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To Muhammad ibn Musa al-Khwarizmi
“The father of Algebra”
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The end of the 19th and the
Muhammad ibn  Musa al- beginning of the 20th
Khwarizmi was a 9% century | cantyry saw a tremendous shift in the methodology of
Musilim  mathematician and .
~stronomer. He is kiiown as the mathematics. Abstract (modern) algebra emerged
“father of algebra’, a word around the start of the 20th century, under the name
derived from the title of his | modern algebra. Its study was part of the drive for
book, Kitab al-Jabr. more intellectual rigor in mathematics. Initially, the
assumptions in classical algebra, on which the whole of
mathematics (and major parts of the natural sciences) depend, took the form of
axiomatic systems. No longer satisfied with establishing properties of concrete objects,
mathematicians started to turn their attention to general theory. Formal definitions of
certain algebraic structures began to emerge in the 19th century. For example, results
about various groups of permutations came to be seen as instances of general theorems
that concern a general notion of an abstract group. Questions of structure and
classification of various mathematical objects came to forefront.

6.1 Indices

Indices is a plural of the word index. An index is an exponent. We recall that a power is
the product of a certain number of factors, all of which are the same. For example, 37 is
a power, in which the number 3 is called the base and the number 7 is called the index
or exponent.

Laws of exponents

(a) To multiply powers with the same base, add the indices, a" xag" =am"
m
. . L a -
(b) To divide powers with the same base, subtract the indices, — = am "
a
(c) Toraise a power to a power, multiply the indices, (@™ =g™m"

(d) A power of a product is the product of the powers, a” xb" = (ab)”
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(e)

m m
o . a a
A power of a quotient is the quotient of the powers, (BJ =— where

b
b+0
a\" (bY ¢
Reciprocal of rational base and the effect on an exponent, [g) =(—)
a
1
Rational exponents lead to radical sign, a” =a
_ 1
Negative exponents lead to reciprocal of a number, a 4 =— and
a
1
i dod
ps Vb

Zero exponent. Any number (except zero) exponent zero is one (1), a° =1
where g #0

Example 1

Simplify the following

> 1
1 1 1 1) 8 1) 3
= = X4y o p R L
273 x2432 a 2 xpb™V 4 27
(@) 2 ) 2 (o -
2435 vy va 1634 (4] 2
81 9
Solution
1 1
273 x2432 . o
(a —;— using laws of indices
2435
1 1
3x— 5x— - — 7 25
(33)§x(35ﬁ 3 3x3 2| [3x32| |3 > 14
= = = =32 4 :(3)
5 oo PERN I T
(35)Z 34 34 34
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1 1
273 x2432
4

Therefore 37114

2435

1
X+7y 2x—
a 2 xp*V
(b) ———

(ab2 )X \/a_y

1
X+*y) —y
a( 2 ><b(2X_y)_aX><a2 xbX xb™

(ab2 )Y \/a_y ) 1y

ax xbzxxaz

Solving exponential questions

(a) If a*=a’ then x=y  (b)If ™ =b" then a=b

Example 2

Solve for x if 2X™* =64
Solution

Express 64 in power form, to a base of 2 if possible 64 = 2°
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22X =25 fromtherule 0 =’ = x =y

Then x+4 =6 therefore x =2

Example 3

Solve for x: 92X~ _27
Solution

The two bases given 9 and 27 can be expressed in base 3

9=3% and 27=33

Then (32 )ZX_S =33
32(2x—5) _33
3410 _ 33

Therefore, X = 14—3

Example 4

Solve for x: 3(32X )— IO(SX )+ 3=0

Solution

Given 3(3% )-10(3* )+ 3=0

The equation is a quadratic equation of 3%

Let m=3" the equation

3(32X )—10(3* )+3 = 3(3*)Z —10(3X )+3 =0

Substitute m: 3(3*)2 —10(3X)+3 —3m?-10m+3=0

Solve for m by factorization, 3m® —10m+3 =(m-3)3m-1)=0
m-3=0=>m=3, thus 3 =3=x=1

Also 3m—1=0:>m=§ but m=3" from 3% =§=3_1 thus x=-1

Therefore, x=%1
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Question

The variables x, and y satisfy the equation x”y =C, where nand Care constants. When
x=110, y=5.20 and x=3.20, y=1.05 find the values of n and C correct to 1
decimal place.

62 Logarithm
The reader should be familiar with what is logarithm, but simplify
logarithm is another way of writing exponents. We had a time to solve

some exponential equation above, but under one condition, that both
exponents must have the same base. It is possible and easy to solve

31 =27 or 8% =512 just because 27 and 512 can be written in a

same base as 3 and 8, for the case 3 =2 or 62" =572 is not possible
without logarithm, because you cannot express 3 as 2’s or 6 as 5’s. Due to
this logarithm is important.

Two types of logarithm
(a) Common Logarithm (Base 10 logarithm)
(b) Natural Logarithm (Base e logarithm)

Laws of logarithm

If a=b" =logya=x

(a) Logarithm of power, log,a” =nlog,a where b is a base and n is an
exponent

(b) If a=b then log,a=log,a=1

(c) logy(bxc)=log,b+log,c
Proof:
Let b=m* and c=m”

bxc=m*xm’ = m*x*)
Introduce logarithm to base a both sides

log,(bxc)=log, mx+y) = xlog, m+ylog, m
log,(bxc)=log, b+log,c Hence shown

(d) Quotient of logarithm: |oga(9):|0gab—logac
c

(e) Logarithm validity, log,beR for a>0 and b>0
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|
(f) Change of base: log, b= 8cd

and log,a=
log,a log. b

(g) If logpA=log,C then A=C

Natural logarithm

Natural logarithm is abbreviated as In. This is a logarithm to base e.
log,a=Ina for all a>0. Since Ina is also logarithm, then all laws of

logarithm holds. Note that these rules of logarithm are true only if base
are the same.

Example 5

Use the properties of logarithm to re-write each expression as a single
logarithm

(a) 2logy x+%|ogb(x+4)
(b) 3log(x—2)—log(2x +4)

(c) 4logg(x+2)+3log,(x—5)+2log,(2x+1)
Solution

1
(a) 2|ogbx+zlogb(x+4)
1
2Iogbx+zlogb(x+4)zlogb % +logy Vx+4

2|ogbx+%logb(x+4) =|Ogb(X2\/X+4)

(x—2)3
—92)— —log2_/
(b) 3|og(x 2) Iog(2x+4) og p

(c) 4log,(x+2)+3log,(x—5)+2log(2x+1)
log, (x+2)4 +log,(x —5)3 +Iog(2x+1)2
=log,(x+2)*(x=5)*(2x +1)
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Solving logarithmic equations

Example 6

Solve for x: log5(7x+3)=log5(5x +9)
Solution

Using the rule logyM=logyN then M =N
Given log;(7x+3)=log;(5x+9)

Then 7x+3=5x+9
Therefore, x =3

Example 7

Solve for x: log;(x —2)+log;(x+3)=log, 14

Solution

Given log7(x—2)+log;(x+3)=log; 14
Iog7(x—2)(x+3)=log7 14
(x—2)(x+3)=14
x? +x—20=0

Therefore x=4 or x=-5

Example 8
Simplify log, 2734 +logy 932 —log, 81
Solution
Given log, 273 +log, 9%2 —log, 81
3 3

9
, 274 x92 34 x 3
Using laws log, sl thus logy

3

5
Therefore log,| 34 =Z|og43

Example 9

Solve for x: In(6x —5)=3

Solution
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Given In(6x—5)=3
But Inx =log, x
log,(6x—5)=3

1
x:—(e3 +5)
6

EXERCISE 1: ALGEBRA

Solve for x from the following

1. 73x—5:74x+3 , (4j3x+1_(81jx
-9 16
3. 2521 =053 H4 4. e 9 =56
5x+3 _ )
5. 7 =512 o g3 ix
16
7 43x+5 _ 84)(—3 8 92x+3 _ 81—3x—1
9. 372 =87 10. 4€**7° =195
11. log,(5x+7)=5 12. In(4x+1)=2
13. log3(9x+2)=4 14. logs x+logg(x—12)=3
15. logg(x +4)+logg(x—2)=logg 4x
16. logg(4x+11)=2 17. log,(x+5)—log,(2x—1)=5
18. logg x +logg(x +6)=logg(5x +12)
19. 2log3+logx =log36
3x+2 2x
1 1
20 |= x| —| =216
6 216
3x+5 _ qex+1 3x—6
21. 47> =15 L, gm_(1 X
4
23. 3% 31420 24. log,3+log, 27 =2
25. logyx+log,3=4
26. Given that logy +3logx =3 find y
27. Simplif " —6x37 28. Simplif AR
. Simplify . Simplify
37 %97 A
29. Solve for x: (Iogx 3)2+3|ogx3=4
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log(x+y)=1

30. Solve for x and y:
log, x+2log,y =4

31. Solve fory: 4|ogx\/;—|ogx 27y =log, y_2

32. Solve fory: 2Iny—3|nx2 =Inv/x +Inx
33. Solve for x: log, 5+2logs x =3

34. Solve logg x +logg(x —5)=2
-2
1
(Xzyéj(\/;)xalyz
1
o)

1
log25—1log125+ Elog625

35. Simplify

36. Simplify
3log5
n-1 n+1 logy 5
| 2
37. Simplify XX 38. Evaluate 4og2( )
Xﬂ
12,2

X
39. Evaluate In| ————

P

63 Series

If the terms of the sequence are connected by any mathematical operation
suchas2+4+6+8+10+12+..0r2—-4—-6-8—..the sequence become a
series.

Finite series

Finite series: Is a series with countable number of terms.

Example: S1: 2 +4 + 6 + ... + 28, Series S; is finite series.

Infinite series

Infinite series: Is a series with uncountable number of terms

Example: S;: 2 +4 + 6 + ... this series has no end, therefore it is called infinite
series.
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Sigma notation, 5

Sigma sign is a Greek letter S which means “summation of”. Is use to abbreviate
the way of writing series.

To use the sigma sign write the n™ term formula or last term formula in front of
the sigma notation.

The sign 5 for summation is due to Leonhard Euler (1707 — 1783) who said, “summam
indicabimus signo 5.” This symbol was used by Lagrange, but otherwise received little
attention during the 8t century.

