj 2o I

0 1+tanx 4

Solution
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> d
= X
ot fy= [P
0 1+tanx
- d
= cosxdx
- rtom
0 CoSX+sinx
n cos(”—x)dx LI
/ :J‘2 2 :jz sin xdx
b T 4(72' j b cosx+sinx
cos| ——x |[+sin| ——x
2 2
s .
| ZJ‘Z sin xdx
0 cosx+sinx

9 :‘[2 sinx J'Z COS X
n ax ax
0 sinx+cosx 0 CosX+sinx

2/ _J' SInX+COSXdX
0

CoS X +sinx
Tt

21, —x|2 then 2/, =5 thereforévJ _ﬁ proved

&‘
d
2

&

'b

EXERCISE 17°

A
2,
S?\;

Evaluate the following

8 2

1. L (\/;+%+4]dx 2. L (2)(4—1)(2)(2 +2X—10)4C/X
) /2

3. X—+2dx 4. I ! (sin2x)dx
1 V3x? +12x -5 2
41 2 x+1

5. [ ——=d [ =
L™ L2 x43)
rT/3

7. / (cos3xcosx)jx 8. I\Eﬁ[;jdx
Jo 17\ 1+49x?

1
ctan (2)
9. ( 3 jdx
Jya 4cos2x —3sin2x

1.1 3(1
10. (sechtanx)jx 11. j (ﬂ)dx
2

JO X
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APPLICATIONS OF INTEGRATION
There are several applications of integration.

b
AREA UNDER THE CURVE: Area =J. ydx
a

Suppose we want to find the area under the curve y = f(x) sketched
below bounded from x=ag to x=5b with the curve.

v —_

b

I

/ a Figure 10.1 / a Figure 10.2
One way to estimate the area, A, (Figure 10.1) is to divide the area into
rectangular strips, (Figure 10.2) the sum og the argas of strips is
approximated to the area under the curve. The thlr‘*m,er gﬁe strips the better
approximation, i.e. as the number of strips &he;ease the better
approximation of the area under the curve. g“ "’%

Since each strip have the same width, 8x th& length of each strip is y,
therefore, the area of one strip is given as dA~ydx, to get the area under
the curve we sum the area of all strips from x=a to x=b, this can be

written as Area :ZéA, as the width of strips decrease, the number of
X=a

. oA oA dA
rectangles increase, therefore, as &x -0, —=y— Im | —
X HK—0\ X T dx

dA
Then d—=y becomes dA=ydx= A=|ydx, the boundary limit of x is
X

b
x=a to x=>b. This defines the area under the curve as, A=I yax .
a

Procedures to find the area
(a) Draw a sketch of the given region to visualize the nature of the
curve and divide intervals appropriately to avoid getting negative
or zero answer.
(b) Write the defined integral(s) to represent the region
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(c) Evaluate the defined integral.

Example 70

Determine the area under the curve y=—x+3 from x=0 to x=2

Solution

Sketch a7

2
A=I(—x+3)dx
0
2
thus A=4

2
Az[—x—+3xJ
2
0 I

The area is four sg. units -2

Example 71

Solution X%CX
b 2 5 }J'
Area =I ydx therefore Azj (—x +4)dx 6.
a 1 N
2 <
3
A=-%yax
3
1
2 -
A=(_§+8j_[_l+4j
3 3
5 I I
The area is E square units. -3 -1
_2 -

Example 72

Evaluate the area of the curve y=x>+2x° from x=—1 to x=1

Solution

A= _[_11()(3 + ZXZ)dX
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0 1 Y
A=J. X3 +2x° X+J. x3 +2x? Hx
w2 [ v 2 f
0
xt 23 xt 2
A=| —+— +| —+—
4 3 4 3
-1 0

F e e K .
4 3 4 3 ' '

The areais 1.3 square units.

