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INTEGRATION 
 

Integration is process of reversing differentiation. Previously, we 
learned differentiation of different relations. Here we are going to 
find out the relation/function whenever the derivative is given. 
The required relation/function is called anti – derivative or definite integrals. 

The origin of integral calculus can be traced back 
to the ancient Greeks. They were motivated by 
the need to measure the length of curves, the 
area of a surface, or the volume of a solid. 
Archimedes used techniques very similar to 
actual integration to determine the length of a 
segment of a curve. Democritus 410 B.C. had the 
insight to consider that a cone was made up of 
infinitely many planes cross sections parallel to 
the base. 

The theory of integration received very little 
stimulus after Archimedes’ remarkable 

achievements. It was not until the beginning of the 17th century that the interest in 
Archimedes’ ideas began to develop. Johann Kepler 1571 – 1630 A.D. was the first among 
European mathematicians to develop the ideas of infinitesimals in connection with 
integration. The use of the term ‘‘integral’’ is due to the Swiss mathematician Johann 
Bernoulli 1667 – 1748. In the present chapter, we shall study integration of real-valued 
functions of a single variable according to the concepts put forth by the German 
mathematician Georg Friedrich Riemann 1826 – 1866. He was the first to establish a 
rigorous analytical foundation for integration, based on the older geometric approach. 

Suppose we are given the function 343 2 −+= xxy , it is the derivative 46 += x
dx

dy
. The 

question is can do reverse to find y? It is possible to get y , the rule that guide integration 

is  +
+

=
+

A
n

x
dxx

n
n

1

1

 where A is a constant of integration and 1−n . So for the 

derivative 46 += x
dx

dy
 multiply both sides dx  

Chapter 
10 

 BARAKA LO1BANGUT1 
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( )dxx
dx

dy
dx 46 +=  ( )dxxdy 46 +=  

Put the integral both sides, as ( ) += dxxdy 46  

  += dxxdxdy 43  thus  += dxdxxy 43  therefore Axxy ++= 4
2

3 2  

 

Indefinite integrals 

The indefinite integrals: These are integrals of the form  dxxf )(  thus if 

( )  = dxxgdxxfdxxgxf )()()()(  

 

 

Evaluate the integral ( ) ++ dxxx 742 23  

Solution 

From ( ) ++ dxxx 742 23  

( )  ++=++ dxdxxdxxdxxx 742742 2323  

 ++ dxdxxdxx 742 23  thus Ax
xx

++













+













= 7

3
4

4
2

34

 

( ) +++=++ Ax
xx

dxxx 7
3

4

2
742

34
23  

 

Evaluate ( ) − dxx 32  

Solution 

From ( )   −=− dxxdxdxx 3332  

 − dxxdx 32  thus ( ) +−=− Axxdxx 332 2  

Example 1 

 

Example 2 

 



Integration 

 

7 | I n t e g r a t i o n             

 

 

 

Evaluate  







−+− dx

xx
xx

16
53

3
2  

Solution 

( )   −=− xdxdxxdxxx 5353 22  thus A
xx

+













−













=

2
5

3
3

23

 

( ) +−=− A
x

xdxxx
2

5
53

2
32  

 

 

Evaluate ( ) +− dxxx 3532  

Solution 

From ( )  +−=+− dxxxdxdxdxxx 33 532532  

A
xx

x +













+













−=

4
5

2
32

42

 

Therefore ( ) A
xx

xdxxx ++−=+− 4

5

2

3
2532

42
3  

 
 

Evaluate ( ) − dxxx 23 3  

Solution 

Given ( ) − dxxx 23 3  thus ( )  −=− dxxdxxdxxx 2323 33  

 

 

Example 3 

 

Example 4 

 

Example 5 

 

( ) +−=− Ax
x

dxxx 3
4

23

4
3
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EXERCISE 1 

1. ( ) +− dxxx 52 23  2. ( )( ) −− dxxxx 22 23

3. ( ) +− dxxx 254 3  4.  







++− dxxx

x
125

3
3 4

3

5. ( ) −+− dxxxx 34 21034  
6.  








+− dxxxx

2

1
3

6

1 23

7. ( ) − dxxx 43 2  8.  







− dx

x
x

2
3 1

 

9. ( ) −+− dxxxxx 234 2  
10.  








++ dxx

x
x 31

 

11.  







− dx

x
x

53

1
2  12.  








− dx

xx

x
3

4

5

 

Substitution / Change of variable 

Integrals of the form  dxxfxf )(')(  are easily evaluated by letting 

)(')( xf
dx

du
xfu ==  hence 

)(' xf

du
dx =  

 

Evaluate the integral ( )( ) −++ dxxxx 2332 2  

Solution 

From ( )( ) −++ dxxxx 2332 2  

Let 232 −+= xxu  then 32 += x
dx

du
 

Make dx  the subject and substitute 

( )32 +
=

x

du
dx  then ( )

( ) +
+

32
32

x

du
ux  

Example 6 
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 +













= A

u
udu

2

2

    But 232 −+= xxu  

( )( ) ( ) +−+=−++ Axxdxxxx
222 23

2

1
2332  

 

Evaluate ( )( ) −− dxxxx 12262 2  

Solution 

From ( )( ) −− dxxxx 12262 2 , Let xxu 122 2 −=  and 124 −= x
dx

du
 

( )622 −
=

x

du
dx  and ( )

( ) −
−

622
62

x

du
ux  

A
u

udu +













= 22

1

2

1 2

  But xxu 122 2 −=  

( )( ) ( ) +−=−− Axxdxxxx
222 122

4

1
12262  

 

 

Evaluate ( ) ( ) ++ dxxxx 5513 32  

Solution 

Let  xxuxxu 5555 323 +=+=  

5152 2 += x
dx

du
u  Substituting 

( )135

2
2 +

=
x

udu
dx  and ( )

( ) +
+

135

2
13

2
2

x

udu
ux  

Auduu +=
32

15

2

5

2
  But ( )xxu 55 3 +=  

( ) ( ) +





 +=++ Axxdxxxx

3
332 55

15

1
5513  

Therefore, ( ) ( ) ( ) ( ) +++=++ Axxxxdxxxx 5555
15

1
5513 3332  

 

 

Example 7 

 

Example 8 
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Evaluate ( )( ) −++ dxxxx
52 12717  

Solution 

Given ( )( ) −++ dxxxx
52 12717  Let 127 2 −+= xxu therefore 

( )172 +
=

x

du
dx  thus ( )

( ) +
+

172
17 5

x

du
ux  

 += Auduu 65

12

1

2

1
   But 127 2 −+= xxu  

Therefore, ( )( ) ( ) Axxdxxxx +−+=−++
6252 127

12

1
12717  

 

 

Evaluate ( )( ) −− dxxxx
92 4332  

Solution 

( )( ) −− dxxxx
92 4332   Let xxu 43 2 −=  then 46 −= x

dx

du
 

( )x

du
du

322 −
−=  then ( )

( ) −
−−

x

du
ux

322
32 9 ,  But xxu 43 2 −=  

( ) +−−=− Axxduu
1029 43

20

1

2

1

( )( ) ( ) Axxdxxxx +−−=−−
10292 43

20

1
4332  

 

EXERCISE 2 

Evaluate the following 

1. ( )( ) +−− dxxxx 2316 2  2. ( ) +−− dxxxx 3 2 34412  

3.  dxxx 3cos3sin  4. xdxx cossin7


5.  xdx3cos  6.  xdxx 3cos5sin

7.  xdxx 3sincos  8.  xdxx 4cos4sin2

Example 9 

 

Example 10 
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9. ( ) + dxxx
42 23  10. ( ) + dxx 412  

11.  dxxx 2tan  12. ( ) + dxx 13cos

13.  xxx dtansec 3  14. ( )( ) −− dxxxx 5
3

2 21

15. dxxx
23 cossin  16. dxxx cossin  

17. dxx
5sin  18.  xdxx 22 sectan  

19.  − dxxax 22  20.  + dxxx 21  

 

Integration of natural logarithm 

From, ( )
x

x
dx

d 1
=ln  ( ) dx

x
xd

1
=ln

( ) = dx
x

xd
1

ln  = dx
x

x
1

ln  

 += Ax
x

dx
ln  thus  +=

+
baxA

a
dx

bax
ln

11
 

Integral of the form 
( )
( ) dx
xf

xf '
 

Suppose you have 
( )
( ) dx
xf

xf '
 Let ( ) ( )dxxfduxfu '==  

 += Au
u

du
ln      But ( )xfu =  

( )
( )

( ) Axfdx
xf

xf
+= ln

'
 

 

 

Evaluate  +12x

dx
 

Example 11 
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Solution 

From  +12x

dx
  Let 12 += xu  

2=
dx

du
     

2

du
dx =  

 








2

1 du

u
 thus   += Au

u

du
ln

2

1

2

1
, But 12 += xu  

 ++=
+

 Ax
x

dx
12ln

2

1

12
 

 

 

Evaluate  +
dx

x

x

93 2
 

Solution 

 +
dx

x

x

93 2
  Let 93 2 += xu  

x
dx

du
6=   

x

du
dx

6
=  

Substituting 















 x

du

u

x

6
 

 ++= Ax
u

du
93ln

6

1

6

1 2   But 93 2 += xu  

 ++=
+

 Axdx
x

x
93ln

6

1

93

2
2

 

 

 

Evaluate 
−+

dx
x

xx 132

 

Solution 


−+

dx
x

xx 132

 simplifying 
















−+ dx

xx

x

x

x

2

1

2

1

2

1

2 13
 

( )  
−−+ dxxdxxdxx 5.05.05.1 3  

Example 12 

 

Example 13 
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Axx
x

+++= 2

1

2

3
2

5

22
2

5
 

Axxxdx
x

xx
+++=













 −+
 2

1

2

3

2

52

22
5

213
 

 

 

Evaluate  +
dx

x

x

2sin

cos
 

Solution 

From  +
dx

x

x

2sin

cos
   Let 2sin += xu  

xdxdux
dx

du
coscos ==  

 += Au
u

du
ln   But 2sin += xu  

 ++=
+

 Axdx
x

x
2sinln

2sin

cos
 

 

 

Find  













+

−
−

−

dx
ee

ee
xx

xx

22

22

 

Solution 

Let xx eeu 22 −+=  thus ( )xx ee
dx

du 222 −−=  

( )dxee
du xx 22

2
−−=  

 +== Au
u

du

u

du
ln

2

1

2

1

2
   But xx eeu 22 −+=  

 ++=














+

−
 −

−

−

Aeedx
ee

ee xx
xx

xx
22

22

22

ln
2

1
 

 

 

Example 14 

 

Example 15 
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Find  −+

+
dx

xx

x

23

32
2

 

Solution 

Let 232 −+= xxu  then  
32

32
+

=+=
x

du
dxx

dx

du
 

 








+

+

32

32

x

du

u

x
 

Au
u

du
+= ln ,   But 232 −+= xxu  

 +−+=
−+

+
 Axxdx

xx

x
23ln

23

32 2
2

 

 

 

Find  +−

−
dx

xx

x

753

53
2

 

Solution 

From  +−

−
dx

xx

x

7103

53
2

   Let 7103 2 +−= xxu  

106 −= x
dx

du
    

( )532 −
=

x

du
dx  

( )  +==
−

−
Au

u

du

x

du

u

x
ln

2

1

2

1

532

53
 

But 7103 2 +−= xxu  

Therefore,  ++−=
+−

−
Axxdx

xx

x
7103ln

2

1

7103

53 2
2

 

 

 

 

Example 16 

 

Example 17 
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Evaluate 
+−

dx
x

xx 322

 

Solution 

Separate the integrals as 
+−

dx
x

xx 322

 thus   +−
x

dx
dxxdx 32  

Axx
x

x

xx
++−=

+−
 ln32

2

32 22

 

 

 

Find  dx
x

x

sinln

cot
 

Solution 

 dx
x

x

sinln

cot
    Let xu sinln=  

x
dx

du
cot=     

x

du
dx

cot
=  

 








x

du

u

x

cot

cot
  thus  += Au

u

du
ln  but xu sinln=  

Axdx
x

x
+= sinlnln

sinln

cot

 

EXERCISE 3 

Evaluate the following integrals. 

1.  