Example 10

Expand the following finite series
5

(a) Zn(m—l) (b) inin (c) i(—l)n(”+1)

Solution
5
(a) Zn(n+ 1) to expand, fix the values of n from n=1to n =5. Remember

1
the term n(n+1) is the general term.

a, =n(n+1) for 1<n<5

n(n+1)=1x2+2x3+3x4+4x5+5x6

1 1 1 1 1 1 1
—_— =t —+—+—+—+—
n 7

(b)
n" 22 33 4% 50 6% 7

(© » (-1)"(n+1)=-2+3-4+5

Example 11

Expand the following infinite series up to 6" term

- DM - D

(a) Z(n;Zj (b) Zgn+1 (C) Z(_l)n+1n2
3 0 0
Solution
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1 2 3 4 5 6
S+
n 3 4 5 6 7 8

b) 3™ = =343243343%43°436
0

wMS

1)™n? =0+1% -22+32 42 +5°..

Example 12

|||| C)[\’jg

Re-write the following series using sigma notation

(@) 32 +5°+72+93+113 +13%3 4153

(b) (2x4)+(4x6)+(6x8)+...+(12x14)
1 3 5 7 9 11 13

(c) —+—+—4+—+—
2 4 6 8 10 12 14
Solution

(a) 3°+53+72+93 +113 +13% +15°
The general term of the series.
Let3+5+7+9+11+13+15
The series is arithmetic progression with common difference d =2
A, =A; +d(n-1)
A,=2n+1

niAn => (n+1)?

(b) 2x4)+(4x6)+(6x8)+..+(12x14)
The two series here are:-
2+4+6+..+ 12 (Formed by the first numbers)
4+6+8+..+14 (Formed by the second numbers)
A =2+2(n-1)=2n
A =4+2(n-1)=2n+2

n=r n=6
The general term is given by Z:(A,,1 xAn)= Y 2n(2n+2)
n=i n=1
1 3 5 7 9 11 13
() =4—+—F+—F+—+—+—
2 4 6 8 10 12 14
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Numerator: 1+3+5+..+13
Ay =1+2(n-1)
A =2n-1
2+4+6+..+14
Denominator: 2 +4+6+ ..+ 14
A =2+2(n-1)

AI’IZ =2n
n=r n=7
The general term is z Ant | _ 2n—1
‘| A 2n
n=i N’ N2 n=1

6.4 Arithmetic and geometric progression
6.4.1 Arithmetic progression
Arithmetic progression is the series in which the difference between two
consecutive terms is the same non-zero number. The non-zero difference is
common difference and it is denoted by d.
Let A; be the first term of the series, the second term is obtained by adding the
common difference to the first term, the third term is obtained by adding the
common difference to the second term and so on.
Consider, series3+7+ 11+ 15+ ...
A; =3 and the common differenceisd=7-3=11-7=15-11=4

Ay=A +d=3+4=7

Ay =A,+d=7+4=11

Ay =A3+d=11+4=15

Ac =A,+d=15+4=19 and so on.

General term of arithmetic progression
Let us consider the series, 2+5+8+... which is an arithmetic progression with
common difference, d =3

If A=A

When n=2:A,=A +d

When n=3:A3=A+d=A; +2d
When n=4:A,=A3+d=A; +3d
When N=5: Ag=A,+d=A +4d
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When n=n: A,=A,_,+d=A +(n-1)d
Therefore, the general term of arithmetic progressionis A, = A; +(n—1)d

Example 13

If the 10" term and the 31° term of an arithmetic progression are —15 and =57
respectively, find the

(a) The first term and the common difference

(b) The 101 term.

Solution

(a) Given A;g =-15 and A3; =—-57

Al =A; +9d =—15
A3 =A; +30d =-57
A; +9d = -15
Ay +30d =-57
The first term is A; =3 and the common difference is d =-2

(b) The 101% term, from A, =A; +(n—1)d thus A;5; =3+(101-1)

therefore Ajq; =—197

Example 14

Determine the number of terms of an arithmetic series 5+11+17+...+119

Solve simultaneous equation is {

Solution
Given 5+411+17+..+119
The first term, A =5
The last term, A, =119
The common difference, d=11-5=6
From A,=A +(n—1)d
119=5+(n-1)6
n=20
If x+y+z=1 and X Y % arethe terms in arithmetic
y+z XxX+zZ X+y
progression, prove that ! + ! + 1 are also in arithmetic progression.

y+z x+z x+y
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Solution
. X z
Given + 4 +
y+z X+z x+y

Since the terms are in A.P

y X _ Z y
X+z y+z X4y x+z

[ / +1j—(L+1j=[ ? +1J—( Y +1)
X+z y+z X+y X+z

X+y+z) (x+y+z| [(x+y+z) (x+y+z
X+z y+2z x+y X+2z

thus

But X+y+z=1
1 1 1 1
X+z y+z a X+y X+z
1 1 1 . . . .
Hence + + are in arithmetic progression

y+z Xx+z x4y

Example 16
The m times the mth term of an arithmetic progression is equal to n times the

n' term of the same progression, find the (m+ n)th term.
Solution
Given mA,, =nA,

m(Ay +(m—1)d)=n(A +(n—1)d)

mA, +(m2 —m}j =nA +(n2 —n}j
(m—n)Al ={n®—n—m*+m

(m—n)Al =(n2 —m®+m-n

(m—n)Al = (—(m—n)(m+n)+(m—n))d

(m—n)Al = —(m—n)((m+n)—1)d

A +(m+n-1)d =0 thus A, ., =A; +(m+n—-1)d =0
Therefore the A,,,, =0
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10.

EXERCISE 2: ALGEBRA
Find the n™ term of each series below

(a) 1-74-174-..

(b) —+—+—+

() —x—3x—=5x—...
Evaluate the n'" term of question 1 above when n=21
How many terms are in the following series
(@) 3+45+6+..+49.5
(b) 107.2 + 100 +92.8 + ... - 605.6
(c) 16+19+22+..+79
The n' term of an arithmetic progression is A, =an+b, show that the

common difference, d=a
Find the median term(s) of the following arithmetic series
(@) 2+6+10+..+74
(b) -1.5-2.5-3.5-...-285
Write down the 31° term of the series
2 7 5
(@) —+=+—=+...
3 6 3
(b) 134+74+1+...
The n' of an arithmetic progression is given as a,, =2n—3 evaluate the
100™ term
The 4™ and 28" terms of an arithmetic progression are 6 and 78
respectively; find the first term and the common difference.
Find the n'" of the progression: log3+log6+logl2+...

2 3 4
X X X . . .
If IH(TJH{I]H{?]#.. are in arithmetic progression, show

that the n™is (n+1)Inx —nin2

The sum of the first n*" terms of an arithmetic progression
Consider the following arithmetic series: A} + A, + A3 +...+ A, , the sum of

n™ terms is denoted as S,,, therefore, S, = A; + A, + A3 +...+ A,

Sp=A+A +d+A +2d+.. 4+ A,
Sp=Ap+A, —d+A,=2d+..+ A
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28, =(A +A, )+ (A +A,)+ (A +A)+..+ (4 +A,)

S, :g(A1 +A,)But A, = A, +d(n—1)

The sumis S, :g(ZAl +d(n-1))

Example 17

The 24" term of an A.P is 54; find the sum of the first 47 terms.
Solution

47
Given A,, =A, +23d =54 and S,, :7(2A1 +46d)
Simplifying S,; =47(A; +23d)

Therefore, 547 =47x54 = 547 =2538
Sum of 47 terms is 2538.

Example 18

The first term of an arithmetic progression is 10 the last term is 70. The sum
of all the terms is 800 find the common difference.

Solution

Given A; =10, A,=70 and §5,=800

Using Sh zg(Al +A,,)

800:%(1o+70):> n=20

A, =A +(n-1)d

70=10+19d
60

60=19d = d =—, the common difference is 6019
19

Example 19

The sum of n terms of an arithmetic progression is x, the n term is y,
Show that
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(a) Thefirsttermis A =(2x—ny)

n

(b) The common difference is dzz(y_xj
nin-1

Solution

n
(a) Given S,=x, A,=y and S, :E(Al +A,)

n
Substituting, x = E(Al +y)

Y shown.

2
2x =nA, +ny = A ==

(b) S, :2(2/\1 +d(n-1))

x=§(2[2X;nyJ+d(n—l)j

2x = n(w +d(n —1))
n

2x = 4x—2ny+c/(n2 —n)

d= 2ny —2x :z(y—xj

nz—n n\n-1
Example 20

The sum of 3n terms of the series 20 + 23 + 29 + ... is equal to the sum of the

series a+(a+d)+(a+2d)+(a+3d)+... froall values of n. Show that d=% and

find the value of a.
Solution

S3n:2O+23+26+29+...:3?n(2><20+3(3n—1))

S :a+(a+d)+(a+2d)+(a+3d)+...:2?n(20+d(2n—1))

Given S3, =57,
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3_2”(37+9n) =n(2a+(2n-1)d)

The identity holds for all values of n.
When n=1

%(37+9)=Za+d

2a+d =69 (i)
When n=2

3(37+18)=2(2a+3d)

4a+6d =165 (ii)

20+d =69

{4a+6d =165

Solve simultaneously equations (i) and (ii)

27 249
Therefore, d:I and az? Hence shown.

Example 21

The 6™ and 31° terms of an arithmetic progression are -26 and -101
respectively. Find
(a) The first term and the common difference
(b) If there are 100 terms in this series, find the sum of the last 20 terms
Solution
(a) Given Ag=-26 and A3; =—101
Writing Ag and Aq; intermsof A; and d, solve simultaneously
Aj +5d =26
{Al +30d =-101
25d=-75=>d=-3
Al =—26+15=-11
Therefore, the first term is -11 and the common difference is -3.
(b) The sum of the last 20 terms
Agp = A, +80d = Ag; =—11+80(-3)=-251
Ajgo = A1 +99d = Ajgg =—11+99(-3)=-308

Sp= g(A81 +A100)
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Sy0= 2—20(—251+ -308)

520 :—5590
The sum of the last 20 terms is -5590

Example 22

Find the sum of the first 100 terms of the series log3+log6+logl2+...
Solution
Given log3+logb+logl2+...

d=logb—log3=Ilogl2—logb
d= Iog(%)z Iog(l%)z log?2

S, = g(zA1 +d(n-1))

S100 = ?(2Iog3 +log2(100-1))
S100 = 50(2log3+99lo0g2)

S100= 50|og(9>< 299)

Example 23

The terms log5+logx +logy +logz+10g80 are in arithmetic progression, find
the values of x, y and z.