_2 -
Example 73

Determine the area of the curve y=x> —3x> —x+3 from x=-1 to x=3

|

Solution y
From the sketch, a part of the

integral lies below the x — axis
and the other part lie above, if

we evaluate the integral direct

from x=-1 tox=3, the result ) 1 1 5 4

will be zero, we divide the 5

integral as follows

A:J.:(x3 -3x? —x+3)dx+fl(x3 -3x? —x+3)dx

While dividing it, we should make sure the area obtained is always positive,
this can be done by taking the absolute value of each integral above.

3 0
4 2 4 2
X——x3 —X—+3x X——xg —X—+3x
4 2 4 2
0

The area is 4.5 square units.

y=x3 —3x* —x+3

A= +

-1
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Example 74

Find the area of the curve y=3sinx from x=0 to x =21

Solution

\ 2T /\
X
-T al T\/ﬂ.’ 31\
y =3sin(x)

b 2
A= Iydx then Az'[@sin X )dix
a 0

2 e X
A= JZ(B sinx )x + L@ sinx )dx e, @@qg“"’
A=(3cosx)g +(3cosx)|in &

A=[3cosm—3cos 0| +[3cos 2 —3cos |

A =12 Square units.

Example 75

Find an approximate area of the shaded region below

Solution
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X3

4
A=J. (4x—x2)dx thus A=2x> —?
o

32
The area is A=? square units.

b
AREA BETWEEN CURVES: A=J‘ (v, —y,)dx (where a and b are abscissa at a
a

point of intersection)
If the area under the curve y = f(x) is

b
given by A; =If(x)dx and the area

under the curve y=g(x) is given as

y
ARy =1(x)
A
> x
a b
&
(X,VG)\/:gS‘@)‘(f
0’?\}\@% Figure 10.3
& %,
%\D (PVJ
& 25
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b
Azzjg(x)dx, then the area
a

between the curves y = f(x) and y=g(x) from x=a to x=b(Where g and
b are the values of x at the point of intersectiofvzgf the gﬁ‘?ves) is given by
G, 3

Azﬁf(x)—g(x)]dx , (Figure 10.3) &

&
Example 76 *

Find the area between curves y=4—x2 and y=x2 —2x

Solution
First, find the points of intersection of the curves, x%2 —2x=4—x?
2x% —2x—4=0 ) ¥
=x"—2x 54+
(x +1)(x —2)=0 4
x=-1 and x=2 3+
2 =4

A =‘Lb(yz —y1 Jdx
A =fl((4 —x?)-(x? - 2x e o4

A= '[_21(4 —2x% + 2x)dx
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2

therefore the area is 9 square units

A:4x—zx3 +x°
3 -1

Example 77

Find the area enclosed by the curves y=2x” +7x+3 and y=9+4x —x*
Solution
The points of intersection of the curve

2x% +7x+3=9+4x —x* =(x—-1)x+2)=0 thus x=1 or x=-2

ob
A= (yz—yl)dx
Ja
. y y=2x2+7x+3
A= (2x% +7x+3)- 9+ 4x — x? |pix
[ - b\
<l 8
A= (3X2+3x—6)dx
'72 1 l | 1 l |
1 I T T '@ I X
] 1 6 -4 A% 2 &
A=x>+2x? —6x —8 O/\J@@%
-2 & %
—-12 . 2 JJ&VJ\%\
A:7 square units y=9+4x—x>

Example 78

Find the area between curves y=x*—1 and y=1-x

Solution v

Point of intersections y=x>—1
—x+1=x>-1

Xx=-2 and x=1

ob
A= (Vz V1 )dx

va

A= ((x2 - 1)— (x+ l))dx

1

A= ._zl(x2 —X—Z)dx

= x
,/q\\i\yzl_x
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2
3 2
X X
A= _2x

3 2

-1
Areais 4.5 square units

Example 79
Find the area of the curve y=3x4 —6x> —3x% +6x with x — axis

Solution
The points of intersection
4 3 2 y
y=3x"—6x" —3x° +6x
3x(x—3)(x—1)(x+1):O 4T
2 €1

x=0, x=3, x=1and x=-1

| |

3 T T

A:j (3x4 —6x> —3x2 +6X)7X By - 1\\/6 3
71 —

3 > S
5 G} &
3x 3 —4 XL &%
A="2 25 x343x2 ;e‘\@
4 2
> ) y=3x"—6X —o@x@s+6x
& o

2
A =22§ sg. units
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EXERCISE 18

L 0 N D

11.