+
dx

x

x

cos5

sin
 2.  +

−
dx

xx

xx

sincos

sincos

3.  








+
dx

x

x

3sin1

3cos
 4.  









−+

+
dx

xx

x

13

32
2

Example 18 

 

Example 19 
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5.  












dx

x

x

tan3

sec2

 6.  +
dx

x 32

1

7. 
( )

+

dx
x

x
43

2

8
 8.  














+
dx

x

x
8

3

2
  

9.  +
dx

x

x

sin

cos

1
 10.  −

dx
x

x

3

11.  −

+
dx

x

x

3

2
 12. 

−

+
dx

x

x

24

32

13. 
−

−
dx

x

x

21

3
 14. 

−
dx

x

x

2

2

1

15. 
− 22 1 xx

dx
 16. 

−122 xx

dx

17. dx
x

x


− 44
 18.  +

dy
y

y
20

9

3

 

Standard integrals 

1. A
n

x
dxx

n
n +

+
=

+

 1

1

 

2.  +−= Axxdx cossin  

3.  += Axxdx sincos

4. Axxxdx +=−= seclncoslntan  

5.  += Axxdx sinlncot  6.  ++= Axxxdx tanseclnsec  

7.  +−= Axxdx cot cosec  8.  += Axxdxx sectansec  

9.  += Axxdx tansec2  9. Ax xdx +−= cotcosec2  

10.  += Aedxe xx  
11.  += A

a

a
dxa

x
x

ln
, 0a  

12.  +=

−

− Ax
x

dx
)(cos 1

21

 13.  +=
+

− Ax
x

dx
)(tan 1

21
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14.  +=

−

− Ax
xx

dx
)(sec 1

2 1

 15.  +=
−

− Ax
x

dx
)(tanh 1

21
 

16.  += Axxdx sinhcosh  17.  += Axxdx coshsinh

18.  += Axxdx coshlntanh  19. ( ) +=

+

− Axdx
x

1

21

1
sinh  

20. Axxxdx +−= cot cosecln cosec

 

 dxxf )(sinINTEGRAL OF TRIGONOMETRIC RATIOS OF THE FORM or  dxxf )(cos  

or  dxxf )(tan  

 

Integrate  xdx3sin  

Solution 

From  xdx3sin    Let xu 3= , 
3

du
dx =  

 








3
sin

du
u   thus  +−= Auudu cos

3

1
sin

3

1
 But xu 3=  

 +−= Axxdx 3cos
3

1
3sin  

 

 

Find ( ) + dxxx 2tan5cos  

Solution 

( ) + dxxx 2tan5cos  thus Axxxdxxdx +−=+  2cosln
2

1
5sin

5

1
2tan5cos  

 
 

Integrate  xdxx 5cos4sin  

Solution 

Example 20 

 

Example 21 

 

Example 22 
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From  xdxx 5cos4sin  

Recall: ( ) ( ) BABABA sincos2sinsin =−−+  

( )  −= dxxxxdxx sin9sin
2

1
5cos4sin2

2

1
 

Axxxdxx ++−= cos
2

1
9cos

18

1
5cos4sin  

 
 
 

 

Evaluate the integral dxx
7cos  

Solution 

 = xdxxxdx coscoscos 67  thus ( ) xdxx coscos
32  

( ) − xdxx cossin1
32    Let xu sin=  thus  

xdxdu cos=  substituting ( ) − duu
321  then ( ) −+− duuuu 642 331  

( ) Auuuuu +−+−=−
75332

7

1

5

3
1     But xu sin=  

Therefore Axxxxdx +−+−=
7537 sin

7

1
sin

5

3
sinsincos  

 

INTEGRATION BY PART 

Refer product rule of differentiation ( )
dx

du
v

dx

dv
uuv

dx

d
+=  

Then   vduudvuvd +=)(  

Integrating both sides ( )  += vduudvuvd  thus  += vduudvuv  

Therefore  −= vduuvudv  

This is the formula of integrating by part 
To get the function u consider the word ILATE where, 

I – Inverse of trigonometric functions 
L – Logarithmic functions 

Example 23 
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A – Algebraic functions 
T – Trigonometric functions (common and natural logarithm) 
E – Exponential functions 

The function that comes first is u any other function is dv. 
 
 
 

Evaluate  xdxx cos  

Solution 
Consider ILATE, therefore, Algebra comes before Trigonometric 
We let xu=   dxdu= and xdxdv cos=  

 = xdxdv cos    xv sin=  

 −= xdxxxxdxx sinsincos  thus  ++= Axxxxdxx cossincos  

 

 

Evaluate  dxex x2  

Solution 

Let 2xu =  xdxdu 2=  and  = dxedv x  xev =  

 −= dxxeexdxex xxx 222  But  dxxe x  need by part integration 

dxexedxxe xxx
 −=  

Aexedxxe xxx +−=  thus for ( ) Aexeexdxex xxxx +−−= 2
2

2
 

Therefore, Aexeexdxex xxxx ++−= 22
2

2
 

 

Find  xdxex cos  

Solution 

Let xdxduxu sincos −==  and dxedv x=  thus
xx evdxedv ==   

Example 24 

 

Example 25 

 

Example 26 
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Substituting  += xdxexedxxe xxx sincoscos  

dxxexexdxe xxx
 −= cossinsin  

dxxexexedxxe xxxx
 −+= cossincoscos  

Axexexdxe xxx ++= sincoscos2  

( ) Axxexdxe xx ++= sincos
2

1
cos  

 
 

Evaluate dxxx ln4  

Solution 

From dxxx ln4 , Let dx
x

duxu
1

== ln  and dxxdv 4=  

54

5

1
xvdxxdv ==   thus   








−= dx

x
xxxdxxx

1

5

1
ln

5

1
ln 554

 

Axxxdxxx +−=
554

25

1
ln

5

1
ln  

 
The tabular method or tic – tac – toe method 

So far we saw the process of evaluating integrals by using by part 
technique, but what will happen when you have the integral like    

 dxex x4 ? This cause a repetition of a by part method. To avoid repetition 

of by part process in integration, we introduce this method to simplify the 
repeating of the by part integration process. 

Suppose we want to evaluate  dxex x4  if we use by part method we will 

repeat the process 4 – times. To deal with this, we introduce the so called 
tabular method or tic – tac – toe method. 

 
 

 

Integrate  dxex x4  

Solution 

Example 27 

 

Example 28 
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From  dxex x4   Let 4xu =  and dxedv x=  

Consider the table below:- 
   u sign     dv 

4x    + xe  

34x    –  xe  

212x    + xe  

x24  – xe  

24 + xe  

0   xe
xe

 

We multiply by following an arrow direction and the appropriate sign to 
connect each product is shown. Therefore,

( ) Aexxxxdxex xx ++−+−= 2424124 2344  

 

Integrate ( )dxx ln  

Solution 

dxx ln   Let dx
x

duxu
1

== ln  and xvdxdv ==  

 −= dxxxdxx lnln  therefore Axxxdxx +−= lnln  

 

 

Integrate 
− dxx)(tan 1   

Solution 


− dxx)(tan 1 , Let 

2

1

1 x

dx
duxu

+
== −tan and xvdxdv ==  

( )  +
−= −−

2
11

1
tantan

x

xdx
xxdxx  therefore, 

( ) ( ) ++−= −− Axxxdxx 211 1ln
2

1
tantan  

Example 29 

 

Example 30 
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EXERCISE 4 

Evaluate the following integrals by using by part method 

1.  xdxx sin  2.  xdxx cos3

3. 
− xdx3sin 1  4.  xdxx sin4

5.  xdxln  6. 
−

−

dx
x

xx

2

1

1

sin

7.  dxex x3  8.  xdx2sin   

9.  xdxx 3sin  
10.  












 −

dx
x

x
2

1sin

11. ( ) dxxe x sin2  
12.  














+

−
−−

−−

dx
xx

xx
11

11

cossin

cossin

13. ( ) + xdxx ln22  14. 
( ) +

dx
x

x
21

ln

15.  +

−

dx
x

xx
2

12

1

tan
 

16.  dxex x32  

17.  xdxx ln2  18. 
− xdxe x cos  

19. ( ) dxxx 23 ln  
20. 

( )


−

−

dx

x

xx

2
3

2

12

1

sin
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Integration by partial fractions 

Case 1: When the denominator of the rational function contain linear 
factors, thus; 

( )( ) qkx

Z

dcx

B

bax

A

qkxdcxbax

xf

+
++

+
+

+
=

+++++
...

)(...

)(
 where A, B, 

Z, a, b, c, d, k, q are constants. 

 

Integrate 
( )( ) +−

+
dx

xx

x

122

3
 

Solution 

From 
( )( ) +−

+
dx

xx

x

122

3
 

Decompose the rational function into small rational fractions 

( )( ) 122122

3

+
+

−
=

+−

+

x

B

x

A

xx

x
 

Find the values of A and B 

( )( ) 122122

3

+
+

−
=

+−

+

x

B

x

A

xx

x
 

By comparison;  ( ) ( )2123 −++=+ xBxAx  

When 2=x   then  1=A  and when 21−=x   then 1−=B  

( )( ) ( )12

1

2

1

122

3

+
−

−
=

+−

+

xxxx

x
 

( )( ) ( )  +
−

−
=

+−

+
dx

x
dx

x
dx

xx

x

12

1

2

1

122

3
 

Therefore 
( )( )

Axxdx
xx

x
++−−=

+−

+
 12ln

2

1
2ln

122

3
 

 
 

Evaluate 
( )( ) ++

−
dx

xx

x

1213

4
 

Solution 

From 
( )( ) ++

−
dx

xx

x

1213

4
 

Example 31 

 

Example 32 
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Let 
( )( ) 12131213

4

+
+

+
=

++

−

x

B

x

A

xx

x
 then  

( ) ( )13124 +++=− xBxAx  

Compare the coefficients, 




−=+

=+

4

132

BA

BA
 

Solve for A and B, using a calculator, 13−=A  and 9=B  

( )( ) 12

9

13

13

1213

42

+
+

+
−=

++

−

xxxx

xx
 

( )( )   +
+

+
−=

++

−
dx

x
dx

x
dx

xx

xx

12

9

13

13

1213

42

  therefore 

( )( ) ++++−=
++

−
Axxdx

xx

xx
12ln

2

9
13ln

3

13

1213

42

 

 

 

Solve  −

+
dx

x

x

4

3
2

 

Solution 

From  −

+
dx

x

x

4

3
2

 let 
( )( )22

3

4

3
2 +−

+
=

−

+

xx

x

x

x
 

Writing into partial fractions as 
( )( ) 2222

3

+
+

−
=

+−

+

x

B

x

A

xx

x
 

Thus ( ) ( )223 −++=+ xBxAx , when 2=x   then  
4

5
=A  and when 

2−=x   then  
4

1
−=B  thus,  

( )( ) ( ) ( )24

1

24

5

22

3

+
−

−
=

+−

+

xxxx

x
 

  +
−

−
=

−

+
dx

x
dx

x
dx

x

x

2

1

4

1

2

1

4

5

4

3
2

 therefore 

Axxdx
x

x
+++−=

−

+
 2ln

4

1
2ln

4

5

4

3
2

 

 

 

Find  −−

−
dx

xx

x

253

7
2

 

Example 33 

 

Example 34 
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Solution 

Partialize 
253

7
2 −−

−

xx

x
 by factorize the denominator (if possible)

( )( )213253 2 −+=−− xxxx  

( )( )213

7

253

7
2 −+

−
=

−−

−

xx

x

xx

x
 

( )( ) 213213

7

−
+

+
=

−+

−

x

B

x

A

xx

x
 thus BBxAAxx ++−=− 327  

Compare coefficients and solve for A and B 




−=+−

=+

72

13

BA

BA
 

7
22=A  and 7

5−=B  thus 
( )( ) ( ) ( )27

5

137

22

213

7

−
−

+
=

−+

−

xxxx

x
 

dx
x

dx
x

dx
xx

x
 −

−
+

=
−−

−

2

1

7

5

13

1

7

22

253

7
2

 

Axxdx
xx

x
+−−+=

−−

−
 2ln

7

5
13ln

21

22

253

7
2

 

 

EXERCISE 5 

By partial fraction, integrate the following 

1. 
( )( ) +−

−
dx

xx

x

232

12
 2. 

