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QN: Integrate � √���� ��  

 

SOLUTION 

Let � = � √tan
 �
=? 

Use the u substitution as follows 

Let � = √tan
                    (1)  

Therefore �� = tan
 

and upon differentiating; 2��� = sec�
�
 2���sec�
 = �
 2���1 + �� = �
                          (2) 

Therefore � √�an
 �
 = � �( 2�1 + ��) �� 

� 2��1 + �� �� 

Note that  2��1 + �� = 2��(�� − �)(�� + �) 

Before going further, decompose the above function into partial 

fractions, i.e. let 2��1 + �� = �(�� − �) +  (�� + �) 

implying that 2�� = �(�� + �) +  (�� − �) 

and upon equating the coefficients having same powers of � we obtain 

the equations � +  = 2 

and 
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�� −  � = 0 or in other words − � +  = 0 

which upon solving  gives the solution � =  = 1 

 

Therefore 2��1 + �� = 1(�� − �) + 1(�� + �) 

Upon multiplying by � to both the numerators and the denominators, of 

this equation, we obtain 2��1 + �� = �(��� + 1) + �(��� − 1) 

and eventually the expression 2��1 + �� = �(1 + ���) − �(1 − ���) 

is obtained after multiplying by −1 to both the numerator and the 

denominator of the term to the extreme right, which is  �/(��� − 1) 

Therefore � 2��1 + �� �� = � �(1 + ���) �� − � �(1 − ���) �� 

For easy handling of the problem,  let  � 2��1 + �� �� = � = �) − �*) 
where �) = � �(1 + ���) �� 

and �*) = � �(1 − ���) �� 

 

 

Recall also from the identities (below) that � �+(1 + +�) = tan*,+ = − �2 ln .1 + �+1 − �+/ 
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� �0(1 − 0�) = tanh*,0 = 12 ln .1 + 01 − 0/ 

and in a more general form � 1(1 + ��) �� = √1tan*,(�√1) = −�√12 ln 21 + ��√11 − ��√13 

� 1(1 − ��) �� = √1tanh*,(�√1) = √12 ln 21 + �√11 − �√13 

Using the above identities therefore, we can easily find the solutions to �)  and �*) as follows:  �) = � �(1 + ���) �� = √�tan*,(�√�) = −�√�2 ln 21 + ��√�1 − ��√�3 

�*) = � �(1 − ���) �� = √�tanh*,(�√�) = √�2 ln 21 + �√�1 − �√�3 

Before going further, let us try to find the exact value of √� so that we 

can substitute it into both of the expressions above 

Let 1 + �4 = √� 
Then  (1 + �4)� = 5√�6� 1� + 2�14 − 4� = � 
implying that 1� − 4� = 0 214 = 1 
when we equate real and imaginary coefficients/ parts of the equation 1� + 2�14 − 4� = � 
 

Therefore 1� = 4� 

meaning that  1 = (4, −4) 
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However the solution 1 = −4 doesn’t satisfy the second equation 

214 = 1 for any real number 4. Therefore 1 = 4 is the only solution so 

that  1 = 4 = . 1√2 , − 1√2/ = 2√22 , − √22 3 

Therefore the roots of � are √� = 1√2 + �√2 = 1√2 (1 + �) 

and  √� = − 1√2 (1 + �) 

Hence √� = ± 1√2 (1 + �)  
Case 1: 

Now back to both our integrands and with these two values of √� 

beginning with the value of  √� = 1√2 (1 + �) 

Important review 

Let a complex number 9 be given as  9 = cos: + �sin:. Then �9�: = −sin: + �cos: �9�: = �(cos: + �sin:) �9�: = �9 �99 = ��: 

� �99 = � ��: ln9 = �: + ;;  ; ∈ > 
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9 = ?)@AB   
Recall that 9 = cos: + �sin: so that when : = 0C 9 = cos0C + �sin0C 9 = 1 + 0 9 = 1 

Hence 9 = 1when : = 0C 9 = ?)@AB   1 = ?DAB   1 = ?B   
Implying that E = F and hence G = HI@ or G = JHI@ = HI@ when K = 1 

and when K ≠ 1 9 = K?)@ or 9 = K(cos: + �sin:) = 
 + �M in Cartesian coordinates 

where  
 = Kcos: and M = Ksin: 

Therefore from these polar and Cartesian coordinates’ relationship we 

eventually deduce K� = 
� + M�and tan: = M/
 or simply K = N
� + M� : = tan*, M
 

Hence, upon differentiating  9 = K?)@ ln9 = ln (K?)@) ln9 = lnK + �: = lnK + �(: + 2OP) implying that ln9 = ln N
� + M� + �tan*, M
 ln (
 + �M) = ln N
� + M� + �tan*, M
 

since K = N
� + M� 

and : = tan*, M
 

Then since 
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�) = � �(1 + ���) �� = √�tan*,(�√�) = −�√�2 ln 21 + ��√�1 − ��√�3 