12.
13.

14.

15.

Find the under the curve f(x)=x3 —4x from x=-2 to x=2.

Find the area enclosed by the x — axis and that part of the curve
f(x)=2—3x+x2.

Sketch the graph of y =In(x)+ x? and hence calculate the area bounded
with the x axis from x=1to x =2.

Find the area of the region bounded by the curve y=3x2 —2x+1, the
line x+1=0, x—2=0 and y=0

The area between the curve 3x? +y2 =9 and the y-axis from y=-3
and y=3 is rotated about the y-axis. Find the volume of the solid
generated.

Find the area between the curve y=x+1 and y=3—x>
Find the area between the curves x =y2 and x=3y+4
Find the area bounded by the curve y—1+\/; and y=x-1

Find the area between the coordinates axes and the curve y= Jx =2

. Find the area under the curve y=4 between‘%%aoe Iln(e% x=0and x=5

Find the area under the curve — 1 =3 from 4&00@% x =40

& &)
& RS

Find the area between curves y=x? and y=—x +2

Find the value of a if the area between the curve y=ax” +2 and y = x>
from x=1 to x=2 is 10 square units.

Find the area between the curves y2 =4x and x° +y2 =8x bounded
with the x — axis.

Find the area under the curve x’y +3y=5 from x=0 to x=A3
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VOLUME OF THE SOLID OF REVOLUTION
Suppose the area enclosed by the line y =ax with x—axis and the line x=c¢

is rotated through one revolution, the solid formed is called solid of
revolution, which is cone in this case.

e

Rotation

Consider the figure below

Volume of disc A, V = nr’h

To get the volume of the figure from x=a
to x=b is the summation of the
approximated volume of the discs, given

r=y and h=0x therefore volume,

Therefore the volume is given by

b
Vznj ydx
a
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b
The volume is given by Vv :nj y2dx , if the curve is revolved about x — axis
a

b
orV =th x%dy if the curve is revolved about y — axis.
a

Note that, if the curve is symmetrical about the y — axis or x — axis and the
same curve is made to revolve about the x — axis or y —axis, we revolve only
the part of the curve lying one side of either the x — axis or y — axis. To get
the volume generated by considering the revolution of both sides is given by

b
V=2th yodx.
a

Example 80

Find the volume of the solid of revolution formed by rotating the area

enclosed by the curve y=x2 +x, the x — axis and the ordinates x=1 and
x =2 through one revolution about the x — axis.

Solution
b 5
V=mn| yodx

va

V= r[..lz (x2 + x)zdx

)
V=n (x4 +2x° +X2)dx
J1

Vzﬁn
30

y=x>+x

Therefore, the volume is 50.37 cubic units
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Example 81

Find the volume of the solid formed when rectangular hyperbola xy =8
rotated once through one revolution with positive x — axis from x=2 and

x=5 y
Solution 4
8 f T
xy =8 then y=—
X ;AT
2
5(8
V=rtJ. (—] dx / 3T
2\ X i
e 2+
5064
Vznj (—szx 1+
2\ X
5 I T T T 1
(64j -4 3 2 1
V=-—m — -1
X
_2 —_ y
96 '
V=—n 3+
> /
The volume is 60.32 cubic units R 2,
® 5

Example 82

Find the volume in the first quadrant bounded by curve y:2x2 +1,they—
axis and the lines y=2 and y=5.
Solution

y=2x2 +1
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The volume is 11.78 cubic units

EXERCISE 19

10.

Evaluate the following

A bowl has a shape that can be generated by revolving the graph of
y=x2/2 between y=0 and y =5 about the y-axis. Find the volume
of the bowl.

Find the volume of solid revolution when a curve xy =7 is rotated
about the x axis from x=3 to x=5, leave your answer with .