( )( ) ++
dx

xx

x

21

3. 
( )( ) −−

+
dx

xx

x

232

2
 4.  − 228 x

dx

5. 
( )( ) −+

dx
xx

x
33

2

12
  6. 

( )( ) −−
dx

xx

x

sin2sin1

cos

7. 
( ) ( ) −

=
− 11 44

3

4 xx

dxx

xx

dx
 8. 

( )( )( ) −+−
dx

xxx

x

312
 

9. 
( )( ) +− 11 xxx

dx
 10.  +

dx
xx 2sinsin

1
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Case 2: When the denominator contain quadratic factor(s) 

( )( ) ( ) qpx

E

dcx

DCx

bax

BAx

qpxdcxbax

xf

+
++

+

+
+

+

+
=

+++++
...

...

)(
2222

 where 

A, B, C, D, E, a, b, c, d, p, q are constants. 

 

 

Evaluate 
( )( ) +−

+
dx

xx

x

23

2
2

 

Solution 

Partialize 
( )( ) 2323

2
22 +

+
+

−
=

+−

+

x

CBx

x

A

xx

x
 

( ) ( )( )322 2 −+++=+ xCBxxAx  

CCxBxBxAAxx 3322 22 −+−++=+  

Compare the coefficients 








=+

=−

=+−

0

232

13

BA

CA

CB

 

Then, 
11

5
=A , 

11

5
−=B  and 

11

4
−=C  thus

( )( ) 2323

2
2

11
4

11
5

11
5

2 +

+
−

−
=

+−

+

x

x

xxx

x
 

Therefore 
( )( )   +

+
−

−
=

+−

+
dx

x

x
dx

x
dx

xx

x

2

45

11

1

3

1

11

5

23

2
22

 

( )( ) +







−

+

−
=

+−

+ − A
x

x

x
dx

xx

x

2
tan

11

22

2

3
ln

11

5

23

2 1

22
 

 

 

Example 35 

 

Example 36 
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Evaluate 
( ) +

+
dx

xx

x

1

3
2

 

Solution 

Partialize 
( ) 11

3
22

2

+

+
+=

+

+

x

CBx

x

A

xx

x
 

( ) ( )CBxxxAx +++=+ 13 22  

CxBxAAxx +++=+ 222 3  then













=

−=

=

=+

0

2

3

1

C

B

A

BA

 

( )  +
−=

+

+
dx

x

x
dx

x
dx

xx

x

1

23

1

3
22

2

 

( ) ++−=
+

+
Axxdx

xx

x
1lnln3

1

3 2
2

2

 

( ) +
+

=
+

+
A

x

x
dx

xx

x

1
ln

1

3
2

3

2

2

 

 

 

Evaluate  −+−

+−
dx

xxx

xx

9182

34
23

2

 

Solution 

( )( )129

34

9182

34
2

2

23

2

−+

+−
=

−+−

+−

xx

xx

xxx

xx
 

Partialize 
( )( ) 129129

34
22

2

−
+

+

+
=

−+

+−

x

C

x

BAx

xx

xx
 

( )( ) ( )91234 22 ++−+=+− xCxBAxxx  

CCxBBxAxAxxx 92234 222 ++−+−=+−  

Example 37 
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Compare the coefficients 









=+−

−=+−

=+

39

42

12

CB

BA

CA

 

Then, 
37

16
=A , 

37

66
−=B  and 

37

5
=C  

  −
+

+

−
dx

x
dx

x

x

12

1

37

5

9

6616

37

1
2

 

   −
+

+
−

+
dx

x
dx

x
dx

x

x

12

1

37

5

9

1

37

66

937

16
22

 

Ax
x

x +−+







−+= − 12ln

74

5

3
tan

37

22
9ln

37

8 12
 

 

 

 

EXERCISE 6 

        Evaluate the following integrals 

1. 
( )( )

++
dx

xx

x

31 2
 2. 

( )
+16xx

dx

3.  








−+−
dx

xxx

x

123
 4. 

−14x

dx

5. 
( )( )

−+

−
dx

xx

x

41

3

2
 6. 

( )
+

dx
xx 1

1

2
 

7. 
( )( )

−+

+
dx

xx

x

22

5

2
 8. 

( )( )
−+

dx
xx

x

1312

9. 
( )( )

−+ 421 2 xx

dx
 10. 

( )
+ 22xx

dx
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Case 3: When the denominator contains the repeated root(s). 

( ) ( ) ( ) ( ) ( ) qpx

D

bax

C

bax

B

bax

A

qpxbax

xf
rnnn +
+

+
++

+
+

+
=

++ −−
...

...

)(
1

 

where A, B, C, D, a, b, p, q are constants and n is a positive integer, where 
r is less than or equal to n. 

 

Evaluate 
( ) +

+
dx

xx

x
223

1
 

Solution 

Partialize 
( ) ( )22 22323

1

+
+

+
+=

+

+

x

C

x

B

x

A

xx

x
 

( ) ( )22 22323

1

+
+

+
+=

+

+

x

C

x

B

x

A

xx

x
 

( ) ( ) CxxBxxAx 32321 2 ++++=+  

When 0=x  then 41=A , when 2−=x  then 61=C  and when 1=x  

then 121−=B  

( ) ( )22 26

1

)2(12

1

12

1

23

1

+
+

+
−=

+

+

xxxxx

x
 

( ) ( ) +
+

+
−=

+

+
dx

x
dx

x
dx

x
dx

xx

x
22 2

1

6

1

2

1

12

11

12

1

23

1
 

Therefore, 
( ) ( )

A
x

xxdx
xx

x
+

+
−+−=

+

+
 26

1
2ln

12

1
ln

12

1

23

1
2

 

 
 

Evaluate 
( )( ) −+

−
dx

xx

x
2125

73
 

Solution 

Partialize 
( )( ) ( )22 12125125

73

−
+

−
+

+
=

−+

−

x

C

x

B

x

A

xx

x
 

( )( ) ( )22 12125125

73

−
+

−
+

+
=

−+

−

x

C

x

B

x

A

xx

x
 

( ) ( )( ) ( )51251273 2 ++−++−=− xCxxBxAx  

Example 38 

 

Example 39 
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







−=−=+−

=−=++

=−=+−

1   when     104129

1   when          466

0   when          755

xCBA

xCBA

xCBA

 thus 
11

2
−=A , 

11

4
=B  and 1−=C  

( )( ) ( ) ( ) ( )22 12

1

1211

4

511

2

125

73

−
−

−
+

+
−=

−+

−

xxxxx

x  

Then 
( ) ( ) ( ) −

−
−

+
+

− dx
x

dx
x

dx
x 212

1

12

1

11

4

5

1

11

2
  

A
x

xx +








−
+−++−=

12

1

2

1
12ln

11

2
5ln

11

2
 

Therefore 
( )( )

A
xx

x

xx

x
+

−
+

+

−
=

−+

−
 24

1

5

12
ln

11

2

125

73
2

 

 

EXERCISE 7 
Evaluate the following integrals 

1. 
( ) +12 xx

dx
 2. 

( ) + 21xx

dx

3. 
( )( )

dx
xx

x
 ++

+
231

2
 4. 

( ) ( )
dx

xx

x
 −+ 1213 2

5. 
( )( )

dx
xx

x
 −−

+
312

3
 6. 

( )( )
dx

xx

xx
 −+

++
2

2

1332

3

7. 
( ) −

−
dx

x

x
32

13
 8. 

( ) ( ) +−

+−
dx

xx

xx

153

13
22

2

9. 
( ) ( ) +−

dx
xx

x
22 11

4
 10. 

( )( )( ) −+−

+
dx

xxx

x

1312

4
2

Case 4: When the denominator has no real factors or cannot be 

factorized easily 
knrnnn dxcxbxax

xf
−−− +++ 2

)(
 

 

Find (a)  ++
dx

xx 22

4
2

  (b)  ++ 3112 2 xx

dx
 

Solution 

Example 40 
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(a)  ++
dx

xx 22

4
2

 

Consider ( ) 1122 22 ++=++ xxx  therefore, 
( ) 11

4

22

4
22 ++

=
++ xxx

 

( )  ++
=

++
dx

x
dx

xx 11

4

22

4
22

  thus 
( ) ( ) ++

=
++

dx
x

dx
x 11

1
4

11

4
22

 

Let tan1=+x  

Hence ddx 2sec=  thus  +=
+

A
d





4

1tan

sec
4

2

2

 

Therefore, ( ) ++=
++

− Axdx
xx

1tan4
22

4 1
2

 

(b)  ++ 3112 2 xx

dx
 

The expression 
8

97

4

11
23112

2
2 −








+=++ xxx  

therefore,  
−








+

=
++

8

97

4

11
2

3112 22

x

dx

xx

dx
 

 
















+−

−=









+−

−
22

4

11

97

4
1

97

8

4

11

97

16
1

97

8

x

dx

x

dx
 

(See the hyperbolic substitution section) 

Let 







+=

4

11

97

4
tanh x  then 

4

11
tanh

4

97
+= x  hence 

dxd =2sech
4

97
 

Substituting  −=
−

− 



d

d

4

97

97

8

tanh1

sech
4

97

97

8
2

2

 

C+− 
97

2
 replacing  , then  C

x
+






 +
− −

97

114
tanh

97

2 1  
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Therefore,  +






 +
−=

++

− A
x

xx

dx

97

114
tanh

97

2

3112

1
2

 

 

EXERCISE 8 

Evaluate the following 

1.  +− 32 2 xx

dx
 2.  ++ 175 2 xx

dx

3.  +82 2x

dx
 4.  ++ 122 2 xx

dx

5. 
+− 122 xx

dx
 6. 

+− 522 xx

dx

7.  ++ 1142 2 xx

dx
 8.  +− 784 2 xx

dx

9. dx
xx −+ 23

2
2

 10. dx
xx +− 233

5
2

Case 5: The use of ( ) BD
dx

d
AN += , where N is Numerator, D is 

denominator,  A and B are constants, 
)(

)(

xg

xf
 then B

dx

dg
Axf +=)(  

 

 

Evaluate  ++

−
dx

xx

x

53

32
2

 

Solution 

From 
53

32
2 ++

−

xx

x
 Let ( ) BD

dx

d
AN +=  then ( ) BxAx ++=− 3232  

BAAxx ++=− 3232  hence 1=A  and 6−=B  

63232 −+=− xx  

53

632

53

32
22 ++

−+
=

++

−

xx

x

xx

x
 

Example 41 
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53

6

53

32

53

632
222 ++

−
++

+
=

++

−+

xxxx

x

xx

x
 

  ++
−

++

+
=

++

−+
dx

xxxx

x
dx

xx

x

53

6

53

32

53

632
222

 

A
x

xxdx
xx

x
+






 +
−++=

++

− −

 11

32
tan

11

12
53ln

53

32 12
2

 

 

 

Evaluate  +−

−+
dx

xx

xx

86

33
2

2

 

Solution 
The rational function involved in this integral is an improper rational 
function. So divide first to lower the numerator degree. 