�*) = � �(1 − ���) �� = √�tanh*,(�√�) = √�2 ln 21 + �√�1 − �√�3 

with √� = [ 1√2 (1 + �), − 1√2 (1 + �)]  
Case 1: √� = 1√2 (1 + �) 

�) = � �(1 + ���) �� = −�√�2 ln 21 + ��√�1 − ��√�3 

�) = −�√�2 Sln51 + ��√�6 − ln51 − ��√�6T 

Also �*) = � �(1 − ���) �� = √�2 ln 21 + �√�1 − �√�3 

�*) = √�2 Sln51 + �√�6 − ln51 − �√�6T 

Substituting the value of √� in the expressions of  �)  we get 

�) = −� 1√2 (1 + �)2 Uln V1 + �� 1√2 (1 + �)W − ln V1 − �� 1√2 (1 + �)WX 

�) = −�(1 + �)2√2 Uln V1 + ��√2 (1 + �)W − ln V1 − ��√2 (1 + �)WX 

�) = −� + 12√2 Vln .1 + �� − �√2 / − ln .1 − �� − �√2 /W 
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�) = −� + 12√2 Uln 2√2 + �� − �√2 3 − ln 2√2 − �� + �√2 3X 

�) = −� + 12√2 Uln 2√2 − � + ��√2 3 − ln 2√2 + � − ��√2 3X 

�) = −� + 12√2 S5ln5√2 − � + ��6 − ln√26 − 5ln5√2 + � − ��6 − ln√26T 

�) = −� + 12√2 5ln5√2 − � + ��6 − ln√2 − ln5√2 + � − ��6 + ln√26 

�) = −� + 12√2 Sln5√2 − � + ��6 − ln5√2 + � − ��6T 

Now using the identity ln (
 + �M) = ln N
� + M� + �tan*, M
 

with 
 = √2 − � and M = � �) = −� + 12√2 Sln5√2 − � + ��6 − ln5√2 + � − ��6T 

�) = −� + 12√2 Yln S5√2 − �6�  + (�)�T,� + �tan*, . �√2 − �/
− Uln S5√2 + �6� + (�)�T,� + �tan*, . −�√2 + �/XZ 

�) = −� + 12√2 Vln52 − 2√2� + �� + ��6,� + �tan*, . �√2 − �/
− ln52 + 2√2� + �� + ��6,� − �tan*, . −�√2 + �/W 
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�) = −� + 12√2 Vln52 − 2√2� + 2�� 6,� + �tan*, . �√2 − �/
− ln52 + 2√2� + 2��6,� − �tan*, . −�√2 + �/W 

�) = −� + 12√2 V12 ln52 − 2√2� + 2��6 + �tan*, . �√2 − �/
− 12 ln52 + 2√2� + 2��6 − �tan*, . −�√2 + �/W 

�) = −� + 14√2 Vln52 − 2√2� + 2��6 + 2�tan*, . �√2 − �/
− ln52 + 2√2� + 2��6 − 2�tan*, . −�√2 + �/3 

�) = −� + 14√2 Vln251 − √2� + ��6 + 2�tan*, . �√2 − �/
− ln251 + √2� + ��6 − 2�tan*, . −�√2 + �/3 

�) = −� + 14√2 Vln2 + ln51 − √2� + ��6 + 2�tan*, . �√2 − �/ − ln2
− ln51 + √2� + ��6 − 2�tan*, . −�√2 + �/3 

�) = −� + 14√2 Vln51 − √2� + ��6 + 2�tan*, . �√2 − �/
− ln51 + √2� + ��6 − 2�tan*, . −�√2 + �/3 
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�) = −� + 1(−1)4√2 V−ln5�� − √2� + 16 − 2�tan*, . �√2 − �/
+ ln5�� + √2� + 16 + 2�tan*, . −�√2 + �/3 

�) = −1 + �4√2 Vln5�� + √2� + 16 + 2�tan*, . −�√2 + �/
− ln5�� − √2� + 16 − 2�tan*, . �√2 − �/3 

�) = −1 + �4√2 Vln5�� + 1 + √2�6 + 2�tan*, . −�√2 + �/
− ln5�� + 1 − √2�6 − 2�tan*, . �√2 − �/3 

\I = −] + I^√_ V`�5a_ + ] + √_a6 − _I���*] . a√_ + a/
− `�5a_ + ] − √_a6 − _I���*] . a√_ − a/3 

 

Likewise �*) = √�2 Sln51 + �√�6 − ln51 − �√�6T 

�*) = 1√2 (1 + �)2 Uln V1 + � 1√2 (1 + �)W − ln V1 − � 1√2 (1 + �)WX 

�*) = 1 + �2√2 Uln V1 + �√2 (1 + �)W − ln V1 − �√2 (1 + �)WX 
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�*) = 1 + �2√2 Vln .1 + �√2 + ��√2/ − ln .1 − �√2 − ��√2/W 

