
Find the volume of the solid in the first octant bounded by the planes �� + �� = � and � + � = � 
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SOLUTION: 

First method 

	 = {��, �, �
: � ≤ � ≤ �;  � ≤ � ≤  �� − ��;  � ≤ � ≤  � − �}  
Therefore 
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⟹ � = 3BC − 12 ��
� �4 − ��
�� 

where 

BC = ��
� �4 − ���� 

In the integral BC, let 

� = 2DEFG ⟹ �� = 2HIDG�G 

New limits: 

� = 0; DEFG = 0 ⟹ G = 0  
� = 2; DEFG = 1 ⟹ G = K2  

Thus 

BC = ��
� �4 − ���� = �2/�

� �4 − 4 sin� G �2HIDG�G
 = �2/�
� 4 cos� G �G

= 4 �2/�
� cos� G �G = 4 �2/�

� R12S �HID2G + 1
�G = 2 �2/�
�  �HID2G + 1
�G

= 2 ;R12 DEF2G + GST�
2/� = DEF2G + 2G 

= DEFK + K = K ⟹ BC = K 

Finally; 



� = 3BC − 12 ��
� �4 − ��
�� = 3K − 12 ;<4� − �%3 >?�

� = 3K − 12 R8 − 83S = 3K − 83 = 6.76 

⟹ Y = ��
� Z� ���"��

� Z� ��"�
� Z� = [. \[ 

 

ALTERNATIVE METHOD-1 

	 = {��, �, �
: � ≤ � ≤ �� − ��;  � ≤ � ≤  �;  � ≤ � ≤ � −  �}  
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⟹ � = ��
� ] ��!"&$

� �3 − �
��^ �� = ��
� _3�4 − �� − ��4 − ��` �� = 3K − Ba 

⟹ � = 3K − Ba 

where 

Ba = ��
� ��4 − ���� 

In this integral  Ba let; 

b = 4 − �� ⟹ �b = −2��� ⟹ ��� = − 12 �b 

New limits of integration: 

� = 0; b = 4  
� = 2; b = 0 



⟹ Ba = ��
� ��4 − ���� = ��

! bc/� R− 12 �bS = + 12 �!
� bc/��b = ;<12 db%/�e R23S>?�

!

= ;R13 b%/�ST�
! = 13 d√64e = 83 

Ba = 83 ⟹ � = 3K − Ba = 3K − 83 = 6.76 

⟹ Y = ���"��

� Z� ��
� Z� ��"�

� Z� = [. \[ 

 

ALTERNATIVE METHOD-2 

	 = {��, �, �
 = �'()*+, '*,-+, �
 ∶ � ≤ ' ≤ �;  � ≤ + ≤ /� ;  � ≤ � ≤  � − '*,-+}  
Using triple integration with cylindrical polar coordinates 

� = 0HID1, � = 0DEF1, � = 3 − 0DEF1 

0 ≤ � ≤ 3 − 0DEF1 

�� + �� = 0�;  0 ≤ 0 ≤ 2 

 0 ≤ 1 ≤ K2 
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= �
2�

� R6 − 83  DEF1S �1 = ;R61 + 83  HID1ST�
2� = 6 _K2` + 83 HID _K2` − R0 + 83 cos0hS

= 3K + 0 − 83 = 3K − 83 = [. \[ 

 

Hence; 
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