Use long division method, 

1

11 9      

86

3386

2

22

−

+−

−++−

x

xx

xxxx  

86

119
1

2 +−

−
+

xx

x
 

  +−

−
+ dx

xx

x
dx

86

119
2

 

Now Partialize, 

( )( )42

119

86

119
2 −−

−
=

+−

−

xx

x

xx

x
 

( )( ) 4242

119

−
+

−
=

−−

−

x

B

x

A

xx

x
 

( ) ( )24119 −+−=− xBxAx  

When 4=x , 
2

25
=B  and when 2=x , 

2

7
−=A  

Example 42 
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   −
−

−
+

22

7

32

25

x

dx

x

dx
dx  

Therefore, ( ) ( ) Axxxdx
xx

xx
+−−−+=

+−

−+
 2ln

2

7
4ln

2

25

86

33
2

2

 

 

Evaluate  +

+
dx

x

x

5

2
2

4

 

Solution 

From  +

+
dx

x

x

2

5
2

4

 

Dividing by long division 

2

9                       

42           

52           

2 

50   2

2

2

2

24

242

−

−−

+−

+−

+++

x

x

x

xx

xxx  

2

9
2

2

5
2

2
4

+
+−=

+

+

x
x

x

x
 

( )   +
+−=

+

+
dx

x
dxxdx

x

x

2

9
2

2

5
2

2
2

4

 

 +







+−=

+

+ − A
x

x
x

dx
x

x

2
tan

2

9
2

32

5 1
3

2

4

 

 

EXERCISE 9 

Evaluate the following integrals 

1.  ++

−
dx

xx

x

232

12
2

 2.  ++

+
dx

xx

x

1

4
2

Example 43 
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3.  ++

+
dx

xx

x

22

23
2

 4.  −+

+
dx

xx

x

74

52
2

 

5.  +

+
dx

x

x

4

52
2

 6.  +

+
dx

x

x

62

32
2

 

7. 
( ) +

+
dx

xx

x

4

2
2

 8.  +−

+
dx

xx

x

12

3
2

 

9.  ++

−
dx

xx

x

43

35
2

 10.  −−

+
dx

xx

x

32

1
2

11.  +−

−
dx

xx

x

3

1
2

 12.  ++

−
dx

xx

x

193

2
2

 

 

INTEGRATION OF TRIGONOMETRIC FUNCTIONS 

Case 6: The use of ( ) BDD
dx

d
N +=  (for trigonometric) where N is 

Numerator, D is denominator and A and B are constants 

Integrals of the form  +

+
dx

xbcxbc

xbcxbc

3433

1211

cossin

cossin
 

 

Evaluate  dx
xx

x
 − sin2cos

sin
 

Solution 

From dx
xx

x
 − sin2cos

sin
  Let ( ) BDD

dx

d
N +=  

( ) ( )xxBxx
dx

d
Ax sin2cossin2cossin −+−=  

xBxBxAxAx sin2coscos2sinsin −+−−=  

Compare 




=+−

=−−

02

12

BA

BA
 

Solve for A and B, 
5

1
−=A  and 

5

2
−=B  

Example 44 
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( ) ( )
  −

−
−

−

+
=

−
dx

xx

xx
dx

xx

xx
dx

xx

x

sin2cos

sin2cos

5

2

sin2cos

cos2sin

5

1

sin2cos

sin
 

Consider 

 −

+
dx

xx

xx

sin2cos

cos2sin

5

1
, Let xxu sin2cos −=  

( )dxxxdu cos2sin +−=  

 −= u
u

du
ln

5

1

5

1
, But xxu sin2cos −=  

xxdx
xx

xx
sin2cosln

5

1

sin2cos

cos2sin

5

1
−−=

−

+
  

Also consider 

xdxdx
xx

xx

5

2

5

2

sin2cos

sin2cos

5

2
−=−=

−

−
   

Therefore, Axxxdx
xx

x
+−−−=

− 5

2
sin2cosln

5

1

sin2cos

sin
 

 

 

Evaluate dx
xx

x
 + sincos3

cos
 

Solution 

From dx
xx

x
 + sincos3

cos
 

( ) ( )xxBxx
dx

d
Ax sincos3sincos3cos +++=  

xBxBxAxAx sincos3sin3coscos ++−=  

Compare coefficients 




=+−

=+

03

13

BA

BA
 

Solve for A and B then 
10

1
=A  and 

10

3
=B  

  +

+
+

+

−
=

+
dx

xx

xx
dx

xx

xx
dx

xx

x

sincos3

sincos3

10

3

sincos3

sin3cos

10

1

sincos3

cos
 

 +++=
+

Axxxdx
xx

x

10

3
sincos3ln

10

1

sincos3

cos
 

 

 

Example 45 
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EXERCISE 10 

Evaluate the following integrals 

1.  +
dx

xx

x

2sin2cos

2sin
 2.  −

+
dx

xx

xx

cos5sin7

cossin2
 

3.  +

+
dx

xx

xx

cos4sin3

cos3sin2
 4.  +

dx
xx

x

cos4sin3

cos3
 

5.  dx
x

x

cos

sin5
 6. dx

x

x
 + 5cos2

sin4
 

7.  +
dx

xx

x

sincos

sin
 8.  +

dx
xx

x

sin4cos

cos3

9.  +

−
dx

xx

xx

sincos

sincos
 10.  dx

x

x

cos

tan

 

Integrals of the form 

(a)  + xba

dx

cos
 (b)  + xba

dx

sin
 (c)  + xbxa

dx

sincos

Use of t formula 

Refer, 
2

2

1

1
cos

t

t
x

+

−
=  and 

21

2
sin

t

t
x

+
=  where 








=

2
tan

x
t  

 

Solve  + x

dx

cos53
 

Solution 

 + x

dx

cos53
 Let 








=

2
tan

x
t   then 








=

2
sec

2

1 2 x

dx

dt
 

Thus dx
x

dt
=










2
sec

2

2
 

Example 46 
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But   
2

2

1

1
cos

t

t
x

+

−
=  
















+

−
+

+

2

2

2

1

1
53

1

2

t

t

t

dt

 then 
( ) ( )  −

=
−++ 222 28

2

1513

2

t

dt

tt

dt
 

( )
−

=
− 22

214

1

4 t

dt

t

dt
, Let tanh

2
=

t
 thus ddt 2sech2=  

 +=
−

Ad
se






2

1

tanh1

ch2

4

1
2

2

 

But  







= −

2
tanh 1 t

   and 







=

2
tan

x
t  

A
x

x

dx
+
















=

+

−

 2
tan

2

1
tanh

cos53
1  

 
 

 

Solve  − x

dx

cos35
 

Solution 

From  − x

dx

cos35
 Let 








=

2
tan

x
t  then 









=

2
sec

2

2 x

dt
dx  therefore 

21

2

t

dt
dx

+
=  

 +
=















+

−
−

+
2

2

2

2

82

2

1

1
35

1

2

t

dt

t

t

t

dt

 thus 
( ) +

=
+ 22 2182

2

t

dt

t

dt
 

Example 47 
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 ddtt 2sec
2

1
tan2 ==  therefore

( )  +=
+

=
+

A
d

t

dt






2

1

tan1

sec

2

1

21 2

2

2
 But ( )t2tan 1−=  and 









=

2
tan

x
t   thus A

x

x

dx
+
















=

−

−

 2
tan2tan

2

1

cos35
1  

 

 

Integrate  + x

dx

sin1
 

Solution 

From  + x

dx

sin1
,  Let 








=

2
tan

x
t  then 








=

2
sec

2

1 2 x

dx

dt
 thus 

2
2 1

2

2
sec

2

t

dt

x

dt
dx

+
=









=  substituting  ++

=

+
+

+ dt
tt

dt

t

t
t

2

2

2

21

2

1

2
1

1

2

 

( )
dt

t
dt

tt  +
=

++ 22 1

2

21

2
 Let 1+= tu  then dtdu=  

 +−= A
uu

du 22
2

   but 1+= tu  

( ) +
+

−=
+

A
tt

dt

1

2

1

2
2

  but 







=

2
tan

x
t  

 +

+







−=

+
A

xx

dx

1
2

tan

2

sin1
 

 

Evaluate  +6sin4cos3 xx

dx
 

Solution 

Example 48 
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From  +6sin4cos3 xx

dx
, Let dx

x
dt

x
t 








=








=

2
sec

2

1

2
tan 2

then  


+









+
+















+

−









+

6
1

2
4

1

1
3

2
tan1

2

22

2

2

t

t

t

t

x

dt

 


+

+++−

+

2

22

2

1

66833

1

2

t

ttt

t

dt

    ++ 983

2
2 tt

dt
 


++ 3

3

83

2

2 tt

dt
    

+







+

9

11

3

43

2
2

t

dt
 

A
t

+






 +−

11

43
tan

11

2 1    But 







=

2
tan

x
t  

( )
A

x

+












 +
−

11

4tan3
tan

11

2 21  

 

 

Evaluate 
( ) + 2cossin2 xx

dx
 

Solution 

From 
( ) + 2cossin2 xx

dx
 Divide by xcos  

( ) + 21tan2

sec

x

xdx
 thus, 

( )1tan22

1

+
−

x
 

 

 

 

 

 

 

Example 50 
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EXERCISE 11 

Evaluate the following 

1.  +− 5sin4cos3 xx

dx
 2.  + x

dx

sin54

3.  − xx

dx

cossin1
 4.  +− 13sin5cos12 xx

dx

5.  ++ 3cossin2 xx

dx
 6.  + x

dx

tan32

7.  +
dx

xx

x

sin3cos2

sin
 8.  +

+
dx

xx

xx

cossin2

cossin

9.  ++
dx

xx

x

sincos1

cos
 10.  +

dx
x2sin2

1

 
 

R– FORMULA IN INTEGRATION 

( )  sinsincoscoscos rrr =  or 

( )  sincoscossinsin rrr =  

 

Evaluate  + xx

dx

sin4cos3
 

Solution 

 + xx

dx

sin4cos3
 Let ( )+=+ xrxx sinsin4cos3  

 sincoscossinsin4cos3 xrxrxx +=+  
xxr cos3sincos =  

3sin =r       (1) 
xxr sin4cossin =  

4cos =r       (2) 
Divide equation (1) by equation (2) 









= −

4

3
tan 1  

Square equation (1) and (2) and sum then 

543 22 =+=r  

Example 51 
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















+=+ −

4

3
tansin5sin4cos3 1xxx  


















+ −

4

3
tansin5 1x

dx
 

 















+ − dxx

4

3
tancosec

5

1 1  

Axx +















+−
















+ −−

4

3
tancot

4

3
tancosecln

5

1 11  

 

EXERCISE 12 

Evaluate the following 

1.  − xx

dx

sin12cos5
 2.  + xx

dx

sincos
 

3.  + xx

dx

sin7cos24
 4. 

( ) − xx

dx

cossin2

5.  + 3tan

sec2

x

xdx
 6.  +

dx
x

x

4cot

cos
 

7.  −

+
dx

xx

xx

sincos

cos2sin
 8.  +

dx
xsin3

4

9.  +
dx

xx 2cos32sin

1
 10.  +

dx
x

x

4tan

sec

 
 
 

Integral of the form  xdxx nm sincos  

 

Evaluate  xdx2sin  

Solution 

Example 52 
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Given  xdx2sin  from xxx 22 sincos2cos −=  thus 

( )xx 2cos1
2

1
sin2 −=  

( ) −= dxxdxx 2cos1
2

1
sin2

 therefore Axxdx +−= 2sin
4

1

2

1
sin2

 

 

 

Integrate dxxx sincos3  

Solution 

Let 
x

du
dxxu

sin
cos −==  

Auduu
x

du
xu +−=−=− 

433

4

1

sin
sin  But xu cos=  then 

Axxdxx +−=
43 cos

4

1
sincos  

 
 

Evaluate dxxx
23 sincos  

Solution 

 = xdxxxdxxx 2223 sincoscossincos  

( ) −= xdxxxxdxxx 2222 sinsin1cossincoscos  

Let xdxduxu cossin ==  

( ) Auuduuu +−=−
5322

5

1

3

1
1   But xu sin=  

Axxdxxx +−=
5323 sin

5

1
sin

3

1
sincos  

 

 

 

 

Example 53 

 

Example 54 
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EXERCISE 13 

Evaluate the following integrals 

1. dxxx
25 cossin  2. dxxx

43 cossin

3. dxx
7sin  4. xdxx 58 cossin

5. Show that  +++= Axxxxxdx tansecln
2

1
tansec

2

1
sec3  

6.  xdxx 75 sincos  7.  xdx11cos

8. dxxx tansec4  9.  xdxx 27 sincos  

10. Show that 
4

1

16

π
sin

2

0

22
π

+= dxxx  

11.  xdxx 73 cossin  12.  xdx4cos

 

Integrals of the form  +
dx

xbxa 22 sincos

1
 

 

Integrate  + xx

dx
22 sin5cos3

 

Solution 

From  + xx

dx
22 sin5cos3

 Divide throughout by x2cos  

 +
dx

x

x
2

2

tan53

sec
 Let xu tan= xdxdu 2sec=  

 
+

=
+ 2

2

3

5
1

3

1

53 u

du

u

du
  Let tan

3

5
=u  

ddu 2sec
3

5
=  therefore ddu 2sec

5

3
=  

Example 55 
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 =
+

= 




d

d

53

3

tan1

sec
5

3

3

1
2

2

 