Calculate the volume generated when the curve )<2y=x4 +3 is
rotated once about x-axis from x =1 tox = 2. &

Find the volume generated when tF‘fQ,/\ |Q§p of the curve

4x? —y(5 y) revolve about the y-axis. o‘? %,
Find the volume generated by the rotatiqs ofthe cur)\ye X y+3y 5
about y —axis, fromy =0.5to y=1.6

Find the volume generated by revolving the curve y=cos(x) from

x=—%n to x =31t along the x — axis once.

Find the volume generated by revolving the curve y=+/x+4 from
x =1 to x =2 about the x — axis once.

The curve y2 +3—-2x=0 is rotated about x — axis once, from x =2
to x=4

The bowl in a shape of parabola open upward has the equation
x? =2(3+y) is filled with water, find the volume of water contained

in a bowl in cubic centimetres if the vertical height of the bowl is 8
units from the bottom and 4 cubic units = 15 cm?.

Find the volume generated by revolving the curve

=T along
dx+4

line y=—1 from y=0to y=4.
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2
3 (3-

11. Find the volume formed when the loop of the curve —=[—yj
y X

revolve about the y — axis.
12. Show that the volume formed by the curve x* +y2 =9 is a same as
the volume of the sphere with radius 3 units.

ARC LENGTH

There is no simple formula to calculate length of the curve other than a
circle. If the length of the portion of a curve is needed we use the method
of summing small portions of the required curve to the end of the required

portion. Suppose that the arc AB of the length 8s is such an element, then
x=b
the length s of the curve PB is given by 5:265

X=a

e

C
Ox

b

X
The length of the curve AB, where A and B are close to each other, then

By Pythagoras theorem

(65 ~(6x07 + (e
&3]
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6= 1+(6y) 6x
Ox
x=b 6\/ 2
s= 1+ —| &x
N

1o} d
As &x— 0 then _y_)_y
Ox dx

x=b
s= lim 1_’_(63/) Ox

(Sx—)O

s—j \/de

d
The length of an arc is given by the formula, s —I 1+( y

Example 83 o@q é\\_(,o
G‘c/,\ e

Find the length of the portion of the curve y = x? beLW%gn x=0and x=1
Solution o

d S
From y=x :>—y=2x
dx

= Ewll +(2x)? dx

Use hyperbolic substitution
Let 2x =sinh@ = 2dx=cosh@@

2
%f V1 + sinh? 8 cosh 646
1

2
5=1J‘ cosh? 6d@
24

Remember cosh26 =cosh? @ +sinh? @ and cosh? @ —sinh? 8=1
cosh2@ =2cosh? 0 —1

cosh? @ = %(cosh 20+1)
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1
5=1J‘ cosh? 0@

2

1 ¢l
5:—j(cosh26+1)d9

4 Jo
5:l(lsinh29+6’)

4\2

1, .
5=Z(5|nh0cosh¢9+¢9)

1
4

-l>|»—\

s=q(fiad
(2)( 1+4x% +In
:

=l 2«/§+In‘2+«/§‘)

5=l\/§+l|n(2+\/§)
2 4

The length is 1.48 unit length

Example 84
3

2xV1+4x% +sinh™

2X + (ZX)

Find the length of the arc y=x2 from x=1 to x=8 correct to 1 decimal

place.
Solution
3 1
From y=x?2 :>—y:—x2
ax 2

:J‘l8\/1+(3/2x1/2)2dx
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8
5=I /1+%xdx thus 22.803
1

The length is 22.8 units
Example 85
Tt
Find the length of the arc of y =In|secx| from x=0 to x=3

Solution

dy secxtanx
From y =lnsec x| = —==—"——=tanx
ax sec x

/3
5=I/ \/1+tan2xdx
o

T[/3 T[/3
s=| secxdx =Infsecx + tan x||O
)

s:ln‘2+\/§‘ ~1.32 units

Example 86 @, B

Find the length of an arc of the curve y=e* —x ??‘@;{@°§=3 to x=10

Solution & %,
dy 'S‘?\D fv{,\%
& %
y=e? —x then —==2e* -1 A
dx
10 >
s='[ \/il+2e X —1idx
3
10 10
s:j 2% dx | s=«/§j e dx
3 3

s=~/2e*
s=\/§e3(e7 —1)