Solution

log5+logx+logy+logz+log80

The common difference, d =logx —log5= Iog(%)

The 5" term is given, Ag =A; +4d = Iog5+4|og(%)= log 80
4 Iog(%): Iog(g%)
4Iog(%)=|og16

4logx —4log5 =logl6
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But

4|ogx=log16+log54
4Iogx:|og(16><625)
4logx =log10000
4logx =4
logx=1=x=10' =10
Ay =logy=A +d

Iogy=|og5+|og(%)

x=10

logy =log5+log2=>logy =log(5x2)
logy=1logl0=y =10

EXERCISE 3: ALGEBRA

The lengths of the sides of a right-angled triangle make an arithmetic
progression. The longer side is 24 cm long. Find out the perimeter of the
triangle.

An arithmetic progression consists of 8 terms. Sum of the middle terms
is 41; the 8™ term minus the first term is 112. Find the third term.

Iron pipes are stored in 20 rows. The top row contains of 130 pipes, next
row always contains of two more pipe than the previous one. How many
pipes are there?

The angles in a triangle make an arithmetic progression. The smallest
angle is 20°. Determine sizes of the other angles.

The angles of an irregular pentagon are in arithmetic progression. The
largest angle is 148°. Determine all angles.

Length of the sides of a cuboid make 3 terms of an arithmetic
progression. Sum of the length equals 24 cm; the volume of the cuboid
equals 312 cm?. Determine the length of the sides.

How long a rock be falling to a mine somewhere in East Africa, which is
deep 2500 m if it moves 4,904 m in the first minute and extra 9,808 m
for every next minute?

If log, x +log,(x +9)+log, (x +45)+... are in arithmetic progression, find
(a) The value of x.

(b) The first term and the common difference; and

(c) The 5thterm

(d) The sum of the first 10 terms as a single logarithm.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Find the sum of all natural numbers between 98 to 1000 which are
multiple of 3

The ratio of the sums of m and n terms of an arithmetic progression is

m? :n? . Show that the ratio of m™ and n™ terms is (2m—1):(2n—1)

The sum of n terms of a progression is Sn=2n2+5n. Show that the
progression is arithmetic with the first term 7.

. . : th e 1 th ic 1
In an arithmetic progression, the n'" term is /n and the m™" term is A

, find

(a) The (mn)" term

(b) The sum of the first mn terms.

The sum of n, 2n and 3n terms of an arithmetic progression are S;, S,

and S;. Show that S5 =3(S, - S;)

Find the sum of all-natural numbers between 1 and 200, which are
divisible by three.

The sum of three consecutive terms of an arithmetic progression is 27;
the product of the same terms is 504. Find the terms

Insert 4 terms between the roots of the quadratic equation

x? —16x+39=0 so that they will make an arithmetic progression.

A man takes an interest free loan of Tshs. 1740 from his friend agreeing
to repay in monthly instalment. He gives Tshs. 200 in the first month and
diminishes his monthly instalments by Tshs. 10 each month. How many
months will it take to repay the loan?

How many terms of the progression 3 + 6 + 9 + ... must be taken to have
a sum not less than 20007

In staff part at Ngurdoto mountain lodge 2017, eggs placed 1 meter apart
in a straight line. A competitor starts from a point in the line, which is 5
metre from the nearest egg. Find an expression for the total distance run
in collecting the eggs, one at a time and bringing them back one at a time
to the starting point. Calculate the value n if the total distance is 162
metres.

If the sum of the first n terms of a series is S, —an’ +bn, show that the

series s an arithmetic progression and find the common difference.

An arithmetic progression is such that the 7" term is three times the sum
of the third and fourth terms. If the sum of the first 6 terms is 21, find
(a) Find the first term and the common difference

(b) The sum of the first 50 terms
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Arithmetic Mean (A.M)
Let a, M and b be three consecutive terms of an arithmetic mean a+M+b are
in A.P. The common difference, d =M-a=b—-M

a+b
2M=a+b= M= T < is an arithmetic mean.

Example 24

Find the arithmetic mean between 13.5 and 19.
Solution
a+b 13.5+19

2
The arithmetic mean is 16.25.

AM = =16.25

Example 25

Insert five arithmetic mean between 8 and 26

Solution

We need to find the 5 missing terms of the arithmetic progression
There are seven terms here, where A; =20 and A, =26
26=8+(7-1)d thus 26—8=6d =d =3

A, =8+3=10, A;=8+6=14, A, =8+9=17, A; =8+12=20,
Ag =8+15=23

The terms are 10, 14, 17, 20 and 23.

Example 26

The n arithmetic means between 20 and 80 are such that the ratio of the first

mean and the last mean is 1:3. Find the value of n.

Solution

The first term is 20 and the last term is 80, but the 80 is (n+2)th term.
Apia=A +(n+2-1)d

60
20+(n+1)d =80 =>d=—-
( )d n+1
The first arithmetic mean (the second term)
60 20n+80
AMp = Ay =20+ —— =112
n+1 n+1
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The last arithmetic mean, (the (n+1)th term)
App1 =AM =A; +(n—-1)d
60 j_ 80n+20

AM,; =20+ n(
n+1 n+1

The ratio between the first arithmetic mean and the last arithmetic mean is 1:3

(The ratio between the second term and the (n+l)th term is 1:3)
A.MF :A.ML =1:3 or A2 :AI'H-]. =1:3
20n+80 80n+20

n+1  n+1
20n+80x n+1 1

n+l  80n+20 3

nt4 1 sni12=4nt1
dn+1

The value of nis 11.

1:3

EXERCISE 4: ALGEBRA

Find the arithmetic mean between 43 and 47

Insert 8 arithmetic mean between 1 and 37

The arithmetic mean between 18 and 2k is 21, find the value of k.

Prove that if the number of terms of an arithmetic progression is odd then
the middle term is the arithmetic mean of the first and the last term.

5. Between 7 and 85, m numbers of arithmetic means are inserted so that the

Eall

ratio of the (m—3)th and m™ means is 11:24. Find the value of m.

6. Prove that the sum of n arithmetic means between two numbers is n times
the single arithmetic mean between them.

7. The arithmetic mean between n" and m™" terms of an arithmetic progression
is equal to the arithmetic mean between p™ and g™ terms of an arithmetic
progression, show that n+m=p+q

8. There are n arithmetic mean between 3 and 17. The ratio between the last
to the first mean is 3:1. Find the value of n.

9. Find two numbers whose product is 96 and whose arithmetic mean is 10

10. Find the arithmetic mean between (a+ b)2 and (a—b)z, hence evaluate the
value of the expression when a=cosa and b=sina
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6.4.2 Geometric progression (G.P)
Geometric progression is a progression in which the ratio of the second term to
the first term is equal to the ratio of the fourth term to the third term and so on;
the ratio is called common ratio denoted r.
Consider the series: 2+4+8+16+32+....
Common ratio, r:ﬁzgzi:§:2
G G, 2 4
The firstterm, G; =2
The second term G, =Gr=2x2=4

The third term Gy =Glr2 =2x2°=8
The fourth term G, =Gyr° =2x2° =16

The fifth term Gg =G;r* =2x2% =32

Then the n™ termis G, = Gyr"™*

The n'" term formula of geometric progression is G, = Glr”_1

Example 27

Find the 7" and 11 terms of the geometric progression 3+12+48+...
Solution
Given 3+12+48+...
. 21 48
The common ratio, r=—=-—=4
3 12
The 7" term, G5 =Glr6 —3x4% =768

The 11t term, Gyy =Gyr'® =3x41

Example 28

The 4 and 9™ terms of a geometric progression are 8 and 256 respectively.
Find the first 5 terms.

Solution
3
G, =8 Gir- =8
{ 4 then 4 *
Gg =256 Gyr® =256

8 8
Gy =— Substituting in second equation | — r® =256
I’3 r3
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8r> =256
5_ 5_45 _
Therefore, r-=32=r"=2"=r=2
8
The first term, Glz—3=1
2

The first five terms are G, =2, G3 =4, G, =8, G5 =16

The sum of the first n terms of geometric progression
The sum of the first n terms of a geometric is denoted as S,,, consider the sum
of the terms below

$5,=G1 +Gy +G3+...+G,

S, =Gy +Gyr+Gyr’ +.. 4Gy + Gy (1)

Multiplying (1) by r

1S, =Gir+Gyr* +Gir° +..+Gyr" 2 + Gyt 4Gy " (2)
Take (2) minus (1)
rS, = Glr+Glr2 +Glr3 +...+Glr”_2 JrGlr”_l +Gyr"

S, =Gy +Gyr+Gyr2 +Gyr2 4Gy +Gyr"t

rS,—S,=Gyr" -G,
Make S, the subject (r—1)s, =Gl(r” —1)

rr _1} for all |r|>1
1

Hence the sumis S, :Gl{

n
If |r|<1 , the sum is given by S, =61£11 s ]
-r

If |r|<1 and lim (rn)—>0 the formula deduced to S, = 6 this is sum to
n—>00 1-r

infinity formula. This formula may also be used to convert recurring decimals to
fractions as a sum to infinity series.

Example 29

The third term and seventh term of a geometric progression is 45 and 3645
respectively, if there are 30 terms
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(a) The sum of the first 10 terms
(b) The sum of the last ten terms

Solution
(a) G3=Gyr® =45 (1)
G, =Gyr® =3645 (2)

45
Use (1) to make G; the subject, G; =
r

45
Substitute in (2) above [—zjr6 =3645
r

The common ratio is r4 :81:34 =r=3

45
The first term, G1 = =5
3

n_
Sum of the n terms, S, =G{r 11J for |r|>1

391
The sum of the first 10 terms, S =5 3

J=147620

(b) The sum of the last term terms, The first term become the eleventh
term

10 10
-1 377 -1

The sum of the last 10 terms is S, :%(320 —310)

Example 30

Find the sum of the first 20 terms of the series 81 + 27 + 9 + ...and hence show
thatas n— o0 then S, >S5,

Solution

. G
The common ratio, p202_27_1
G, 8l 3
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1
S, =% —1215

1-73

Hence S, =S,

Example 31

Deduce the sum of first n terms of the series 5+ 55 + 555 + ...
Solution
Given 5+55+555+.. factorize 5 from the terms
5(1+11+111+...) multiply the terms by 9 and divide by 9 to keep the

series unchanged

g(9+99+999+...)
g((lo—1)+(1oo-1)+(1ooo-1)+...)

g(lo+1oo+1ooo+...)—(1+1+1+...)