But 













= − u

3

5
tan 1  

Au +












−

3

5

53

3 1tan   But xu tan=  

Ax +












− tan
3

15
tan

15

15 1  

Therefore, Ax
xx

dx
+













=

+

−

 tan
3

15
tan

15

15

sin5cos3

1
22

 

 

 

Solve  − x

dx

2cos1
 

Solution 

From  − x

dx

2cos1
 

xxx 22 sincos2cos −=  

  == xdx
x

dx

x

dx 2
22

cosec
2

1

sin2

1

sin2
 

Axxdx
x

dx
+−==

− 
22

2
cot

2

1
cosec

2

1

cos1
 

 +−=
−

Ax
x

dx 2
2

cot
2

1

cos1
 

 

 

Evaluate  +
dx

x

x
2sin4

cos
 

Solution 

From  +
dx

x

x
2sin4

cos
  Let xu sin=  thus xdxdu cos=  

Example 56 

 

Example 57 
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 








+

=
+ 22

2
1

4

1

4 u

du

u

du
 

Ax
u

u

du
+







=








=

+

−−

 sin
2

1
tan

2

1

2
tan

2

1

4

11
2

 

Therefore,  +







=

+

− Axdx
x

x
sin

2

1
tan

2

1

sin4

cos 1
2

 

 

 

Evaluate  +
dx

x

x
2cos1

sin
 

Solution 

From  +
dx

x

x
2cos1

sin
 

 +
=

+
dx

x

xx
dx

xx

x
222 tan2

tansec

sincos2

sin
 

 +
dx

x

xx
2sec1

tansec
   Let xu sec=  xdxxdu tansec=  

( ) +=
+

− Au
u

du 1
2

tan
1

  But xu sec=  

( ) Axdx
x

x
+=

+

−

 sectan
cos1

sin 1
2

 

 

 

 

 

 

 

Example 58 
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EXERCISE 14 

Evaluate the following  

1.  + xx

dx
22 sin4cos

 2.  +32cos x

dx

3. dx
xx + 22 sincos9

1
 4. dx

xx + sincos2

1

5. dx
xx − cos3sin

1
2

 6.  −
dx

xx

x

sincos

sin

7.  +
dx

xx

x

cossin1

tan
 8.  +

dx
x2cos2

1
 

9.  −
dx

xx seccos4

2
 10.  −

+
dx

xx

xx

sincos

sincos

Integrals of the form ( ) dxrqxpxbax +++ 2  

Use ( ) Brqxpx
dx

d
Abax +++=+ 2

 if substitution technique is not 

working.

 

Evaluate ( ) +++ dxxxx 1222 2  

Solution 

Let ( ) Bxx
dx

d
Ax +++=+ 1222 2

 

( ) BxAx ++=+ 242  





=

=+

14

22

A

BA
 then 

4

1
=A  and 

2

3
=B  thus ( )

2

3
24

4

1
2 ++=+ xx  

( )  ++++++ dxxxdxxxx 122
2

3
12224

4

1 22  

Consider  ( ) +++ dxxxx 12224
4

1 2
,  Let 122 2 ++= xxu 

( )dxxudu 242 +=  thus   duu2

4

2













=

32

1 3u
 

Example 59 
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But 122 2 ++= xxu   thus 
3

2 122
6

1






 ++ xx  

Consider  ( ) ++ dxxx 12
2

3 2  

 







+








+ dxx

22

2

1

2

1

2

23
 

dxx 












+








+








 1

2

1
2

2

1

2

23
2

 

dxx 












+








+ 1

2

1
2

4

23
2

, let  12
2

1
2sinh +=








+= xx  thus 




ddx
2

cosh
=  

  dcoshsinh
8

23 2  

 d2cosh
8

23
 thus ( ) +  d12cosh

16

23
 

A++ 
16

23
2sinh

32

23
  But ( )12sinh 1 += − x  

( )( ) ( ) Axx ++++ −− 12sinh
16

23
12sinh2sinh

32

23 11

Combining the two solutions ( ) +++ dxxxx 12212 2  

( )( ) ( ) Axxxx +++++





 ++= −− 12sinh

16

23
12sinh2sinh

32

23
122

6

1 11
3

2

 

 

Evaluate  +−

+
dx

xx

x

1

1
24

2

 

Solution 

From  +−

+
dx

xx

x

1

1
24

2

 Divide throughout by 2x  

Example 60
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








+−









+

dx

x
xx

x
x

2
22

2
2

1
1

1
1

 complete the square 


















+−+−

+

dx

x
x

x

22
1

1

1
1

2
2

2
 


+







−+

+

dx

x
x

x

12
1

1
1

2
2

2
 thus 

+







−

+

dx

x
x

x

1
1

1
1

2

2
 and let 

dx
x

du
x

xu 







+=−=

2

1
1

1
 

( ) Au
u

du
+=

+

−


1

2
tan

1
  but 

x
xu

1
−=  

Therefore  +







−=

+−

+ − A
x

xdx
xx

x 1
tan

1

1 1
24

2

 

 

EXERCISE 15 

Evaluate the following integrals 

1. ( ) −+ dxxx 523 2  2. ( ) +++ dxxxx 11 2

3. ( ) ( ) −++ dxxxx
52 102212

4.  −+

−
dx

xx

x

1

1
24

2

 5. ( ) ++− dxxxx 8425 2  

6. ( ) +−− dxxxx 213 2  7. ( ) +−− dxxxx 35257 2  

8. ( )( ) −+− dxxxx
32 1312  9. ( )( ) −− dxxxx

32 3234

10.  −

+
dx

x

x

22

1
2

 11.  ++

−
dx

xx

x

4

2
24

2

12. ( ) ( ) ( ) +++=++ Axxdxxx 733
15

2
43 23  
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SUBSTITUTION OF INVERSE OF TRIGONOMETRIC FUNCTIONS 

Integrals of the form dx
xf


− 2)(1

1
 or 

( ) +
dx

xf 2)(1

1
 

Refer the derivatives of inverse of trigonometric functions 

1. If )(sin 1 xy −=  then 
21

1

xdx

dy

−
=  

2. If )(cos 1 xy −=  then 
21

1

xdx

dy

−
−=  

3. If )(tan 1 xy −=  then 
21

1

xdx

dy

+
=  

4. If )(sec 1 xy −=  then 
1

1

2 −
=

xxdx

dy
 

5. If )(csc 1 xy −=  then 
1

1

2 −
−=

xxdx

dy
 

6. If )(cot 1 xy −=  then 
21

1

xdx

dy

+
−=  

 

 

Evaluate dx
x


− 294

1
 

Solution 
This integral resembles, cosine or sine inverse, any of the function can be used. 

Given dx
x


− 294

1
, this can expressed as 

( ) ( )
 

−

=
−

dx
x

dx
x 2

2
32

4
9 1

1

2

1

14

1
 let x

2

3
sin = , then dxd =cos

3

2
 

  +==
−

 Add 




3

1

3

1

sin1

cos

3

2

2

1

2
, but 








= − x

2

3
sin 1  therefore 

Ax
x

dx
+








=

−


−

2

3
sin

3

1

94

1

2
 

 

Example 61
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EXERCISE 16 

Evaluate the following 

1. 
− 235 x

dx
 2. 

−+
dx

xx 2921

1
 

3.  +
dx

x2494

1
 4. 

−+
dx

xx 26

1

5. 
−

−

dx
x

xx

4

21

1

sin
 6. 

−+ 233 xx

dx

7.  ++
dx

xx 21

1
 8. 

( )
−−

21242 xx

dx

9. 
−−

dx
ee

e

xx

x

245
 10. 

−

+
dx

x

x

24

32
 

 
 
 
 

SUBSTITUTION OF INVERSE OF HYPERBOLIC FUNCTIONS 

Refer the derivatives of inverse of hyperbolic functions, for further studies 
of these integrals of these form, check the hyperbolic functions topic in 
book 2. 

1. If )(cosh 1 xy −=  then 
1

1

2 −
=

xdx

dy
 

2. If )(sinh 1 xy −=  then 
21

1

xdx

dy

+
=  

3. If )(tanh 1 xy −=  then 
21

1

xdx

dy

−
=  

4. If )(sech 1 xy −=  then 
21

1

xxdx

dy

−
=  

5. If )(cosechy -1 x=  then 
1

1

2 +
=

xxdx

dy
  

6. If )(coth 1 xy −=  then 
1

1
2 −

=
xdx

dy
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Integrate dx
x

x


−

+

231

16
 

Solution 

From dx
x

x


−

+

13

16

2
, thus  

−
+

− 1313

6

22 x

dx
dx

x

x
 

 

 

INTEGRAL OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

Suppose we have  dxax , for all 0a  

Let xay =  then axyay x lnlnlnln ==  

a
dx

dy

y
ln

1
=  thus  == adxydyadxydy lnln  

dxyay = ln  but xay =  thus dxaaa xx
= ln  

Therefore A
a

a
dxa

x
x += ln

, where 0a  

 

Integrate dxx x

 






 2
3)(  

Solution 

From dxx x

 






 2
3)( , let x

dx

dy
xy 22 ==  

( )  = dy
x

dy
x yy 3

2

1

2
3 , let  

3ln2
1

=
dx

dy

y
 thus  == ydxdyydx

dy

3ln2

1

3ln2
 replacing y 

Therefore, Adx
x

x += 9ln

3
3

2
2

 

 

 

 

Example 63

 

 

Example 62
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Integrate ( ) + dxe xx 23  

Solution 

( )  +=+ dxdxedxe xxxx 2323  thus ( ) Aedxe
x

xxx ++=+ 2ln

2
323  

 

 

Integrate 
− dxx 124  

Solution 

Let ( ) 4ln12ln4 12 −== − xyy x  

dxydy
dx

dy

y
16ln4ln2

1
==  

 == ydxyydxdy 16ln16ln  but 124 −= xy  


−− = dxxx 1212 416ln4  therefore Adx

x
x +=

−
−

 16ln

4
4

12
12  

 

Integrate ( ) −+ dxe xxx 2310  

Solution 

Using a general observation ( ) −+ dxe xxx 2310  

Can be expressed as   −+ dxedxdx xxx 2310  thus 

( ) Aedxe x
xx

xxx +−+=−+
22

2

1

3ln

3

10ln

10
310  

 

 

 

Example 64

 

 

Example 65

 

 

Example 66

 

 

Question 

Show that Adx
x

x +=
+

+

9ln

3
3

22
22  
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Integrate  +

+
dx

x

x
x

x

52

5ln510
5

4

 

Solution 

From  +

+
dx

x

x
x

x

52

5ln510
5

4

, let xxu 52 5 +=  thus 5ln510 4 xx
dx

du
+=  

Audu
u

+= ln
1

 thus ( ) Axdx
x

x x
x

x

++=
+

+
 52ln

52

5ln510 5
5

4

 

 

 

DEFINITE INTEGRALS 

The fundamental theorem of calculus 

The integrals of the form ( ) ( ) ( )aFbFdxxf
b

a
−=  are called definite 

integrals. If ba =  then  =−=−=
b

a
aFaFbFbFdxxf 0)()()()()(  

 

Evaluate the value of ( ) −+
2

1

3 32 dxxx   

Solution 

From ( )
2

1

2
42

1

3 3
4

32 Axx
x

dxxx +−+=−+  














+−+−














+−+=+−+ AAAxx

x
131

1

1
232

4

2
3

4
2

2
2

42

1

2
4

 

Therefore ( ) 532
2

1

3 =−+ dxxx  

 

By first expressing 
352

1744
2

2

−+

−+

xx

xx
 into partial fractions, show that 

 







−=

−+

−+2

1 2

2

4

45
ln2

352

1744
dx

xx

xx
 

Example 68

 

 

Example 69

 

 

Example 67
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Solution 

Use long division method first to simplify the function 
352

1744
2

2

−+

−+

xx

xx
 

2

11 6         

6104

1744   352

2

22

−−

−+−

−+−+

x

xx

xxxx

352

116
2

352

1744
22

2

−+

+
−=

−+

−+

xx

x

xx

xx
 

Partial fractions 

( )( )312

116

352

11
2 +−

+
=

−+ xx

x

xx
 

( )( ) 312312

116

+
+

−
=

+−

+

x

B

x

A

xx

x
 thus ( ) ( )123116 −++=+ xBxAx  

When 3−=x , 1=B  and when 
2

1
=x , 4=A  

( )( ) ( ) ( )3

1

12

4

312

11

+
+

−
=

+− xxxx
 

Now combine the solutions  −+

−+2

1 2

2

352

1744
dx

xx

xx
 

 +
+

−
−

2

1

2

1

2

1 3

1

12

1
42 dx

x
dx

x
dx  








 
−=

4

59
ln2  

Therefore 







−=

−+

−+
 4

45
ln2

352

17442

1 2

2

dx
xx

xx
 Hence shown 

 
 

