Find the volume of the solid in the first octant bounded by the planes x> + y* = 4 and
y+z=3

D={(xy2):0<x<2,0<y<4-x%0<z<3-y}

2
=V = ﬂ. dxdydz = f dx
0

V4—x2 3=y
0

dy f dz
0

OR
D={(xy2):0<x<y4-y%0<y<2,0<z<3-y}
V4-y? 2 3-y
=V = f dxf dyf dz
0 0 0
OR

3

D ={(x,y,z) = (rcos0,rsin0,z) : 0<r<2;0<0<_-; 0<z< 3-—rsin6}

=5
:szff rdzdrdf =

3—-rsinf

2
f f rdzdrdf
0 0

O — I

SOLUTION:
First method

D={(x92:0<x<20<y<J4-x%50<z<3—y)}
Therefore

V4—x2 3-y

2
V= ff dxdydz =] dx J- dyj dz
0 0

0



V4—x2 3=y 2 4—x2

2
V= ff dzdydx = b]- J- b[ dydxdz = b]- J- (3—y)dy |dx
|
0
2

1
=>V=3Hm—§f (4 — x?)dx
0

4-—X'2 2 2

1
dx=j 3 4—x2dx—§j (4 — x?)dx

0 0 0

where
2
H, = f 4 — x?%dx
0

In the integral H,,, let

x = 2sing = dx = 2cos@de

New limits:
x=0;sinp=0=>¢=0
I
x=2;sin(p=1:><p=§
Thus
2 /2 /2
H,, = f 4 — x2dx = f 4 —4sin? ¢ (2cospdp) = f 4cos? pdy
0 0 0
/2 /2 /2
1
= 4f cos?pdp = 4] <§> (cos2¢ + 1)dp = 2f (cos2¢ + 1)do
0 0 0
1 TL'/Z
=2 (E sinZ2¢ + (p) = sin2¢ + 2¢
0

=sint+n=n—=H, ==

Finally;



V =3H, —

ALTERNATIVE

1 1 3\ |*
— — 42 - I -
2] (4 —x%)dx = 3@ 2(4x 3> 0

2

1 8
=37r—§<8——>=3n——=6.76

0

2 V4-x2 3-y

=>V=f dxj dyf dz=6.76
0 0 0

METHOD-1

2
=V=f
0

where

D={(x,y,2):0<x<y4-y%0<y<2,0<z<3-y}
Va-y?

2
V= f dxf dy
0 0
Va-y? 2 3-y
=V = f dxf dyf dz
0 0 0
i

2
f (3 —y)dx dy=f (3V4=y2 - yJ/a—y?)dy = 31 — H,
0 0

3_

y
f dz

0

=V =37 —H,

2

Hy =f yV4—y*dy

0

In this integral Hj let;

1
u=4—y2=>du=—2ydy:>ydy=—§du

New limits of integration:



4

2 0 4
1 1 1 2
= H, = f Y4 —yidy = f ul/? (—Edu> = +§j ul/2du = <§ (u3/?) (§)>
0 4 0 0

- (), =508 =3

8 8
Hy=73=V=31—Hc=31-5=676

Va-y? 2 3-y

=V = f dxj dyj dz=6.76
0 0

ALTERNATIVE METHOD-2

[

X ; 0<z< 3-—rsin6}

D ={(x,y,z) = (rcos0,rsin0,z) : 0 <r<2;0<0 <
Using triple integration with cylindrical polar coordinates
x =rcosf,y =rsinf,z = 3 — rsinf
0<z<3-—rsinb
x2+y?=r30<r<2

0<6<

NI

3—rsinf

f rdzdrd0
0

V= fﬂ rdzdrdf =

2

Vs Vs
2 2

= f f r(3 —rsin@)dr |d8 = f f (3r —r?sin@)dr | do
0 0

0

o — uin
o




NIE

3 2 3

s
2
—f (6 8 '9>d9—(69+8 0)
= 3 Sin = 3 €oS . >
0

=3n+0 8—3 8—676
=3 3-71 3 =6

Hence;
2 4-x2 3-y Va-y? 2 3-y
V=j dxj dyf dz = j dxf dyj dz
0 0 0 0 0 0
/2 2 3—-rsind

=6 (E) + §cos (E) - (0 + §cosO°

)