The series 10 + 100 + 1000 + ... is geometric progression with r =10
The series 1+ 1+ 1 + ... is an arithmetic progression with the d =0

The sum become, S, 10 10" -1 -n
9 10-1

The sum is S, = 5C1) (10” -1- 9n)
Example 32
Deduce the formula for the sum of 0.3 + 0.33 + 0.333 + ...
Solution
Given 0.3+0.33+0.333 +... thus 3(0.1+0.11+0.111+...)

%(0.9 +0.99+0.999+...)

%((1—0.1)+(1—0.01)+(1—o.001)+...)
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g((1+1+1+...)—(O.1+0.01+0.001+...))

1

1 TG

10

S, == =15 :
1 _

10

Using sum to infinity formula to convert recurring decimals to fractions

Example 33

Express the recurring decimal 0.6 as an infinity geometric progression

Solution
Given 0.6=0.666...
0.6=0.6+0.06+0.006+...
. 0.06
Common ratio, r=——=0.1
0.6
Sum to infinity, S., :i
1-r
0.6 2
5 = = —
® 1-01 3

.2
Therefore, 0.6 = g
Express 0.41 as a fraction using sum to infinity formula

Solution

Given 0.41=0.414141..
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0.41 =0.41+0.0041+0.000041+...

..oo41 41 41
04i=—"+ n
100 ' 10000 1000000
//oo _ 41 100 _41
e 1.1 100 99 99
100
41

Therefore, 0.41=—
99

Example 35

Convert 2.43to fraction using sum to infinity limit
Solution

Given 2.43=2.43333..

z.4+[i+i+i+..)

100 1000 10000
.3 3 . . . .
The series — +——+ +... IS a converging geometric series.
100 1000 10000
S, =244 //EO =2+{%+§%=§%
=790
Example 36

Express 0.313 as a fraction
Solution
From 0.313=0.31333...

3 1 ( 3 3 3

— 4 — + + +

10 100 (1000 10000 100000

Gy
S, =——thus S
© 1-r "" 1o
_4A7
* 150

Geometric Mean (G. M)

If a, G and b are three consecutive terms of geometric progression, then
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The common ratio E:E:GZ =ab=G=+/ab
a

The geometric mean is G.M=+ab
The geometric mean of n terms is defined as the n'" root of their product.

GM=(a, xa, xa3x...xa,),

Example 37
27

Find the geometric mean between % and =~

Solution

Geometric meanis GM = E><2 / ; 4

The geometric mean is %

Example 38

Insert the missing terms in 4+ _+ 36+ _+ 324 so that the series become a
geometric progression.

Solution

The geometric mean between 4 and 36 and the geometric mean between 36
and 324.

The GM=+4x36 =v144 =12 and the GM=+/36x324 =108

The terms are 12 and 108.

Example 39

Insert 8 geometric means between 8 and é

Solution

The simple way is to find the 8 terms between 8 and é which makes a

geometric progression.
The progression has 10 terms, where the first term, G; =8 and the last term is
1

Grp = —
10764
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Form G, :Glr”_l thus Gqg :Glr9 therefore é:er9

512 2 2
1 1 1
G,=8x1=4, G3=8x—=2, G3=8x =1, G4 =8x ;="
2 2 2
1 1 1 1 1
65_8x_5_ , G6 =8><—6— , G7 = Tz and
2 2 2
1
68=8><—8——.Thetermsare4,2, 1, i, l, l, £ andi
2 2° 4" 8" 16 32

The relation between arithmetic and geometric mean

If @ and b are two terms in a progression, where g > b, their arithmetic mean is
always greater than their geometric mean.

We are required to show that a+b >+/ab, provided a>b

Consider a>b
a-b>0
Square both sides

(a-b)* >0

a® =2ab+b% >0 then a® +b* >2ab
(a+b)2 —2ab>2ab

(a+b)* > 4ab

a+b>2Jab

Therefore, a;b >+ab
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11.

12.

EXERCISE 5: ALGEBRA

In a geometric progression, three-quarter the distance it
the third term exceed the has fallen, how high the ball
second by 8, the sum of the re-bounce in fifth time 222.
first three terms is 28. Find 7. Find the first term and the
the sum of the first 10 terms. common ratio of geometric
The first three terms of progression whose third
geometric progression are — termis 3 and the eighth term
51, ~ L find the n* term. Is -96. ,

5 8. A well driller charges Tshs.
Given the series 2500 for drilling the first
3+y+z+w+48 find the metre of a well and for every
missing values so that the metre thereafter he charges
series become a geometric Tshs. 500 more than the
series. preceding metre. How much
The sum of three does the charges for drilling
consecutive terms of a 100 meter well?

9. The third terms exceed the

. . .7
geometric progression is =, first by 25% of the third

the product of the same 24/3
P 1 term, show that r:ii
termsis — , find the terms. 3
64 10. The sum to infinity of a
Find the sum to infinity geometric series is 16, if the
1+1+l+m second term is 4. Find
(a) The first term
A ball falls a height of 3.2 m. (b) The common
If after each fall it re-bounce ratio

Convert the following recurring decimals into fractions by using the
infinity geometric progression approach

a) 0.2 b) 021 c) 3.2
d) 0.7 e) 037 f) 0.304
g) 298 h) 7.234
The sum of the first 2 terms the common ratio and the
of a geometric progression is first term
9 and the sum of the first 13. The sum of the first n terms
four terms is 45. Calculate of progression is n?
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14.

15.

16.

(a) Write down the
formula for n™ term

(b) Show that the series is
an arithmetic series

(c) Find the sum of the first
2n terms

The second, third and
seventh terms of arithmetic
progression are the first
three terms of a geometric
progression, if the common
difference is 3, find

(a) The common ratio.

(b) The sum of the first 10
terms of geometric
progression

The third, fourth and eighth
terms of an arithmetic
progression forms the first
three consecutive terms of

Geometric progression. If

the sum of the first 10 terms

of A.Pis 85, Calculate

a) First term of G.P and
first term of A.P

b) Common ratio and
common difference

¢) The sum of the first 5
terms of the G.P

Chairs in a conference room
are arranged such that the
first row has 18 chairs and
each of the preceding rows
has two more chairs that the
rows in the front of it. If
there are 40 rows
altogether, find the total
number of chairs in this
room.

17.

18.

19.

20.

21.

22.

Given three non zero

numbers x, y and z which are
consecutive terms of a G.P
andx+y+z=70,

furthermore 4x, 5y and 4z
are consecutive terms of an
A.P. Find values of x, y and z
Non zero numbers A, B, Care
consecutive terms of a G.P
and A, 2B and C are
consecutive terms of A.P.
Show that the common ratio

of the G.Pis Zi\/g.

In a certain A.P the sum of
terms from the 10" to 20™
terms inclusive is 1155. If the
first term is 7, find the
common difference.

The first three terms of an
arithmetic progression are a,

band o’ respectively where
a#0. The first three terms
of geometrical progression
are g, @°> and b. Find the
values of g and b

Find the positive difference
between the sum of the first
ten terms of a geometrical
and arithmetical progression
which starts with 3+6+...
Show that if loga, logh and
logc are consecutive terms
of an arithmetic progression
then a, b and ¢ are the
consecutive terms of a
geometric progression.

37| Algebra



Algebra

23. The sum of n terms of a

certain seriesis 4" —1 for all
values of n. Find the first four

terms and the n™ term
terms, and show that the
progression is a geometrical

progression.

6.4.3 Standard results
Series of powers of the natural numbers
1. Sum of the first n — natural numbers: 1+2+3+4+...+n
Sp=1+2+3+..+(n=1)+n
Sp=n+(n-1)+(n-2)+..+2+1
25, =(n+1)+(n+1)+(n+1)+...+(n+1)+(n+1)

25, =n(n+1) thus S, =§(n+1)

2. The sum of the first n — square natural numbers:

12422432 +..4n°

Consider the identity A, :(n+1)3 —n® =30’ +3n+1

A = 22 - 1 = 31 + 31 + 1
A = 3 - 22 = 322 &+ 32 + 1
A, = 4 - 3 = 332 4+ 33 4+ 1
+ _____________________________
A, = (=2 — (-2 = 3(n-2f + 3(n-2) + 1
Ay = (-1 - (-2 = 3(h-1) + 3(n-1) + 1
A, = n’ = (-1 = 30" + 3n + 1

(n+1)? —1=Z(3n2 +3n+1)
n3 +3n° +3n+1—1=2(3n2)+ > Gn+>.0)

r73+3n2 +3n=32n2 +3Zn+n

3,42 2 o
3 3n=3 3| — 1
n>+3n° +3n En+[2(n+)J+n
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2
3
n® +3n? +3n= 32 2+%+?n+

2n® +6n” +6n=6) n’ +3n” +3n+2n
2n> +3n? +n=6Z:n2

62‘/72 :n(an +3n+1)

Z 2 :g(n+1)(2n+1)

n
S5 = g(n +1)2n+1)

The sum of the square of the first natural numbers is

Sn?=l = (n+1)2n+1)

3. The sum of the first n — cubic natural numbers: 13 +23 +33 +.. +n3

Consider the identity (n+1)4 —n* =4n® +6n% +4n+1
A =2 —1% =4x1® +6x12 +4x1% +1
A, =3% -2 =4x2® +6x2% +4x2t +1
Ay =4" —3" =4x3? +6x3% +4x3' 41

A, =(n-1)"=(n-2)" =4(n—2) +6(n—2)* +4(n-2)" +1
A, =n"=(n-1)"=4(n-1) +6(n-1)* +4(n-1)" +1
|A,=(n+1)" —n* =4n’ +6n° +4n+1