Evaluate ( ) +3

π

tansec
0

dxxx  

Solution 

From ( ) +3

π

0
tansec dxxx  thus  + 3

π

3

π

tansec
00

xdxxdx  

Example 70

 

 



Integration 

 

56 | I n t e g r a t i o n             

 

3

π

seclntansecln
0

xxx ++=  

2

3
1ln2ln32ln +=++=  

Therefore ( )
2

3
1lntansec3

0
+=+



dxxx  

 

Express 
( )23

12

−

+

x

x
 in to partial fractions and hence show that 

( )
49ln6

3

1210

4 2
+=

−

+
 dx

x

x
 

Solution 

From 
( ) ( )22 333

12

−
+

−
=

−

+

x

B

x

A

x

x
 and BAAxx +−=+ 312  

Compare the coefficients 2=A  and 7=B  

( ) ( )22 3

7

3

2

3

12

−
+

−
=

−

+

xxx

x
 

( ) ( ) −
+

−
=

−

+ 10

4 2

10

4

10

4 2 3

7

3

2

3

12
dx

x
dx

x
dx

x

x
 

( )

10

4

10

4 2 3

7
3ln2

3

12

−
−−=

−

+
 x

xdx
x

x
 

( )
( ) ( )71ln217ln2

3

1210

4 2
−−−=

−

+
 dx

x

x
 

( )
49ln6

3

1210

4 2
+=

−

+
 dx

x

x
 Hence shown 

 

 

Show that 
4

π

tan1
2

π

0
=

+ x

dx
 

Solution 

Example 71

 

 

Example 72
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Let  +
= 2

π

0 tan1 x

dx
In  

 +
= 2

π

0 sincos

cos

xx

xdx
In  

  +
=









−+








−









−

= 2

π

0

2

π

0 sincos

sin

2
sin

2
cos

2
cos

xx

xdx

xx

dxx

In 



 

 +
= 2

π

0 sincos

sin

xx

xdx
In  

dx
xx

x
dx

xx

x
In  +

+
+

= 2

π

0

2

π

0 sincos

cos

cossin

sin
2  

 +

+
= 2

π

0 sincos

cossin
2 dx

xx

xx
In  

2

π

0
2 xIn =  then 

2

π
2 =nI  therefore 

4

π
=nI , proved 

 

EXERCISE 17 

Evaluate the following 

1.  







++

8

1 3
4

3
dx

x
x  2. ( )( ) −++

2

1

42 102212 dxxxx

3. 
−+

+5

1 2 5123

2
dx

xx

x
 4. ( )−

2π

2π
2sin dxx

5. 
( ) +

4

1 23

1
dx

x
 6. 

( )( ) ++

+2

1 32

1
dx

xx

x

7. ( )dxxx
3π

0
cos3cos  8.  









+

73

71 2491

1
dx

x

9. 
( )


−










−

2tan

4π

1

2sin32cos4

3
dx

xx
 

10. ( )dxxx
1.1

0

3 tansec  11.  






3

2

ln
dx

x

x

 



Integration 

 

58 | I n t e g r a t i o n             

 

APPLICATIONS OF INTEGRATION 

There are several applications of integration.  

AREA UNDER THE CURVE:  =
b

a
ydxArea  

Suppose we want to find the area under the curve )(xfy =  sketched 

below bounded from ax =  to bx =  with the curve. 

 
One way to estimate the area, A, (Figure 10.1) is to divide the area into 
rectangular strips, (Figure 10.2) the sum of the areas of strips is 
approximated to the area under the curve. The thinner the strips the better 
approximation, i.e. as the number of strips increase the better 
approximation of the area under the curve. 
Since each strip have the  same width, δx  the length of each strip is y, 
therefore, the area of one strip is given as xyA   , to get the area under 

the curve we sum the area of all strips from ax =  to bx = , this can be 

written as 
=

=

b

ax

AArea , as the width of strips decrease, the number of 

rectangles increase, therefore, as 0→x ,   
dx

dA

x

A
y

x

A

x
=








→

→ 







 0
lim  

Then y
dx

dA
=  becomes == ydxAydxdA , the boundary limit of x is 

ax =  to bx = . This defines the area under the curve as, =
b

a
ydxA .  

Procedures to find the area 
(a) Draw a sketch of the given region to visualize the nature of the 

curve and divide intervals appropriately to avoid getting negative 
or zero answer. 

(b) Write the defined integral(s) to represent the region 

A  

 

 
Figure 10.1 Figure 10.2 

a a b b 
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(c) Evaluate the defined integral. 

 

Determine the area under the curve 3+−= xy  from 0=x  to 2=x  

Solution 
Sketch 

( ) +−=
2

0
3 dxxA  

2

0

2

3
2 













+−= x

x
A  thus 4=A  

The area is four sq. units 
 
 
 
 

Find the area under the curve 42 +−= xy  from 1=x  to 2=x  

Solution 

=
b

a
ydxArea  therefore ( ) +−=

2

1

2 4 dxxA  

2

1

3

4
3

x
x

A +−=  









+−−








+−= 4

3

1
8

3

8
A  

The area is 
3

5
 square units. 

 
 
 

Evaluate the area of the curve 23 2xxy +=  from 1−=x  to 1=x  

Solution 

( )− +=
1

1

23 2 dxxxA  

Example 70

 

 

Example 71

 

 

Example 72

 

 

42 +−= xy  

 

3+−= xy  
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( ) ( ) +++=
−

1

0

23
0

1

23 22 dxxxdxxxA  

1

0

34
0

1

34

3

2

43

2

4 












++














+=

−

xxxx
A  

3.1
3

2

4

1

3

2

4

1
=








++








−−=A  

The area is 1.3 square units. 

 

Determine the area of the curve 33 23 +−−= xxxy  from 1−=x  to 3=x  

Solution 
From the sketch, a part of the 

integral lies below the x – axis 

and the other part lie above, if 

we evaluate the integral direct 

from 1−=x  to 3=x , the result 

will be zero, we divide the 

integral as follows 

( ) ( ) −
+−−++−−=

0

1

23
3

0

23 3333 dxxxxdxxxxA  

While dividing it, we should make sure the area obtained is always positive, 
this can be done by taking the absolute value of each integral above. 

0

1

2
3

4
3

0

2
3

4

3
24

3
24

−














+−−+














+−−= x

x
x

x
x

x
x

x
A  

The area is 4.5 square units. 
 

 

 

Example 73

 

 

33 23 +−−= xxxy  

23 2xxy +=  
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Find the area of the curve xy sin3=  from 0=x  to 2π=x  

Solution 

 

=
b

a
ydxA  then ( )=

2π

0
sin3 dxxA  

( ) ( ) +=
2π

π

π

0
sin3sin3 dxxdxxA  

( ) ( ) π2

π

π

0
cos3cos3 xxA +=  

πcos3π2cos30cos3πcos3 −+−=A  

A = 12 Square units. 

 

Find an approximate area of the shaded region below 

 

 

 

 

 

Solution 

)sin(3 xy =  

Example 74

 

 

24 xxy −=  

Example 75
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( ) −=
4

0

24 dxxxA   thus 

4

0

3
2

3
2

x
xA −=  

The area is 
3

32
=A  square units. 

 

( ) −=
b

a
dxyyA 21AREA BETWEEN CURVES:  (where a and b are abscissa at a 

point of intersection) 
If the area under the curve )(xfy =  is 

given by =
b

a
dxxfA )(1  and the area 

under the curve )(xgy =  is given as 

 
Figure 10.3 

a b 

)(xfy =  

)(xgy =  

A 
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=
b

a
dxxgA )(2 , then the area 

between the curves )(xfy =  and )(xgy =  from ax =  to bx = (Where a  and 

b are the values of x at the point of intersection of the curves) is given by 

  −=
b

a
dxxgxfA )()( , (Figure 10.3) 

 

Find the area between curves 24 xy −=  and xxy 22 −=  

Solution 

First, find the points of intersection of the curves, 22 42 xxx −=−  

0422 2 =−− xx  

( )( ) 021 =−+ xx  

1−=x  and 2=x  

( ) −=
b

a
dxyyA 12  

( ) ( )( )− −−−=
2

1

22 24 dxxxxA  

( )− +−=
2

1

2 224 dxxxA  

xxy 22 −=  

24 xy −=  

Example 76
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2

1

23

3

2
4

−

+−= xxxA  therefore the area is 9 square units 

 

Find the area enclosed by the curves 372 2 ++= xxy  and 249 xxy −+=  

Solution 
The points of intersection of the curve 

( )( ) 02149372 22 =+−−+=++ xxxxxx  thus 1=x  or 2−=x  

( ) −=
b

a
dxyyA 12  

( ) ( )( )− −+−++=
1

2

22 49372 dxxxxxA  

( )− −+=
1

2

2 633 dxxxA  

1

2

23 6
2

3

−

−+= xxxA  

2

27
=A  square units 

 

Find the area between curves 12 −= xy  and xy −=1  

Solution 
Point of intersections 

11 2 −=+− xx  
2−=x  and 1=x  

( ) −=
b

a
dxyyA 12  

( ) ( )( )− +−−=
2

1

2 11 dxxxA  

( )− −−=
2

1

2 2 dxxxA  

Example 77

 

 

249 xxy −+=  

372 2 ++= xxy  

Example 78

 

 

 

12 −= xy  

xy −=1  
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2

1

23

2
23

−

−−= x
xx

A  

Area is 4.5 square units 
 

 

Find the area of the curve xxxxy 6363 234 +−−=  with x – axis 

Solution 
The points of intersection 

xxxxy 6363 234 +−−=  

 ( )( )( ) 01133 =+−− xxxx  

0=x , 3=x , 1=x  and 1−=x  

( )− +−−=
3

1

234 6363 dxxxxxA  

3

1

234
5

3
2

3

5

3

−

+−−= xxx
x

A  

5

2
22=A  sq. units 

 

 

 

 

 

 

 

 

 

Example 79

 

 

xxxxy 6363 234 +−−=  
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EXERCISE 18 

1. Find the under the curve xxxf 4)( 3 −=  from 2−=x  to 2=x . 

2. Find the area enclosed by the x – axis and that part of the curve 
232)( xxxf +−= . 

3. Sketch the graph of ( ) 2ln xxy +=  and hence calculate the area bounded 

with the x axis from 1=x  to 2=x . 

4. Find the area of the region bounded by the curve 123 2 +−= xxy , the 

line 01 =+x , 02=−x  and 0=y  

5. The area between the curve 93 22 =+ yx  and the y-axis from 3−=y  

and 3=y  is rotated about the y-axis. Find the volume of the solid 

generated. 

6. Find the area between the curve 1+= xy  and 23 xy −=  

7. Find the area between the curves 2yx =  and 43 += yx  

8. Find the area bounded by the curve xy +=1  and 1−= xy  

9. Find the area between the coordinates axes and the curve 2−= xy  

10. Find the area under the curve 4=y  between the lines 0=x  and 5=x  

11. Find the area under the curve 3
1
=

+x

y
 from 0=x  to 40=x  

12. Find the area between curves 2xy =  and 22 +−= xy  

13. Find the value of a if the area between the curve 22 +=axy  and 2xy =  

from 1=x  to 2=x  is 10 square units. 

14. Find the area between the curves xy 42 =  and xyx 822 =+  bounded 

with the x – axis. 

15. Find the area under the curve 532 =+ yyx  from 0=x  to 3=x  
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VOLUME OF THE SOLID OF REVOLUTION 

Suppose the area enclosed by the line axy =  with x – axis and the line cx =  

is rotated through one revolution, the solid formed is called solid of 
revolution, which is cone in this case. 