�*) = 1 + �2√2 Uln 2√2 + � + ��√2 3 − ln 2√2 − � − ��√2 3X 

�*) = 1 + �2√2 5ln5√2 + � + ��6 − ln√2 − ln5√2 − � − ��6 + ln√26 

�*) = 1 + �2√2 Sln5√2 + � + ��6 − ln5√2 − � − ��6T 

�*) = 1 + �2√2 Yln S5√2 + �6�  + (�)�T,� + �tan*, . �√2 + �/
− Uln S5√2 − �6� + (�)�T,� + �tan*, . −�√2 − �/XZ 

�*) = 1 + �2√2 Uln52��  + 2 + 2√2�6,� + �tan*, . �√2 + �/
− Vln52��  + 2 − 2√2�6,� + �tan*, . −�√2 − �/WX 

�*) = 1 + �4√2 Uln2 + ln5��  + 1 + √2�6 + 2�tan*, . �√2 + �/
− Vln2 + ln5��  + 1 − √2�6 + 2�tan*, . −�√2 − �/WX 

Therefore 
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\*I = ] + I^√_ V`�5a_  + ] + √_a6 + _I���*] . a√_ + a/
− `�5a_  + ] − √_a6 + _I���*] . a√_ − a/3 

Also, from above we found that 

�) = −1 + �4√2 Vln5�� + 1 + √2�6 − 2�tan*, . �√2 + �/
− ln5�� + 1 − √2�6 − 2�tan*, . �√2 − �/3 

 

Also recall from above that � 2��1 + �� �� = � = �) − �*) 
where �) = � �(1 + ���) �� 

and �*) = � �(1 − ���) �� 

Therefore � = �) − �*) 
For easy algebraic manipulations, let 

 �� + 1 + √2� = � �� + 1 − √2� =   �√2 + � = ; �√2 − � = b 

Therefore 
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�) = −1 + �4√2 Vln5�� + 1 + √2�6 − 2�tan*, . �√2 + �/
− ln5�� + 1 − √2�6 − 2�tan*, . �√2 − �/3 

�) = −1 + �4√2 (lnA − 2�tan*,; − lnB − 2�tan*,b) 

and 

�*) = 1 + �4√2 Vln5��  + 1 + √2�6 + 2�tan*, . �√2 + �/
− ln5��  + 1 − √2�6 + 2�tan*, . �√2 − �/3 

�*) = 1 + �4√2 (lnA + 2�tan*,; − lnB + 2�tan*,b) 

Therefore � = �) − �*) �) = −1 + �4√2 (lnA − 2�tan*,; − lnB − 2�tan*,b) 

�*) = 1 + �4√2 (lnA + 2�tan*,; − lnB + 2�tan*,b) � = �) − �*) 
 � = −1 + �4√2 (lnA − 2�tan*,; − lnB − 2�tan*,b)

− (1 + �4√2 (lnA + 2�tan*,; − lnB + 2�tan*,b)) 
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� = 14√2 (lnA(i − 1) − 2�tan*,;(i − 1) − lnB(i − 1) − 2�tan*,b(i− 1))− ( 14√2 (lnA(1 + i) + 2�tan*,;(1 + i) − lnB(1 + i)+ 2�tan*,b(1 + i))) � = 14√2 ((ilnA − lnA + 2tan*,; + 2�tan*,; − ilnB + lnB + 2tan*,b+ 2�tan*,b)− (lnA + ilnA + 2�tan*,; − 2tan*,; −  lnB − ilnB+ 2�tan*,b − 2tan*,b)) � = 14√2 (ilnA − lnA + 2tan*,; + 2�tan*,; − ilnB + lnB + 2tan*,b+ 2�tan*,b − lnA − ilnA − 2�tan*,; + 2tan*,; +  lnB+ ilnB − 2�tan*,b + 2tan*,b) 

 � = 14√2 (ilnA − lnA + 2tan*,; + 2�tan*,; − ilnB + lnB + 2tan*,b+ 2�tan*,b − lnA − ilnA − 2�tan*,; + 2tan*,; +  lnB+ ilnB − 2�tan*,b + 2tan*,b) 

Note that all complex terms marked in red cancel out, and the 

remaining ones are: � = 14√2 (−lnA + 2tan*,; + lnB + 2tan*,b − lnA + 2tan*,; +  lnB+ 2tan*,b) � = 14√2 (−2lnA + 4tan*,; + 2lnB + 4tan*,b) 

� = 24√2 (−lnA + 2tan*,; + lnB + 2tan*,b) 

� = 12√2 ln (BA) + 2tan*,; + 2tan*,b 

But � = �� + 1 + √2� 
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 = �� + 1 − √2� ; = �√2 + � 

b = �√2 − � 

Therefore � = 12√2 ln 2�� + 1 − √2��� + 1 + √2�3 + 2tan*, . �√2 + �/ + 2tan*, . �√2 − �/ 

 � = � √�1O
 �
 = � 2��1 + �� �� 

 \ = � _a_] + a^ �a
= ]_√_ `� 2a_ + ] − √_aa_ + ] + √_a3 + _���*] . a√_ + a/
+ _���*] . a√_ − a/ 

where � = √�an
  
 