(n+1)* —1 =Z(4n3 +6n° +4n+1)

n* +4n® +6n? +4n+1—1=4Zn3 +6Zn2 +4Zn+21
+4n° +6n° +4n=4 +6 (2 243 +1)j+4( +1j
n* +4n3 +6n% +4n= Zn (6 n°+3n (n+1) |+

n +4n +6n +4n= 4Zn +2n +3n +n+2n +2n+n

n +4n +6n +4n= 4Zn +2n +5n +4n
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n4 +2n3 +n2 = 4Zn3
nz(n2 +2n+1)=42:n3
4Zn —nz(n+1)2

Z 3—”4 n+1
n2

Therefore, Sn3 = (n+1)2

Example 40

Evaluate the following
n

(a) > n(n+1) (b) Zn:(n2+3) (c) Zn:(n+1)(n+2)
Sol utrizln - -

(a) Zn(n+1) expanding

i

é(n en)- zl +z
=0 (n+1)an+ 1)+ 20+1)
~rlrv1 2242
g(n+1)(zn+4)
:ln(nﬂ):g(nﬂ)(m)
é(ﬁ +3)
gn2+g3:g(n+1)(2n+1)+3n
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n

Z(nz + 3): g(an +3n+ 19)
r=1
n

(c) Z(n +1)n+2)

r=1
n

Z(n+1)(n+2)= Zn:(nz +3n+2)

r=1 r=1

n n n
n*+ ) 3n+ 2:2(n+1)(2n+1)+ﬁ(n+1)+2n
2 2 z

n

Z(n+1)(n+2)=§(n2+6n+11)

r=1

EXERCISE 6: ALGEBRA

Evaluate the following
n

LY nlo-1) 2 Y ey

r=1 r=1

n n
3. an(n+1) 4. Zn(n+1)(n+2)

r=1 r=1

n n
5. Z(n+4) 6. nz(n—l)

r=1 r=1

n n n 2
/- Z(n_l)(n+1) 8. Show that an =[ n}

r=1

r=1 r=1

Write using sigma notation
9. (3x7)+(5x11)+(7x15)+ ...+ (13 x27)
10. 1+3+9+... 11, 12432452 4.,

12. 22 +43 463+
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6.5 Mathematical induction

Principle of mathematical induction states that “If p(n) is any
mathematical statement involving natural numbers n, pPQ) is true, if P(k)
is true, then p(k+1) is true for all natural numbers”

Steps of proof by mathematical Induction

Let P(n) be a proposition depending on a positive integer n.

Step 1: Show, if possible, that P(n) is true for some positive integer ng.
Step 2: Show, if possible, that if P(n) is true for an arbitrary integer
n=k > ng, then the proposition P(k+1) follows from proposition P(k)
Step 3: If Step 2 is true, the fact that P(ng ) is true implies that P(ng +1) is
true, and then that P(ny +2) is true, and hence that P(n) is true for all
nzng

Step 4: If no number n=ng can be found for which Step 1 is true, or if in
Step 2 it can be shown that P(k) does not imply P(k+1), the proposition
P(n) is false.

Example 41

Then 6K =7m—8F Prove by principle of mathematical induction that
6" +8" is divisible by 7 for positive integers n
Solution
Stepl: Let P(n):6" +8" be a mathematical statement
Test: when n=1: P(1)= 6! +8! = 14, then P(1) is true
Therefore, P(n):6" +8" =7m for n>1
Induction hypothesis
P(k): 6 +85 =7m
Step2: n>k+1
P(k+1):65 + g+
—6 6 +88
_ k k
—6(7m—8 )—8 x8
—42m—-6x8K —8kxsg
But 6K =7m—gk
=42m-(6+8)3¢
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=42m—14x8*

=7(6m—2><8k)
Hence shown that 6" + 8" has a factor of 7, therefore divisible by 7
Prove that the sum of the first n positive integers is equal to %n(n+1)
Solution

1
Given S, :1+2+3+...+n:5n(n+1)
1
Let the mathematical statement be P(n):1+2+3+...+n=§n(n+1)

1
Test: P(n):1+2+3+...+1=5><2=1,Then P(1) is true.
Let n=k2>1
1
P(k):1+2+3+...+k=§k(k+1)

Induction hypothesis
P(k+1):142+3+...+k+(k+1)
P(k)

P(k+1):P(k)+(k+1)

P(k+1):%k(k+1)+(k+1)

= %(k + 1)(k + 2) hence proved.

Example 43

Prove by the principle of mathematical induction that 2" >n for ne 2™
Solution

Let P(n):2" > n be a mathematical statements
Test P(1): 21> therefore, P(1) is true
For n=k=>1

pik): 25 >k

Induction hypothesis
P(k+1): 25 > k+1
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=2Kx2t > k+1 (but 2K > k)

=kx2 =2k>k+1
Hence shown that P(k+1):2k >k +1

Example 44

d _
Prove by mathematical induction that d—(xn)z nx"
x

Solution
d —
Let the mathematical statement be P(n):d—(xn): nx"t
X

Test: ifn=1, P(l):di(x)zl, P(1) is true
X

Let n=k=1: P(k):di(xk): kx KL
X

Induction hypothesis P(k +1): i(xkﬂ): i(xk xx)
dx ax

d d d
By product rule of differentiation Y_ v—u+ Y
ax ax dx

i(Xk XX)IXi(Xk)-i-in(X)

ax dx ax
( k ) x(kxk_1)+xk(1)
(xkxx) kx® + x¥

ax
a
dx
di(xkﬂ) k+1x Hence proved

Example 45

Prove by the principle of mathematical induction that x —y is a factor of
X" _yn

Solution

Mathematical statement, P(n): x" —y"

Test: P(1)=x1 —y1 =x—-y, P(1)is true

Let pk):xK —yk = m(x—y)
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Xk =m(x—y)+yk

Induction hypothesis: P(l<+1):karl —yk+1
=xk><x—yk><y
=m(x—y)x+x/  —y¥xy
=mx(x—y)+y*(x—)
— (x—y)mx+ ¥ )

Therefore, P(k+l):(x—y)(mx+yk) has a factor x —y

Example 46

n+1
Prove by mathematical induction that Ixndx:
n+1
Solution
Xn+1
Mathematica statement: P(n): Ix”dx = 1

2
Test: P(1):J‘de=x7 then P(1) is true

k+1

For n=k>1, P(k):jxkdx:x
k+1
Induction hypothesis, P(k+1): ~[x“ldx :Jxk X Xdx

By using by-part method of integration J.udv = uv—J.vdu
. k+1 k+1

XX % xdx = x X —JX dx
J k+1 k+1

k+2 k+2
- 1
st = (x ]

J Tk+1 k+1| k42
'( /<+1)sz 1 K k+2 _Xk+2
: (k+1) k+2
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J.( ral )jx 1 (k+2)xk+2 _ k2
k+1 k+2
I(Xkﬂ)jx (k+1) k+2 Xk+2

(k+1)(k+2) k+2

Use mathematical induction to show that
L1 L1
S|n§(n+1)95|n§o9

ind
stH

hence shown

sin@ +sin260 +sin3@ +...+sinnf =

Solution
Mathematical statement:

sin> (n+1)¢95|n 0
P(n):sin@+sin20 +sin30+...+sinnf =

smEH
Test: n=1,
P(1):sin@+sin20+sin30+...+sin@=sin@, P(1) is true,
For n=k2>1,

sinz (k + 1)S|n k@
P(k):sin@+sin280 +sin30+...+sinkf =

smze
P(k+1):sin@+sin20 +sin30 +...+sink@ +sin(k +1)0
p(k)
sin— (k +1)sin2 k0

= 2 +sin(k+1)0
smlé’ ( )

=sin(k+1)9 =2sini (k+1)cos (k+1)0
:sin%(k+1)ﬁsin§k0

ind
5|n29

1 1
+2$|n5(k+1)6’cosi(k+1)6

sin= k49+2cos k+1 05|n 0
=sin= (k+1)¢9 ( )

smzﬁ

Factor formula: sin(A+B)—sin(A—B)=2cos AsinB
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10.

11.

12.

13.

14.

15.

16.

sin%k9+sin%(k+2)—sin%k¢9

=sint(k+1)0
2( ) sin%@
sint(k+1)0sinl(k+2)o
= 2( osi 2( ) hence shown
sin%@

EXERCISE 7: ALGEBRA
State the principle of mathematical induction

Prove by mathematical induction that 9” —1 is divisible by 8

Prove by induction that

(1 x 1)+ (2x2)+(Bx3)+...4+(n x n! )=(n+1)-1
If x>0 show that (1+x)" >1+nx foralln, n>2
Prove the following by mathematical induction
1+3+5+...+(2n-1)=n

2

1+4+7+...+(3n—2):%n(?;n—l)

1+5+9+...+(4n-3)=n(2n-1)

5+10+15+...+5n=§n(n+1)

6+12+18+...+6n=3n(n+1)

1
12423433 4. 407 =

n? (n + 1)2

12422 43% 4 +n° :g(n+1)(2n+1)

1222432 (1) )= 21y o)

1
17 +3% +5% +..+(2n-1) :§n(4n2 —1)

2422423 4..42" =2(2” —1)

1><2+2><3+3x4+...+n(n+1):%n(n+1)(n+2)

1 1 1

1 n

+ + +
1x2 2x3 3x4

+n(n+1): n+1
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17

18

134224340 = (14243 4. 4n)

13433453 4 (2n-1)p =n2(2n2 —1)

Prove by mathematical induction that

19.
20.

21.

22.
23.
24.

25.

26.
27.
28.

29.
30.

31.

32.

33.
34.