The length is 31121.72 units

Example 87

Find an approximate value of the length of the portion of the curve

5276l - e

10
3

1 1
y=—x3+— fromx=1to x=2
6 2x

Solution
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1 dy 1 1
From y——x3+— then —y——x2 >
2X dx 2 2x
5 2
5=I 1+ 1)(2—L x
1 2 2x°
2
5=I \/1+1 4—l+idx
1 4 2 4x*?

The length is 1.417 unit correct to 4 significant figures.

&

(Ofe 7
400 &
Example 88 "J\\@Q’
\5

Find the length of the arc of the curve x? +y —cﬁ" bet\/\f&gn the points

where x=acosa and x=acos 3 ¢
Solution
d d
From x* +y2 =a? 32X+2y—y=0 therefore a__X
ax dx y

2
b
5=I 1/lJr(—ij dx
a y
acosf acosff
J. ’ dx thus s= J. ,a_z
acosa acosa

B 5 5
5= Iacos ( jdx But y=va" —x

S

acosa

acosf acosf a
s= j dx thus 5=J. — |dx
acosa 2 acosa 02 XZ
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Now let x=acos@ = dx=—-asin&dl

acosf —g?sin@

s= I — | /]
acosa /g2 — g% sin? x

acosff
s=—aJ. d@ thus then s=—ag6 and 0:cos_1(£j

acosa a

g X
S=—acos —
G /lacosa

Ao (2]

s=—aa+af

acosf

The length is a(8 —a) units

& (’o&
O@ﬂ’c @""\'
0’} 7\@%
PARAMETRIC LENGTH OF THE CURQﬁ %,
& 4
For the parametric equations of the curve %@@ d"%es

x=1(t)= L= £ (t) and y=g()=> L =g't)

dt dt
s= Jb (%jz + (ﬂ}z ax
a dt dt

The length of the curve given in parametric is given by

S BRPE

Example 89

Determine the length of the parametric curve given by the following
parametric equations, y=3sint and x =3cost from t=0 to t=2m
Solution
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dy adx
From y= 3S|nt:>——3cost and x= 3cost:>E=—3sint

J’2” dx dy dt
dt dt

21
j \/ 3sint)® +(3cost)’ dt

s=3 dt therefore s:3t|§n
o

s =61, the length of the arc is 18.85 unit length

EXERCISE 20
1. Calculate the arc length of the curve y2 =4—x% from x=-2 to
X=2
2. Calculate the arc length of the curve f(x) = x% —x from x=1 to
X=2 .5\

3. Show that the length of the curve e” —coso; fg;ém x=0 to

Q

XZZ is s=|n(1+\/_) 6\0'3“@05‘

>
k&
7
73,
%* =N

4. Show that the length of the curve y= Coshx from x=0 to x=1

is In(e _1J—1
2

5. Find the length of the curve y2 =x> from x=0 to x=1 correct
to 4 significant figures.

6. Compute the length of the curve y2 =\/§(X—1) form x=1 to
x=5

7. Find the length of the curve y =In(tan(x)) from x=1 to x=3

Find the length of the curve x =2cos3u, y=2sin3u from u=mn
to u=2n

9. Find the length of the curve given parametrically as x =3t +2,
y=5t2 —3 form the point where t =3 to t=8
10. Determine the length of the curve given as p:r2 —A4r,

q:3r—2r2 from r=4 to r=10
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MISCELLANEOUS EXERCISE

w

v

~

o

11.

13.

15.

17.

19.

21.

23.

25.

27.

28.

30.

Evaluate the following

J'ex—ldx
e’ —x
J‘ ! ax
3x+9
IX(ZX)jX

2x -1
j[4x2+5jdx
J‘ 1-4x
V1+2x—x2
Ix (l—x }jx

4
.[—2 S—adx
cos” x+9sin” x

IX sin xdx

> cos xdx

'—.