  

Consider the figure below 

 

Volume of disc A, hπrV 2=  

To get the volume of the figure from ax =  

to bx =  is the summation of the 

approximated volume of the discs, given 

yr =  and δxh=   therefore volume, 


=

=

=

bx

ax

2δxπyV . 

 =













=

=

=
→

b

a

2
bx

ax

2

0δx
dxπδxπlimV yy  

Therefore the volume is given by 

=
b

a
dxyV 2π  

A y 

δx  

b a 

Rotation 
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The volume is given by =
b

a
dxyV 2π , if the curve is revolved about x – axis 

or dyxV
b

a= 2π  if the curve is revolved about y – axis.  

Note that, if the curve is symmetrical about the y – axis or x – axis and the 
same curve is made to revolve about the x – axis or y – axis, we revolve only 
the part of the curve lying one side of either the x – axis or y – axis. To get 
the volume generated by considering the revolution of both sides is given by 

dxyV
b

a= 2π2 . 

 

 

Find the volume of the solid of revolution formed by rotating the area 

enclosed by the curve xxy += 2 , the x – axis and the ordinates 1=x  and 

2=x  through one revolution about the x – axis. 
Solution 

=
b

a
dxyV 2π  

( ) +=
2

1

22π dxxxV  

( ) ++=
2

1

234 2π dxxxxV  

2

1

345

3

1

2

1

5

1
π 








++= xxxV  

π
30

481
=V  

Therefore, the volume is 50.37 cubic units 

 

 

 

 

Example 80

 

 

xxy += 2  
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Find the volume of the solid formed when rectangular hyperbola 8=xy  

rotated once through one revolution with positive x – axis from 2=x  and 

5=x  
Solution 

8=xy  then 
x

y
8

=  

 







=

5

2

2
8

π dx
x

V  

dx
x

V  







=

5

2 2

64
π  

5

2

64
π 








−=

x
V  

π
5

96
=V  

The volume is 60.32 cubic units 

 

 

Find the volume in the first quadrant bounded by curve 12 2 += xy , the y – 

axis and the lines 2=y  and 5=y . 

Solution 

12 2 += xy  

2

1−
=

y
x  

 











 −
=

5

2

2

2

1
π dy

y
V  

( ) −=
5

2
1

2

π
dyyV  

Example 81

 

 

Example 82

 

 

8=xy  

12 2 += xy  
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5

2

2

22

π













−= y

y
V  

π
4

15
=V  

The volume is 11.78 cubic units 
 

EXERCISE 19  

Evaluate the following 
1. A bowl has a shape that can be generated by revolving the graph of 

22xy =  between 0=y  and 5=y  about the y-axis. Find the volume 

of the bowl. 
2. Find the volume of solid revolution when a curve 7=xy  is rotated 

about the x axis from 3=x  to 5=x , leave your answer with π . 

3. Calculate the volume generated when the curve 342 += xyx  is 

rotated once about x-axis from 1=x  to 2=x . 
4. Find the volume generated when the loop of the curve 

( )22 54 yyx −=  revolve about the y-axis. 

5. Find the volume generated by the rotation of the curve 532 =+ yyx  

about y – axis, from y = 0.5 to y=1.6 
6. Find the volume generated by revolving the curve )cos(xy =  from 

π
2
3−=x  to π

2
3=x  along the x – axis once. 

7. Find the volume generated by revolving the curve 4+= xy  from 

1=x  to 2=x  about the x – axis once. 

8. The curve 0232 =−+ xy  is rotated about x – axis once, from 2=x  

to 4=x  
9. The bowl in a shape of parabola open upward has the equation 

( )yx += 322  is filled with water, find the volume of water contained 

in a bowl in cubic centimetres if the vertical height of the bowl is 8 
units from the bottom and 4 cubic units = 15 cm3. 

10. Find the volume generated by revolving the curve π
44

5
=

+x

y
 along 

line 1−=y  from 0=y  to 4=y . 
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11. Find the volume formed when the loop of the curve 
2

33







 −
=

x

y

y
 

revolve about the y – axis. 

12. Show that the volume formed by the curve 922 =+ yx  is a same as 

the volume of the sphere with radius 3 units. 
 

ARC LENGTH 

There is no simple formula to calculate length of the curve other than a 
circle. If the length of the portion of a curve is needed we use the method 
of summing small portions of the required curve to the end of the required 
portion. Suppose that the arc AB of the length δs  is such an element, then 

the length s of the curve PB is given by 
=

=

=

bx

ax

s s δ  

 

The length of the curve AB, where A and B are close to each other, then 

By Pythagoras theorem 

( ) ( ) ( )222 δyδxδs +  

22

δx

δy
1

δx

δs








+=








 

b a 

P 

A 

B 

C 

δs  δy  

δx  

c 
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δx
δx

δy
1δs

2









+=  


=

=









+=

bx

ax

2

δx
δx

δy
1s  

As 0δx→  then 
dx

dy

δx

δy
→  


=

=
→









+=

bx

ax

2

0δx
δx

δx

δy
1lims  

 







+=

b

a

2

dx
dx

dy
1s  

The length of an arc is given by the formula,  







+=

b

a

2

dx
dx

dy
1s  

 
 

Find the length of the portion of the curve 2xy =  between 0=x  and 1=x  

Solution 

From x
dx

dy
xy 22 ==  

( ) dxxs  +=
1

0

221  

Use hyperbolic substitution 
Let sinh2 =x  ddx cosh2 =  

 +=
2

1

2 coshsinh1
2

1
 ds  

=
2

1

2cosh
2

1
ds  

Remember  22 sinhcosh2cosh +=  and 1sinhcosh 22 =−   

1cosh22cosh 2 −=   

( )12cosh
2

1
cosh2 +=   

Example 83
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=
1

0

2cosh
2

1
ds  

( ) +=
1

0
12cosh

4

1
 ds  









+= 2sinh

2

1

4

1
s  

( ) += coshsinh
4

1
s  

( )





 ++= − xxxs 2sinh412

4

1 12  

( )
1

0

22 122ln412
4

1








++++= xxxxs  

( )52ln52
4

1
++=s  

( )52ln
4

1
5

2

1
++=s  

The length is 1.48 unit length 

 

Find the length of the arc 2

3

xy =  from 1=x  to 8=x  correct to 1 decimal 

place. 
Solution 

From 2

1

2

3

2

3
x

dx

dy
xy ==  

 







+=

b

a
dx

dx

dy
s

2

1  

( ) +=
8

1

221231 dxxs  

Example 84
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 +=
8

1 4

9
1 dxxs  thus 22.803 

The length is 22.8 units 
 

Find the length of the arc of xy secln=  from 0=x  to 
3

π
=x  

Solution 

From x
x

xx

dx

dy
xy tan

sec

tansec
secln ===  

 +=
3π

0

2tan1 dxxs  

3π

0

3π

0
tanseclnsec xxxdxs +==   

32.132ln +=s units 

 

Find the length of an arc of the curve xey x −= 2  from 3=x  to 10=x  

Solution 

xey x −= 2  then 12 2 −= xe
dx

dy
 

( )dxes x

 −+=
10

3

2 121  

=
10

3

22 dxes x
,  dxes x

=
10

3
2  

10

3
2 xes =    310 22 ees −=  

( )12 73 −= ees  

The length is 31121.72 units
 

 

Find an approximate value of the length of the portion of the curve 

x
xy

2

1

6

1 3 +=  from 1=x  to 2=x  

Solution 

Example 85

 

 

Example 86

 

 

Example 87
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From 
x

xy
2

1

6

1 3 +=  then 
2

2

2

1

2

1

x
x

dx

dy
−=  

 







−+=

2

1

2

2
2

2

1

2

1
1 dx

x
xs  

 +−+=
2

1 4
4

4

1

2

1

4

1
1 dx

x
xs  

 







+=

2

1

2

2
2

2

1

2

1
dx

x
xs  

 







+=

2

1 2
2

2

1

2

1
dx

x
xs  

2

1

3

2

1

6 x

x
s −=  

The length is 1.417 unit correct to 4 significant figures. 
 

 

Find the length of the arc of the curve 222 ayx =+  between the points 

where cosax =  and cosax =  

Solution 

From 022222 =+=+
dx

dy
yxayx  therefore 

y

x

dx

dy
−=  

 







−+=

b

a
dx

y

x
s

2

1  

 











 +
=





cos

cos 2

22a

a
dx

y

xy
s  thus  













=





cos

cos 2

2a

a
dx

y

a
s  

 







=





cos

cos

a

a
dx

y

a
s  But 22 xay −=  

 













−
=





cos

cos 22

a

a
dx

xa

a
s  thus  














−
=





cos

cos 22

a

a
dx

xa

a
s  

Example 88
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Now let cosax = dadx sin−=  


−

−
=






cos

cos 222

2

sin

sina

a
d

xaa

a
s  

−=





cos

cos

a

a
das  thus then as −=  and 








= −

a

x1cos   





cos

cos

1cos

a

aa

x
as 








−= −  

















−−
















−= −−

a

a
a

a

a
as

 cos
cos

cos
cos 11  

 aas +−=   

The length is ( ) −a  units 

 

PARAMETRIC LENGTH OF THE CURVE 

For the parametric equations of the curve 

( ) ( )tf
dt

dx
tfx '==  and ( ) ( )tg

dt

dy
tgy '==  

 







+








=

b

a
dx

dt

dy

dt

dx
s

22

 

The length of the curve given in parametric is given by 

 







+








=

b

a
dx

dt

dy

dt

dx
s

22

 

 

Determine the length of the parametric curve given by the following 
parametric equations, ty sin3=  and tx cos3=  from 0=t  to π2=t  

Solution 

Example 89
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From t
dt

dy
ty cos3sin3 ==  and t

dt

dx
tx sin3cos3 −==  

 







+








=

π2

0

22

dt
dt

dy

dt

dx
s  

( ) ( ) +−=
π2

0

22 cos3sin3 dttts  

=
π2

0
3 dts    therefore 

π2

0
3ts =  

π6=s , the length of the arc is 18.85 unit length 
 

EXERCISE 20 

1. Calculate the arc length of the curve 22 4 xy −=  from 2−=x  to 

2=x  

2. Calculate the arc length of the curve xxxf −= 2)(  from 1=x  to 

2=x  

3. Show that the length of the curve xey cos=  from 0=x  to 

4

π
=x  is ( )21ln +=s  

4. Show that the length of the curve xy cosh=  from 0=x  to 1=x  

is 1
2

1
ln

2

−












 −e
 

5. Find the length of the curve 32 xy =  from 0=x  to 1=x  correct 

to 4 significant figures. 

6. Compute the length of the curve ( )122 −= xy  form 1=x  to 

5=x  
7. Find the length of the curve ( ))tan(ln xy =  from 1=x  to 3=x  

8. Find the length of the curve ux 3cos2= , uy 3sin2=  from π=u  

to π2=u  

9. Find the length of the curve given parametrically as 23 2 += tx , 

35 2 −= ty  form the point where 3=t  to 8=t  

10. Determine the length of the curve given as rrp 42 −= , 
223 rrq −=  from 4=r  to 10=r  
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MISCELLANEOUS EXERCISE 

Evaluate the following 

1.  −

−
dx

xe

e
x

x 1
   2.  









+

+
dx

x

x

9

6
2

3.  +
dx

x 93

1
  4. 

( ) −
dy

yy 3

1
 

5. ( )dxx x

 2  6.  







dx

x
x

2
cos  

7.  








+

−
dx

x

x

54

12
2

 8.  +

−
dx

xx

xx

sin4cos3

sin2cos
 

9. 
−+

−
dx

xx

x

221

41
 10. ( ) dxxx 2ln  

11. ( ) − dxxx 65 1  12.  −
dx

x2sin51

1

13.  +
dx

xx 22 sin9cos

4
 14. 

+
dx

x

x
2cos

sin1

15.  xdxx sin3  16.  dxex x5  

17.  xdxx cos5  18.  dy
yy ln

1

19.  −
dx

x

x

31
   20.  xdxxx 2sin2cos  

21.  xdxx 56 sincos  22. ( )dxx
−1sin  

23.  ++
dx

1cos2sin

1


 24. 

4

1
dx

x

e x

 

25. 
( ) ( ) +− 11 22 xx

dx
 26. dx

xx

x
 −+ 20

2
2

3

27. xxx dtan 12


−    27. 