2">1+n forall neZ
n+1<3n forall ne”Z

1+n* <(1+ny forall neZ

n<il+n® forall neZ
7" +2 is divisible by 3
n> +5n is divisible by 6
n(n2 —1X3n+2) is divisible by 24
7" —3" is divisible by 2 and 4
n> —n is divisible by 5
sin(x +180°n)=(~1)"sinx, forall ne Z
nl>n? forall neZ
By induction prove that the amount A which a principal P will accure
to at the end of n years if interest is compounded annually at the
interest rate, r, is given by A=P(1+r)"
2 n-1 1

0
By induction prove that —+—4+—+.. + —=1——
1 20 3 nl nl

Use induction to prove that, if y =
1—x an (1_X)n+1

Show that 2" >n? for n>5
Using mathematical induction prove that

cos@ sind n_ cosn@ sinn@
—sin@ cos@®) |—sinn® cosnd

6.6 Roots of polynomial function
6.6.1 Quadratic equation
Polynomial of degree 2 is called quadratic.
Thus ax? +bx+c=0 where a#0 and a, b, c are constants
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Solution of quadratic equations

Consider the equation ax® +bx+c=0

. b C . .
Divide by a each term, X2+ Ex+—= 0, this can be written as
a a
b c
X2+ X =—
a a

2
Add (ﬂj on both sides to make the left hand side a perfect square

2a
trora) ) -
X=X+ — | =|—| ——
a 2a 2a a
) > b ¢
X=Xt —m = ——
a 4a 4a a
2 b’>  b®-4ac
Xt —x+—s= 5
a 4a 4a
( bjz b —4ac
X+— | =
2a 4q°
b b? —4ac
X+—=%
20 4a°
b b? —4ac
XxX=——=
20 4a?
b> +\b% —4ac . . .
X=— . this is a general solution of quadratic
a
equations.

The part b? —4ac is called a discriminant. This part determine the
nature of the quadratic equation, there are three different cases

(a) When b? —4ac >0 the guadratic equation has two distinct real
roots.

(b) When b? —4ac=0 the guadratic equation has two identical real
roots.

(c) When b?> —4ac <0 the guadratic equation has complex roots.
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If the quadratic equation ax® +bx+c=0 has roots (solutions) a and

B

ax* +bx+c=0 = X2+éx+£=O
a a
Since a and B are roots we can use the roots to find the quadratic
equation.
(x—a)x-p)=0

xz—oo(—xﬂ+aﬂ=0 = xz—(a+ﬂ)x+aﬂ=0

Now, compare equations
b ¢
X2 +5x+==0
a a

xz—(a+ﬂ)x+aﬂ=0

b
The sum of roots is ¢+ f =——
a

c
Product of roots is aff =—

a
Alternative
. . —b+b% —4ac
Since the roots of quadratic are a = Y — and
a
—b-b%—4ac
p= Iy — thus the sum of roots is,
a
—b+\b%—4ac —b-b?-4ac b
a+p= + thus o+ f=——
2a 2a a

The product of the roots s,

—b+\/b2—4ac —b—b*—4ac

a, =
P 20 2a
b? —|b% -4
Bl
40° a

Example 48

Find the sum and product of the roots of the following quadratic
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(a) 3x2+5x+6=0
1 3
(b) X2+EX+3:O () Ex2—5x+3:o
Solution
5
(a) Given 3x? +5x+6=0 thus X2+§X+2=0
b 5
Sum of the roots: 05+ﬂ=——=—5
a

c
Product of the roots: aff =—=2
a

1
(b) Given X2+EX+3=O
1
The sum of roots: o+ f = -
c
Product of roots: ¢ff =—=3
a

3
(c) Given Ex2—5x+3=o

3x2 —10x+6=0

10
X2 —=x+2=0
3

10
The sum of the roots: a+ f = ?

The product of the roots: @ff =2

Example 49

Find the relation between g, b and c if one root of the quadratic

ax® +bx+c=0 is three times the other.

Solution
Given ax? +bx+c=0
a+f=—
C
aff =—
a
Given a=3p

51|Algebra



Algebra

b
Using o+ =30+ =—— (substitute a =34)
a
b
Then =——
p 4da
From aﬂ:£ (substitute ¢ =38)
a

2 C c
BRIB=35" === p= |
a 3a
Equate —2: /i
4a 3a
&)
4a 3a
2
b :1330b2=1602c

16a*> 3a
The relation required, 362 =16ac

Example 50

If a and B are the roots of the quadratic equation x° —px+qg=0 find

the quadratic with roots & and s
ﬂZ 0{2

Solution

Given x° —px+q =0 with roots a and B
a+pf=pand ¢f=q

The new quadratic has roots 5, and y 2
ap a’p

Sum of the roots of the new quadratic: 12 + 1 = a;,lé =P
ap a’p a’pc q

Product of the roots of the new quadratic: [ lzJ[ ! J: t 1
op (

N

2

The new equation is given by

X2 — (sumof roots)x-+ (productof roots) =0
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Therefore the equation is x? —(ﬁJx +i =0 => q3x2 —pgx+1=0

2 3
Example 51

aq q
If a and B are the roots of the quadratic equation ax’ +bx+a=0 find

1 1
the new equation with the roots — and —

0!3 ﬂ3
Solution

b
Given equation ax? +bx+a=0 = x> +-x+1=0
a

b
The sum of the roots: ¢+ ff=——
a

The product of the roots: aff=—-1
The new equation has sum of roots:

11 _dp _(a+BNa+p) -3a8)

o3 ,83 a3,83 (aﬁ)3
2
b b
5 (s
a a
b®> 3b
Sum of the roots: —t—
a a
. 1 1 1
Product of roots of the new equation: —Sx—g=——g=-1
a p (af)
The equation is given by x° —(sumof roots)x+ (productof roots) =0
b 3b
The new equation is: N —t— x—1=0
a a

= a>x? —(b3 +3azb)x —a>=0

Questions
(a) If one root of the equation x2 +bx+c=0 is the square of the other, show that
b3 +Zc2 =3bc

(b) If the roots of the equation ax2 +bx+c=0 areinthe ratio m: nfind the
equation connecting a, b, ¢, m and n.

(c) Find the condition that one root of the quadratic equation pX2 —gx+p=0 may
be three more than the other.
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EXERCISE 8: ALGEBRA

One roots of the equation ax? +bx+c =0 is the twice of the other,

show that b =3, /%

The roots of the quadratic x> —4ax+2b=0 are a and B.If it has
equal roots show that b—2a® =0

If are a and B are the roots of the equation x? +e’x+2=0 find the
equation with roots ¢+1 and f+1

Find the relation between a and b if one root of the equation
x% —4ax+2b=0 is 4 times the other.

1 1
Find the new equation with roots — and — if the equation
a

3x%2 —4x+1=0 has roots a and B.

The roots of the quadratic equation 2x° +8x—6=0are a and B find
(@ a-p (b) o’ - p

(€) a’-p> (d) o>+

If the equations ax® +2bx—3c=0 and x2+bx+c=0 have common
root, find the relation connecting a, b and c.

The roots of X2+px—|—5:O areaandp, if o’ +,82 —-3=0, show
that p% =13
The roots of the quadratic equation x> —3x+1=0 are aand B,

1
without solving find the quadratic equation with roots o +— and
1
=
a

2)? 2

. . . 1+x 2X
10. Simplify the expression 5 —( 2]
1-x 1-x
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6.6.1 Cubic equation

An equation ax> +bx? +cx+d =0 is a cubic equation, where g, b, c and d
are constants, where g #0
Let o, B and y be the roots of the cubic equation ax® +bx? +cx+d =0.
Then

b c d
a3 +bx? +ex+d=0 = x>+ x> +=x+—=0

a a a
Since o, B8 and y are the roots of the -equation, then
(x—a)x—p)x—-r)=0
x> —ax? —,sz +0{/3<—7o<2 +ax+ px—afy=0

X3 —(a+/3+7/)x2 +(aﬂ+ Pr+ ay)x—aﬂ)/: 0

Compare
b c d

X tx?+-x+—=0
a a a

b
Then, sum of roots: (@ + f+y)=——
a
c
Sum-product of roots: aff+ fy +ay =—
a

d
Product of roots: affy =——
a

Example 52

If a, Band y are roots of the cubic equation x3

+ax2+bx+c:0,find

. . 1 1 1
the equation with roots —, — and —.
a p 4
Solution
From x> +ax? +bx+c =0

The roots sum of the roots: a+f+y=—a
The sum-product of the roots: aff+ fy +ay=>b
The product of roots: affly =—c

Roots of the new equation

1 1 1 +av+
Sumoftheroots—+—+—=w:—é

a B vy apy c

55|Algebra



Algebra

1 1 + [0+
Sum-product of the roots: —+—+—=0[—ﬂ7/=—g
af Py ar  afy c

1 1 1 1 1
Product of the roots: —x—x—= -

aﬂya_[h:c

The new equation is x> —(sum)x2+(sumproduct)x+ (product)=0

b 1
x3 +(—jx2 —(EJX—(—j =0 thus x> +bx% —ax—1=0
c c c

Example 53

The roots of the equation 4x> +3x% —2x+5=0 find without solving, the

. . 1 1 1
new equation with roots —, — and —.

a p Y
Solution
The old equation is an equation of x,
Let new equation be the equation of y
The old equation has roots x={a, 3,7}

. 1 11
The new equation has roots y=9—,—,—
a py
. ) 1
The relation between y and xis y =—
X
Make x the subject and substitute in the old equation to get the new
equation in terms of y.

1
X=—
y
3 2
Then, 4x3 +3x% —2x+5=0 :>4[EJ +3(3J —2[1]+5:0
% % y
2
4.3 2,0
y y y

The new equation is, 4+3y—2y2 +5y3 =0 to change the equation to be
in term of x, replace y with x, the equation become,

5x3—2y? +3y+4=0
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Example 54

Find the relation between the constants a, b, ¢ and d if the roots of the

equation ax3 +bx? +cx+d =0 are arithmetic progression.
Solution

b
Sum of roots: a+ f+y=——
a
c
Sum-product of roots: aff+ By +ay =—
a

d
Product of roots: afly = Py
a+pf+y
d=f-a=y-p

_a+ty
g 2

a+ﬂ+y:—9
a

aﬁ+@wuw=£
a

a+y a+y c
a + tay=—
[2)7[2J "

(a—ﬂ/)(a +y)ray=S
2 a

2(a+7/)(a+7/)+2a}/=2—c
a

( ij( Zb) 2c
—— | - |+ 2ay=—

3a 3a a
4b° 2c

—2+2a}/=—
9a a
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Product of roots afly =—

b, -9
307/ a

3d ¢ 2b?
Compare, —_— =
b a 902

3d
therefore ay = ?

2
3d=E_2I';2
a OSa

The relation required is 27a%d =9abc—2b>

6.7 ldentities
(3) a>—b%=(a—b)a® +ab+y?)
(b) @ +b3 =(a+b)o? —ab+1?)