13X

cos® xsin® xdx

—

1
J. ax
sin@+2cos@+1

6+
2. j( > dex
X“+9
1
—— _dy
-[y(y—3)
6. J.xcos( )dx
3 J'cosx—2$|nx dx
3cosx +4sinx

10. Jxln(Zx)dx

1
12. J—zdx
1-5sin” x

1+sinx
14._[ > dx
‘@psT x ¢

46‘ >

20. Ix cos 2x sin2xdx

22. jsin_l(x)jx
4 Vx

2. |
1 Jx

2x3
6 [ 20 o
X" +x-20

Inx
27. I—dx
(1+x)2

2
sec
29. I—de
1+2tanx

4
31. I sin (ijdx
0 4
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32

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.
44,
45.
46.

47.

48.

P X 33 j ox
. o
1 x3 +1 VX—=2++/x+3
1
Prove that j de=%ln2(4—ln2)—l
0o 1+x
2x—1

———adx
Vax —4x?

in partial fractions and hence show that e

Evaluate (a) I (b) I(secx+tanx)dx

Express 7
1-x

1
1 1 1 (1
J.A dx==In3+=tan 1(—)
4 4 3 2

0 1-x

3o q a
Evaluate I dx express your answer in the form of In|—
1 xil+x2 ’ b

where g and b are non-zero positive integers.
" sinx 3 4 (4
Prove that IA.—dx=—rt+—|n(—j
0 3sinx+4cosx 50 2(5 3 o
By making the substitution x=m-y, o?’%@the@w“
@

7

Tse, prove that

T 2 3
I xsin® xdx==n & %,
0 3 &° 2N
& _ N )
. O xsinx i
Use the substitution x =1 —x show that —zdx=—
0 14 cos” x 4

Find the area enclosed by the curve f(x)=x3 —3x? +2x and the x —
axis between x=0 and x=2

Find the area enclosed between the curve f(x)=sin3x and the x —
axis between x=-m and x=m

Find the area enclosed between the curves y2 =4x and x° =4y

Find the area between curves x° +y2 =1 and 3x* +y2 =3

Find the area enclosed between curve y=—3x+x2 andtheline y=4

Find the volume of the solid revolution formed when curve y = x?-3
from x=1to x=3

Find the length of the arc of the curve 3y =sin3x between the points
X=TU and x=2n

Find the area of the surface formed by the rotation of the curve

y2 =8x about the x — axis, from the origin to x =2
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49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

Find the volume of the solid revolution obtained by rotating the region

bounded by the curve y2 =x, x20, the x-axis and the line x=0 and
X =2 respectively about the x-axis.
Find the volume of solid of revolution obtained by rotating the region

bounded by the line y=%x , the x-axis and the line x=0 and x=4
respectively about the x-axis.
Find the volume of the sphere obtained by rotating the upper-half of

the circle x? +y2 =a® about the x-axis.
Show that the volume of the solid of revolution obtained by rotating

the region bounded by the curve y=x3, the y-axis and the lines y =0
3

6
and y=2 about the y-axisis V = cubic units.

b

1
Show that J. e(a”b)dx:e—(ea —1)
o a

2
Find the value of n so that J. nX(Z - xz)zd)(%} .\\.6’@
1

G, &

7 &°

Find the area of the region between the curve,&;;??:f%é&—x2 from x=0
o &y

to x=3 and the x-axis. & %

Evaluate

a) Iln(3x +1)dx

ax
) e e

3
(a) Find the following (i) Imdx (ii) Ix 9+ x?dx

3cos? x

4x? 44 5
(b) Showthatj XZ dx=1+2|n(—j
3 x° =4 3

1

dx
x? —2x

(c) Use partial fractions to find I

2
(a) Find lenxdx and hence evaluate lenxdx
1

6+7z
dz when y(3)=1
2—7

(b) Find j
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59.

60.

61.

62.
63.

64.