( ) +
dx

x

x
21

ln
 

28. ( ) + dxxx 4ln  
29.  +

dx
x

x

tan21

sec2

 

30. dxe xx


−

 31.  






−
4

0

1

4
sin dx

x
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32. dx
x

x
 +

3

1 3

2

1
 33.  ++− 32 xx

dx

34. Prove that 
( )

( ) 12ln42ln
1

1ln
2
1

1

0
−−=

+

+
 dx

x

xx
 

35. Evaluate (a) 
−

−
dx

xx

x

244

12
 (b) ( ) + dxxx tansec  

36. Express 
41

1

x−
 in partial fractions and hence show that e









+=

−

−

 2

1
tan

3

1
3ln

4

1

1

1 12
1

0 4
dx

x
 

37. Evaluate 
( ) +

3

1 21

1
dx

xx
 express your answer in the form of 

b

a
ln

where a and b are non-zero positive integers. 

38. Prove that 







+=

+ 3

4
ln

25

4
π

50

3

cos4sin3

sin2
π

0
dx

xx

x
 

39. By making the substitution yx −=π , or otherwise, prove that 

π
3

2
sin

π

0

3 = dxxx  

40. Use the substitution xx −=π  show that 
4

π

cos1

sin 2π

0 2
=

+ dx
x

xx
 

41. Find the area enclosed by the curve xxxxf 23)( 23 +−=  and the x – 

axis between 0=x  and 2=x  

42. Find the area enclosed between the curve xxf 3sin)( =  and the x – 

axis between π−=x  and π=x  

43. Find the area enclosed between the curves xy 42 =  and yx 42 =  

44. Find the area between curves 122 =+ yx  and 33 22 =+ yx  

45. Find the area enclosed between curve 23 xxy +−=  and the line 4=y  

46. Find the volume of the solid revolution formed when curve 32 −= xy  

from 1=x  to 3=x  
47. Find the length of the arc of the curve xy 3sin3 =  between the points 

π=x  and π2=x  
48. Find the area of the surface formed by the rotation of the curve 

xy 82 =  about the x – axis, from the origin to 2=x   
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49. Find the volume of the solid revolution obtained by rotating the region 

bounded by the curve xy =2 , 0x , the x-axis and the line 0=x  and 

2=x  respectively about the x-axis. 
50. Find the volume of solid of revolution obtained by rotating the region 

bounded by the line xy
2

1
= , the x-axis and the line 0=x  and 4=x  

respectively about the x-axis. 
51. Find the volume of the sphere obtained by rotating the upper-half of 

the circle 222 ayx =+  about the x-axis. 

52. Show that the volume of the solid of revolution obtained by rotating 

the region bounded by the curve 3xy = , the y-axis and the lines 0=y  

and 2=y  about the y-axis is 
5

π4 6 3

=V  cubic units. 

53. Show that ( ) ( )1
1

0
−=

+ a
b

bax e
a

e
dxe  

54. Find the value of n so that  ( ) 12
2

1

22 =− dxxnx  

55. Find the area of the region between the curve 24 xy −=  from 0=x  

to 3=x  and the x-axis. 
56. Evaluate 

a) ( ) + dxx 13ln  

b) 
( )( ) −−+ xx ee

dx
22 11

 

57. (a) Find the following  (i) 
−

dx
x

x
2

3

cos3

cos52
  (ii) dxxx + 29  

 (b) Show that 







+=

−

+
 3

5
ln21

4

44

3 2

2

dx
x

x
 

(c) Use partial fractions to find  −
dx

xx 2

1
2

 

58. (a) Find dxxx ln  and hence evaluate dxxx
2

1
ln  

(b) Find  −

+
dz

z

z

2

76
 when 1)3( =y  
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59. (a) Show that 
2

1
2cos

π

0

4
1

= dxx  

(b) Express 
( )( )2113

4

++ xx

x
 in partial fractions 

(c) Hence show that 
( )( )

2ln1
113

41

0 2
−=

++ dx
xx

x
 

60. Find the value of ( )dxxx
π

π

4
1

6
1

2cos3sin2  

61. If n is a non-zero integer and m any constant not equal to n, show that 

( ) ( )
( )

( )
n

nm

m
dxnxmx

n

πsin
2

1
2cos2cos

22

π

0

2
1

−

−
= . 

62. Evaluate ( ) ( )dxxx
π5.0

0

4 4coscos  

63. Show that 

(a) Axxdxx +−= 2sin
4

1

2

1
sin2

 

(b) ( )4π
16

1
sin 2

π

0

22
1

+= dxxx  

64. Show that 
480

47
cossin

π

0

233
1

=  d  

65. Integrate  − xx

dx
22 sin9cos4

 

66. Given that ( ) xy
dx

dy 2sec2+=  and that 4π)0( =y , find an expression 

for y in terms of x. 

67. (a) The curves xy sin3=  and xy cos4=  ( )π0
2
1 x  intersect at the 

point A, and meet the x-axis at the origin O and the point ( )0  π,
2
1B  

respectively. With a neat graphs prove that the area enclosed by the 
arcs OA, AB and the line OB is unit square units.  
(b) If N is a foot of the perpendicular from A to the axis of x, find by 
integration the volume obtained when the area enclosed by AN, NB 
and the arc AB is completely rotated about the x-axis, giving the 
answer correct to five significant figures. 
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68. Evaluate the following integrals 

(a) ( ) −+
i

i
dxxxx

3

2

2 2sinh2  (b)    








+

5

3 32

3

i
dx

x
 

69. Find the volume of solid of revolution formed by revolving the finite 

region bounded by the curve 12 −= xy  and ( )21−= xy  about the y 

– axis.  
70. Find the volume of the solid of revolution generated by rotating the 

region in the first quadrant of the curve ( )( )231 −−= xxy , 0=y  

about y – axis.  
71. Find the volume of the solid generated when the region bounded by 

the curve 333 +−= xxy , 0=x , 0=y  and 2=x  is rotated about the 

y – axis. 
72. Find the volume of the solid obtained by rotating the region enclosed 

by the curve 2xy =  and 24 xxy −=  about the line 2=x . 

73. Consider the region enclosed by the curve xxxf += 3)( , 2=x  and 

the x – axis. Rotate this region about the y – axis and find the resulting 
volume. 

74. Find the volume of the solid revolution generated when the region 

defined by the curve ( )122 += xxy  about the y – axis. 

75. Find the volume of the solid generated by revolving the region 

bounded by 
21

1

−+
=

x
y , 0=y , 2=x  and 6=x  about the y – axis. 

76. For the region bounded by 
3 1+

=
x

x
y , 0=y , 0=x  and 7=x . Find 

the volume of the solid generated by revolving the region about the x 
– axis. 

77. Evaluate (a) ( ) dxxx sinln)cos(  (b)  








+

− dx
x

x
2

1

1

2
sin  

78. Show that 












 +
=

−+

−

− 25

466
sin

6

1 1
1

1 2
dx

xx
  

79. Find the area between the curves given in the figure below. 
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80. The slope of a curve at a point whose abscissa is x is 
2

1
2x

+  and the 

curve passes through the point 1=x  and 0=y . Find the equation of 

the curve and the area bounded by it, with the x – axis and the abscissa 
1=x  and 3=x   

81. Find the expression of ( ) 







++ dxxx

dx

dy
3sin3 2  

82. Show that 
( )
( )

( ) = xAfdx
xf

xf
ln

'
, hence show that if 

( ) = dx
xf

xf
xf

)(

)('
)(ln

2
15  then ( )9)(xfA=  

83. (a) Evaluate ( )
2π

0
)cos()sin( dxxxx  

(b) Find ( ) dxxxx 6cos4cos2cos  

84. Show that ( ) ( ) +−+−−=
−

Abxa
b

bxa
b

a
dx

bxa

x
22

1
ln  where a, b 

and A are real constants. 

85. Find (a)  dx
xx ln

1
 (b)  −

dx
xx 1

1
  (c)   − dxxx 94  

86. Find (a) 
−+

dx

e

x

x2
1

  (b)  +
dx

x

x

2cos2

4sin
 

87. Show that the volume represented by a solid of revolution of the 

curve 222 ryx =+ from rx −=  to rx =  is a sphere. 
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88. Show that 
22

π

cos1

π

0 2
=

+ dx
x

x
 

89. If ( ) 5.443
2

2 =−+a dxxx  find the possible value(s) of a 

90. Show that  







−−=

−

−
xAdx

xx

xx
2

2

π
cos

2

1

cossin21

cossin
22

88

 

91. Find dx
x

xx
 +

−

8

413

1

tan
 

92. Show that Axxdx
x

x
+−=

+

−


− 21

2

1

4

π

2sin1

2sin1
tan  

93. Show that for all real values of m,  =
+

2
π

0 4

π

cossin

sin
dx

xx

x
mm

m

 hence 

integrate  +

2
π

0 cossin

sin
dx

xx

x
. 

94. (a) The diagram below shows the shaded region Q enclosed between 

the curve 22 1 xxy −= , the x-axis, and the line 5.0=x .  

 

The area of this region is given by  −=
5.0

0

22 1 dxxxA , find the area Q 

(b) Find the exact volume generated when the region Q is rotated 
through four right angles about the x-axis.

Q 



Integration 

 

85 | I n t e g r a t i o n             

 

95. Find (a)  +
dx

x

x
10

4

1
 (b) ( )

− dxx3sincos 1  (c)  dx
x

x
2

2

sec

cosec
 

96. (a) Show that  +−=
−

Axxdx
x

x
sec8tan5

cos

sin85
2

 

(b) Show that ( ) ( )baabdx
x

xb

a

11
2

2

tantan2
1

1 −− −−−=
+

−
  

97. (a) Verify that  ++−=
+

Axxxdx
x

x
22tan22sec2

2sin1

2sin
 

(b) The marginal cost of a firm with fixed cost of 30 is given by 
24505)( xxxf −+= , find the cost function. 

(c) The slope of the curve is given by 
492

3

23

2

++

+

xx

xx
, if the curve 

passes through point ( )1 ,0  find the equation of the curve. 

(d) Find the area bounded by the curve ( )3ln 2 += xy  with the x – axis 

from 4−=x  to 4=x . 

98. (a) Find  +

−
dx

x

xx

cos21

2coscos
 

(b) Suppose ( )( )bxxxf −+= 1)(' , 2)0( =f  and 3)1( =f  find )(xf  

(c) Oil flows from the bottom of a storage tank at the rate of 

ttr 5150)( −=  litres per minutes, where 300  t . Find the 

amount of oil that flows from the tank during the first 20 minutes. 
(d) A car accelerates along a straight line, so that its acceleration at 

time t is ( ) 22 3)( −−= msttta . Find the displacement of the car 

during the time period 32  t  
99. (a) Use the concept of complex numbers or otherwise, find 

( ) + dxxx 54 cossin  

(b) Find  +

+
dx

xx

xx

sincos3

sin9cos2
 (c) Find  +

dx
xx

x
44 cossin

2sin
 

(d) Determine the volume of the solid obtained by rotating the region 

bounded by 22 −= xy  and xy =  about line 4=y . 

100. (a) Find the area inside the curve 422 xxy −=  

(b) Using calculus show that the perimeter (arc length) of the 
circle with radius r is πr2 . 
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(c) The area defined by the inequalities 12 + xy , 0x , 2y  

is rotated completely about the y-axis. Find the volume of 
the solid generated. 

101. Integrate the following;- 

(a)  +
dx

x

x

1

4
8

3

 (b)  −
dx

x

x

18

3

(c)  +

−
dx

xx

x
23

2 1
  (d)  +++

−
dx

xxx

xx

133 246

3

 

102. Integrate the following:- 

(a)  +

−

dx
x

x
2

1

1

)(tan
  (b)  +

dx
x

x

1

)(arctan
2

2

 

(c)  +

+
dx

x

x

1

)1ln(
  (d) 

( )
 −

++
dx

x

xx

1

)1ln(2
 

103. Show that  +






 −
++++=

−

+−
A

x

x

xx
x

x
dx

xx

xx 1
ln

1

2

1

2

1
2

2

34

35

 

104. Show that Axxxdx
x

x
+−−=

−

−


12

2
sin1

1
 

105. Show that 







+=

−+

−+
 45

4
ln2

352

17442

1 2

2

dx
xx

xx
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