(c) a+b3+¢3 =(0/+b+c)(0/2 +b%+c? —ab—bc—ac)+30bc

EXERCISE 9: ALGEBRA

1. The equation 3x3 +6x% —4x+7=0 has roots q, B and y . Find the

equation with roots

111
a___

a' By
(b) f+y,a+y and a+f
@ «?, ﬂz and )/2
2. The equation 4x> +2x? +3x+6=0 has roots a, B and y . Find the
equation with roots
(a) az, ﬁz and ]/2
(b) =2, f—2 and y—2
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() 2a+1,2p+1 and 2y +1

3. Ifthe roots of the equation X3 —gx+r=0areq, B and y, show that
o2 +ﬁ2 +7/2 :qz
4. One of the roots of the equation 21x> —50x% —=37x—6=0 is a

positive integer. Find this root and hence solve the equation
completely

5. Show that, if the roots of the equation x> —5x? +ax—8=0 are in
geometric progression, then a =10

6. Solve 12x> —52x% +35x+50=0 if the equation has repeated roots.

6.8 Remainder theorem and division of polynomials

The operation of division of polynomials is analogous to the operation of

L _ Dividend , remainder
division of integers. ———— = quotient+ ———
divisor divisor

=> Divident = (quotient )x (divisor )+ remainder

Example 55

Divide x> +6x? —2x—5 by x +5 and state the remainder
Solution

Using long — division method

x2+x—7

X+ 5)x3+6x2—2x—5 = The remainder is 30

5%
x2—2x
x°+5x
—7x=5
—7x=35
30
If we divide a polynomial P(x) by the linear polynomial D(x)=x—a, then
the division algorithm states that there exist a unique polynomial Q(x)
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and R(x) such that P(x)=D(x)Q(x)+R(x)= P(x)=(x —a)a(x)+R(x).
When x =a then P(a)=(a—a)Q(a)+R(a) = P(a)=R(q)-

The remainder theorem state that “If a polynomial P(x) is divided by x —a
, then the remainder is p(a)”

Consider example 55 above, using the remainder theorem we can easy
find the remainder as follows,

The polynomial P(x)=x3+6xz—2x—5 is divided by D(x)=x+5 using
the theorem, D(x)=0

X+5=0=x=-5

P(5)=(-5) +6(~5)* —2(~5)-5=30

Note that, when a polynomial is divisible by another polynomial the
remainder is zero.

In other words, if a polynomial is divided by x—a and the remainder is
zero, then x—a is a factor of the polynomial.

Example 56

Find the remainder when 5x° —3x? + 4x +2 is divided by x—3
Solution

Using the remainder theorem

X—=3=0=>x=3

P(x)=5x3 —3x? +4x+2

PBR)=5(3)° —3(3)* +4(3)+2=122
The remainder is 122.

Example 57

Find the remainder when the polynomial x3 =3x? —7x+9 is divided by
X+2

Solution

X+2=0=>x=-2

The polynomial is x3-3x2-7x+9

P(=2)=(-2) -3(-2)* -7(-2)+9=3
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69 Synthesis division method

Synthesis division is an efficient method for dividing polynomials by
another polynomial, this method gives the remainder and the quotient.

Example 58

(a) Divide 4x> +6x%+3x+2 by x—3

(b) Find the quotient and the remainder when x3 +4x? —10x-3 is
divided by x+4

(c) Find the quotient and remainder when x*+3x3 —4x? +3x—4 is
divided by x =5

Solution

(a) By synthesis method

List the coefficients of the dividend, write them is a line, and write the
divisor value at the left end of all other coefficient.
Procedures

(a) Take the first coefficient, (4) down the bottom line (shown
below)

(b) Take a divisor, (3) value times the dropped number (4) and write
the answer below the next coefficient, (6) and add the two
numbers to get 18, write it below the line next to 4.

(c) Repeat the procedures to the end of coefficients. (See below)

_3, 4 6 3 2
+ \L 12 54 1 171
4 18 57 | ‘\175% Remainder

Obtained below are the coefficient of the quotient polynomial, the last
number is a remainder. Remember when dividing polynomials the
guotient will be a polynomial less than divided polynomial.

3 2
. 4x> +6x +3X+2=4x2+18x+57+ 173

X—3 X—3
The remainder is 173, the quotient is 4x% +18x+57 see (b) and (c)
below

Thu
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(b) x> +4x? —10x -3 the divisor x +4

4 1 4 -10 -3 Coefficients of the polynomial
J + -4 0 40
1 0 -10 37/‘ Remainder

Coefficients degree 2 polynomial —

The quotient is x% =10 and the remainder is 37

(c) x* +3x3 —4x? +3x—4 divisor x—5

5 1 3 -4 3 -4 Coefficients of the polynomial
+ 5 40 180 915
1 8 36 183 (911) Remainder
N

Coefficients Degree 3 polynomial

The quotient is x3 +8x% —36x +183 the remainder is 911
Note that synthesis division can not be used to divide polynomial of
degree n with another polynomial of degree greater than 1. Thus dividing

3x? +4x3 —10x —15 by x% +3x+3 canbe done by long division. In other
words, synthesis division is used to divide polynomials with a linear
polynomial.

EXERCISE 10: ALGEBRA
1. Find the relation between g and r so that x3+3px2+qx+r is a
perfect cube for all values of x.

2. Find the remainder when the polynomial 6x> +x° +13x+12 is
divided by 3x+2

3. When the polynomial ax® + bx? +cx —6=0 is divisible by x +2, x =3
and 2x+1 find the values of g, b and c.

4. |If x+3 is afactor of x3 —9x+k find the value of k.

Find the remainder when the polynomial 3x3 —8x% +8x -5 is divided
by x -1
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6. If the polynomial 2x> —ax? +bx+5=0 is exactly divisible by x—2
and leaves a remainder of 10 when divided by x +3, find the values
ofa, b.

6.10 INEQUALITIES

An inequality is a mathematical statement which shows that one side of is
either less or greater that the other side. Inequalities can also be solved
using graphs by shading the region that satisfy the inequality.

Solving inequalities

(a) Inequalities of the form ax? +bx+c<0 or ax’ +bx+c >0

Example 59

Find the set of values of x for which 2x% +5x—3>0
Solution

Given 2x* +5x—3=(2x—1)x+3)>0

For the function 2x% +5x —3 to be positive, either (2x —1)> 0 and
(x+3)>00r (2x—1)<0 and (x+3)<0

Solve for x from the factors above, x =-3 and x =1/2

Now this think of numbers less than 3, numbers between 3 and 1/2 and
numbers greater than 1/2 and tabulate as shown below

x<-3 —3<x<1/2 x>1/2

X+3 -ve +ve +ve
2x—-1 -ve -ve +ve
(2x—-1)x+3) +ve -ve +ve

Thus to satisfy the inequality 2x? +5x—3>0 the set of value of x are
X <=3 or x>1/2

Example 60

Find the set of values for which 1+2x—3x% <0
Solution

Solve the inequality as an equation 1+2x—3x> =0
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(3x+1)(x —1)=0 solution are XZ—% and x=1

x<-1/3 -1/3<x<1 x>1

(3x+1) -ve +ve +ve
(x—1) { -ve -ve +ve
(Bx+1)x—-1) ‘ +ve -ve +ve

To satisfy the condition of the inequality 1+2x—3x? <0 then
-1/2<x<1

Example 61

Find the set of values for which x% +2x—3<0 is negative?
Solution

Solve the inequality x?+2x—-3<0 asan equation x> +2x—3=0
factors (x—1)(x+3)=0
x=1and x=-3

x<-3 -3<x<1 x>1
(x-1) -ve -ve +ve
(x+3) -ve +ve +ve
2x+3 +ve -ve +ve
- <0

X+2
To satisfy the inequality, x* +2x—3<0 the solution is —3<x <1

(b) Rational inequality
In this section we shall be concerned with rational functions of two

2
) . . . ax” +bx+c ax+b
guadratic or linear that is function of the form or

pxX~ +qgx+r X +d

Example 62

- . +8
Find the set of values of x for which . >3

X_
Solution
Make the right-hand-side zero
+ +11

4x 8—3>Othusx >0

x-1 x-1

Solve for x from the numerator and denominator
Xx+11=0=>x=-11and x—-1=0=>x=1
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x<-11 -11<x<1 x>1
x+11 -ve +ve +ve
x—=1 -ve -ve +ve
x+11
+ve -ve +ve
x—1
The solutionis x <—=11 or x>1
2x+5
Find the set of values of x for which al <4
X+2
Solution
2Xx+5-4x-8 2x+3
¥<O thus — X 0
X+2 X+2
Divide by the negative sign
2X+3
XT3 50 then x=-1.5 and x=—2
X+2
X<-=2 -2<x<-15 x>-15
2x+3 -ve -ve +ve
X+2 -ve +ve +ve
2x+3
+ve -ve +ve
X+2

The solution setis x <=2 or x>-1.5

(c) Absolute values inequalities

The absolute value of x is denoted as |X| is always positive and it is

x if x>0

defined as |X|:{—x et

Consider the an absolute function |ax+b| <c

Square both sides (|ax+b|)2 <c?

ax? +2abx+b% <c?
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ax? +2abx+b> —c? <0, this is a quadratic inequality and can be solve
using the previous method.