65.

66.

67.

1. 1
(a) Show that I“ cos 2xdx = >
o

(b) Express in partial fractions

Bx+1)x+1)
1
(c) Hence show that J. dex=1—ln2
0 (Bx+1)x+1)

Ln

Find the value of J.14 (2sin3x cos 2x Jix
=T
6

If nis a non-zero integer and m any constant not equal to n, show that

j;n cos(2mx)cos(2nx)jx = m(-1)° sinTn
0 - Zim2 —n’ ) -

05
Evaluate j "cos* (x)cos(4xpix
0

Show that
1 1 &
(a) J.sin2 xdx==x—=sin2x + A (O’% &
2 4 “ &°
1 s o
T 1 & =
(b) jz xsin? xc/x:E(rt2 +4) & Jd}"”é‘%
0 A
o, 47
Showthatj sin” @cos” Bd@ =——
0 480
ax
Integrate I 5 5
4cos” x—9sin” x

d
Given that d—yz(y+2)sec2 x and that y(0)=m/4, find an expression
x

for y in terms of x.
(a) The curves y=3sinx and y=4cosx (OSXS%H) intersect at the

point A, and meet the x-axis at the origin O and the point B(%T[, 0)

respectively. With a neat graphs prove that the area enclosed by the
arcs OA, AB and the line OB is unit square units.

(b) If N is a foot of the perpendicular from A to the axis of x, find by
integration the volume obtained when the area enclosed by AN, NB
and the arc AB is completely rotated about the x-axis, giving the
answer correct to five significant figures.
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68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

Evaluate the following integrals

(@) r_i(x2+2X—sinh2x)dx (b) Jj(zjngdx

2i

Find the volume of solid of revolution formed by revolving the finite
region bounded by the curve y*> =x—1 and y=(x—1)* about the y
— axis.

Find the volume of the solid of revolution generated by rotating the
region in the first quadrant of the curve y=(x—1)(x—3)2, y=0
about y — axis.

Find the volume of the solid generated when the region bounded by
the curve y=x3 —3x+3, x=0, y=0 and x =2 is rotated about the
y — axis.

Find the volume of the solid obtained by rotating the region enclosed
by the curve y=)<2 and y=4x—x2 about the line x=2.

Consider the region enclosed by the curve f(x )—x3 +x, x=2 and
the x —axis. Rotate this region about the y—z@xw and fJ,ﬂd the resulting

volume. 490,\ @<°°

Find the volume of the solid revolution genera‘é’e@ when the region
J

defined by the curve y* =x (X+1) about they—axw%

Find the volume of the solid generated by revolving the region

1
1+x=2"

For the region bounded by y =

bounded by y= y=0, x=2 and x =6 about the y —axis.

al y=0, x=0 and x=7. Find
Ux+1’ ' '
the volume of the solid generated by revolving the region about the x
— axis.

Evaluate (a Icos x)In(sin x )dx (b) J.sinl( 2X jdx
1+ x?

dx—5|n1[6\/_+4J
16 +x—x2 25

Find the area between the curves given in the figure below.

Show that J.
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80.

81.

82.

83.

84.

85.

86.

87.

2
X
The slope of a curve at a point whose abscissa is x is 1+7 and the

curve passes through the point x=1 and y=0. Find the equation of

the curve and the area bounded by it, with the x — axis and the abscissa
x=1 and x=3

Find the expression of I[—+3x +sin 3x?)"}§/ &

,59

Show  that J.];((X))dxﬂnAf(x), higgé §b999¥v that if
) —%J‘%dx then A=(f(x)°
(a) Evaluate J.On/z(xsin(x)cos(x))dx

(b) Find I(cos 2x €05 4x C0s 6x )dx

Show that J. dx=—iln(a—bx)+i(a—bx)+A where g, b
a- b’ b’

and A are real constants.

1 1
Find (a) | —dx (b J Ix x* —9dx
(a) I (b) ,—1
4
Find (a)j ~dx (b) J sin4x
1te X2 2+c052x

Show that the volume represented by a solid of revolution of the

2.,.2_ 2 .
curve x“+y° =r"from x=—r to x=r is a sphere.
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88.

89.

90.

91.

92.

93.

94.

T X i
Show that J. > dx =
0 1+ cos” x 2«/5

2
If I (x2 +3x—4x=4.5 find the possible value(s) of a
a

.8 8
sin® x —cos 1
Showthatj ! X2 ; dx=A——cos(E—2x)
1—25in X COS“ X 2 2
Find J‘x tan
1+ x8
1 |1—sin2 1
Show that J.tan 11/$dx=2x——x2+A
1+sin2x 4 2
= sin™ x n
Show that for all real values of m, |2 dx=— hence

0 sin™ x+cos™ x

Wsinx

integrate J- ———dx.
sinx ++/cos x

(a) The diagram below shows the shaded re(glon Q enoelosed between

the curve y=x2v1—x? , the x-axis, and the I|rﬁ’é @"’—0 5.
s o
y &

0.5 1

0.5
The area of this region is given by A :j x’N1—x?dx, find the area Q
0

(b) Find the exact volume generated when the region Q is rotated
through four right angles about the x-axis.
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4 2
95. Find (a) I =dx (b) jcos_l(sinBX)dx (c) j@dx
1+x%0 sec” x
96. (a) Show that dex:Stanx—Ssecx+A
cos” x
bxz -1 1 -1
(b) Show thatI dx=(b—a)—2(tan a—tan b)
ax“+1
in2
97. (a) Verify that judX=25ec2x—2tan2x+2x+A
1+sin2x

98. (

99.

100.

(b) The marginal cost of a firm with fixed cost of 30 is given by
f(x) =5+50x —4x?, find the cost function.
x? +3x
V2x® +9x% +4

passes through point (0,1) find the equation of the curve.

(c) The slope of the curve is given by , if the curve

(d) Find the area bounded by the curve y:In(x2 +3) with the x — axis
from x=—4 to x=4. o
COS X — COS 2X “, »°
a) Find j dx %, o
1+2cosx o@»‘\%
(b) Suppose f'(x)=(x+1)x—b), f(0)=2 angbf( —43, fmd f(x)
(c) Qil flows from the bottom of a stor’ége tank at the rate of
r(t)=150-5t litres per minutes, where 0<t<30. Find the
amount of oil that flows from the tank during the first 20 minutes.
(d) A car accelerates along a straight line, so that its acceleration at
time t is a(l“):(t2 —3t)'ns_2. Find the displacement of the car

during the time period 2<t<3
(a) Use the concept of complex numbers or otherwise, find

I(sin4 X + cos” X)dx

2
) Find J‘Zcosx+9smxdx () Flndj. sin2x dx
3cos x +sinx sin* x +cos* x

(d) Determine the volume of the solid obtained by rotating the region

bounded by y=X2—2 and y=x aboutline y=4.

(a) Find the area inside the curve y2 =x?—x*

(b) Using calculus show that the perimeter (arc length) of the
circle with radius ris 2mr .
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101.

102.

103.

104.

105.

(c) The area defined by the inequalities yzx2 +1, x>0, y<2
is rotated completely about the y-axis. Find the volume of
the solid generated.

Integrate the following;-

3 3
@) | D ox (b) [——ax
x~+1 x° =1
2
(c) I);—lzdx (d) J. X =x dx
X~ +x x® +3x% +3x% +1
Integrate the following:-
-1 2
(@) J‘tan (zx)dX (b) J'arctzan (x)dX
1+x X +1
In(x+1
© j (x+1) ) J‘ X +2 |n(x+1)dX
x+1
5 3 2 —
Show that J‘XA—X:ldX:X—+X+i+1+In(X 1]+A
X=X 2 2x% X X
&
Showthatj\/x_dx x—=11-x s|@4@x+§°
1—x2 7 &

>
&
&

%.

24x% +4x—17 4N

Show that Xz—xdx:2+|n —q,e\t\ Ly
1 2x° +5x-3 45
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