Example 64

Find the set of real values of x for which |3X + 1| <2

Solution
Given (3x+1]) <22
x> +6x+1<4
9x% +6x—-3<0
(3x —1)(x + 1)< 0
x=1/3 or x=-1
x<-1 -1<x<1/3 x>1/3
(3x-1) -ve -ve +ve
(x+1) -ve +ve +ve
(Bx—1)x+1) +ve -ve +ve

The solutionis =1 <x <1/3

EXERCISE 11: ALGEBRA
Find the set values of x for each of the following inequality

1. x*+4x+3>0 2. 3x?-5x+2<0
4x+8 3+4x
3. >3 4. >3
x-1 X
x% —3x+2 3-4x
5. ———<0 6. <2
3x% —4x+1 2-x
5 1=z, 8. |x-3>4
XxX=2
9. |x+2/<1 10. [2x+5/>3
11. [x-3[<4 12. [5-x<2
13. [1-x>3 14, 2+x|>[1+24|
15. [5—x|<[1+x| 16. [1-2x|<Bx -1
17. [4x—2|>[2-3x] 18. |x+2|=2x -1
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2x+3 20. 2x—1<x?—4<12

6.11 Matrices and determinants
English mathematician Cayley introduced matrices in 1860’s. Matrices

become greater utility in many branches of mathematics.
Matrix: Is the rectangular array of numbers bounded by brackets. Matrices

are denoted by capital letters, A, B, C, D ...
The order of the matrix is the dimension of the matrix, which is determined

by order =rows x columns

a b
(@) Example the order of matrix A=|c d | is 3x2 which reads “3 by
e f
2” mean 3 rows and 2 columns.
2 3 4
(b) Example the order of matrix B=6 5 8 |is 3x3 matrix
5 8 1

Types of matrices
1. Row matrix: Is a matrix with only one row, i.e. A= (2 4 —6)
6

2. Column matrix: is a matrix with only one column, i.e. B=|7
2

3. Square matrix: Is a matrix with the equal number of column and

31
rows. Example: C =
4 2

4. Zero/null matrix: is a matrix with all elements zero. Example:

0 0O
D=
0 0O
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5. Diagonal matrix: a square matrix in which all non-diagonal (main
3 00
diagonal) elements are zero. Example: E={0 1 O
0 0 7

6. Identity matrix: Is a diagonal matrix with all diagonal elements are
one (1). It is denoted by /.

10 1 00
Example: X = orYy=|0 1 0
0 1

0 0 1
7. Scalar matrix: is a diagonal matrix, whose all diagonal elements are
4 0 O
equal. Example: A={0 4 0
0 0 4

Transpose of a matrix

In a matrix, when columns and rows are interchanged so that rows become
columns the new matrix formed is called a transpose.

a b
Example: If A =( dj then A transpose is denoted as A’, this is
c
a ¢
AT =

Questions
Find a transpose of each of the following:-

oo
RPN

1. A

3 4 -4
3. C=|2 0 6
79 1
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6.11.1 Matrices operations
Addition and subtraction
Addition or subtraction of the matrices is possible only if the matrices are of
the same order. If A and B are two matrices of the same order, then their sum
or difference (A+B) is defined as the new matrix in which the elements are

the sum of the corresponding elements of Aand B. If A= (a,-j) and Bz(b,--)

then A+B=(a,-j +b,»j) for Vij where iis columns andjis rows.

Example 65

5 1)mee(s 3] mem
If A= and B= determine (a) A+B (b) A-B
8 1 3 3
Solution
(z 7} [6 8} [8 15J
(@) A+B= + =
8 1 3 3 11 4
(2 7J (6 8} (—4 —1}
(b) A—B= - =
8 1 3 3 5 =2

Note that, matrix addition is commutative, thatis A+ B=B+A and
A—B#B—A where A and B are two matrices of the same order.

Example 66

7 -8 1 1 9 2
Given A=|6 7 —-1|and B=|-2 -1 3| find
2 -3 -8 2 4 5

(@) A+B (b) A-B

Solution

7 -8 1 1 9
(a) A+B=|6 7 -=-1|+|-2 -1

2 -3 -8 2 4 5
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8 3
A+B=|4 6 2
4 -3
7 -8 1 1 9 2
(b) A-B=|6 7 =1|-|-2 -
2 -3 -8 2 4
6 —-17 -1
A-B=|8 8 -4
o -7 -13
Question

Prove the associative law of matrices, thus
(a) A+(B+C)=(A+B)+C

(b) Show that A—(B—C)=(A—B)—C

Additive identity of matrices
Let A and B be any two matrices of order mxn, if A is a non-zero matrix and
A+B=B+ A=A then Bis called additive inverse of A, and B is a zero matrix.

a b 0 0
If A= and B= ,then A+B=B+A=A
c d 0 0

Additive inverse of matrices

Let A and B be any two matrices of order mxn, if A and B are non-zero
matrices and A+B=B+A=0 where O is a zero matrix, then A is called
additive inverse of B and vice-versa.

a b a b 0 O

Let A= and B= P d ,if A+B= + P g = , then
c d r s c d r s 0 O

A is additive inverse of B and vice versa.

Scalar multiplication of matrices

If a matrix of any order mxn is multiplied by a scalar quantity k, then all
elements of the matrix are multiplied by the scalar k.
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That is, if A=|-4 7 —6
8 2 -1
2 -3 4 2k =3k 4k
kA=kl -4 7 —-6|=|-4k 7k -6k, note that kis a number, not a
8 2 -1 8k 2k —1k
matrix.

Conversely: If the matrix elements have the common multiple, the common
number (multiple) can be factorized from each element of the matrix

ka kb a b
Thatisif A= thus A=k
kc kd c d

Note that, k(A+B)=kA+kB

Example 67

5 =2 2 6 7 2
fA=|1 3 —-7|andB=| 4 3 -2/ evaluate 2A+38B
8 =2 6 -3 2 -1
Solution
5 =2 2 6 7 2
2A+3B=2|1 3 =7(+3 4 3 =2
8 -2 6 -3 2 -1
10 -4 4 18 21 6
2A+3B=| 2 6 -14|+| 12 9 -6
16 -4 12 -9 6 -3
28 17 10
2A+3B=| 14 15 -20
7 2 9

Example 68

2 4 0 3
Given A+B= and A—B= find matrices A and B
3 5 2 4

Solution
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o5 e Jenely 4

Question

Show that 3(A+B)=3A+38

Multiplication of matrices

Multiplication of two matrices A and B is possible only if the number of
columns in pre-multiplier, A, (first) matrix is equal to the number of rows in
post-multiplier, B, (second) matrix.

Example 69
a ¢ X
Find AxB in A= and B=
b d y

Solution

AxB= X—(+ bx +dy)
Xb= =
y ax+cy bx+dy
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Solution

a b\x vy
AxB=AB=
c d\k r

ax+bk ay+br
cx +dk  cy+dr

Multiplication of 3 by 3 matrices
ap Gy 03 X1 X2 X3
Consider the matrices A=|b; by, by |and B=|y; Yy, V3
€1 & C3 21 24 23
oy G 03 X1 X2 X3
The product AxB=|by by b3 |x|y; Yy, Vy3|is
1 & G 21 2 I3
O1X1 +0yY1 +032] 01Xy +0y)5 +03Z;  01X3 +0,)3 +0323
AxXB=|bixq +byy; +b3z;y bixy+byyy +b3zy  byx3+byys +b3zz
C1X1 +CoY1 +C321  C1Xp +CoYy +C3Z)  C1X3 +CyY3 +C323

Example 71

01 2 3 4
Evaluate ABif A=|1 2 3|and B=|8 9
3 2 4 0o 2

Solution
0 1 2)2 4 Ox2+1x8+2x0 0x4+1x9+2x2
AB=|1 2 3|8 9|=|1x24+2x8+3x0 1x4+2x9+3x2
3 2 4) 0 2 3x242x84+4x0 3x44+2x94+4x2
8 13
AB=|18 28}
22 38

Why BA in this case is not defined?
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Properties of matrix multiplication

1. Matrix multiplication is not commutative, that is AB # BA

2. Matrix multiplication is associative, that is A(BC)=(AB)C

3. Let | be identity matrix, A be any matrix of the same order as /, then
Al=IA=A

4. Let A be the inverse of matrix B, then AB =/, where [ is |[dentity matrix

Orthogonal matrix

A matrix is said to be orthogonal matrix if AxAT =1 where | is an identity
matrix, A is any matrix of order mxn and AT is a transpose of A.

Example 72

1 2 2
IfA:1 2 1 -2 showthatAisorthogonal.
-2 2 -1
Solution
1 2 2 1 2 =2
A=l 2 1 olanda”=1 2 1
3 3
-2 2 -1 2 -2 -1
1 2 2 1 2 =2
r 1 1
AxAT == 2 1 —2|x=| 2 1 2
3 3
-2 2 -1 2 -2 -1
9 0 0) (1 00
AXATzéO 9 0|=|0 1 0O
009/ (oo 1

Therefore, A is orthogonal matrix.

Note that:
If a singular matrix is multiplied by another matrix (not necessary
singular), the resulting matrix is a singular matrix.
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a b X
Proof: Let the matrix A be ( j and let matrix B be ( yj which are
a b Xy
) ) a b X y a+x b+y
singular matrices, then A+B= + = therefore
a b X y a+x b+y

|A+8/=(a+x)b+y)-(a+x)b+y)=0

Question

a b X
Use A :[ b] and B =[ y] show that the following matrices has no inverses.
a Xy

i) A+38
i) 2A+3B
i) AB

iv) AB+28

EXERCISE 12: ALGEBRA
1. Determine (i) 2A + B (ii) 3A— 2B if

3 4) (6 7)
(a) A= and B=
1 0 9 2

21 2 8 7 1
(c) A=l1 2 1|andB=|2 0 O
321 21 3
2 1 -3 0o 2 -2
2. IfA=|2 -2 1|andB=|3 -4 0],showthat (4B) =8TA"
3 -2 1 3 -1 3
01 2 3 -4 5
3. Find (i) AB (i) BAif A=[2 0 1|andB=|0 -2 1
321 6 -2 -3
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X y x 4 5 X—y
4. If 2 = + findx, y, zand w
zZ W 2 3w z+2w 3w-1

a b d —b
5. Giventhat A= and B= find (i) AB (ii) BA
c d -c a

Determinant of 3 by 3 matrices

Only a square matrix has a determinant, (a reader should be familiar with the
determinant of 2 by 2 matrices). Simply the determinant of 2 by 2 matrix is
obtained by taking the product of elements of the leading diagonal minus the
product of the elements of the main diagonal.

Determinant is denoted by absolute value of the matrix name, |A| orby A.
Before we find the determinant, we shall first define the matrix direction sign,
these signs goes with the respective element of the particular position when
finding the determinant.

The matrix direction sign are definedas | — + -

+ - +
Here we shall discuss two ways to obtain the determinant of 3 by 3 matrix

a b o
Suppose the matrixis A=|a, b, ¢, |, the determinant of A is obtained
a3 by c3
a b o
as follows:- |A|=la, b, c,| taking the first row into consideration, all the
a3 b3 c3
first row elements become scalar factors of minor determinants formed by
excluding the elements of the row and column containing the scalar.

b, a, by _ . o
Al=+a +c . This depict that a 3 by 3 matrix is
| by e Yoy bs
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now decomposed to small determinants of 2 by 2 with a scalar outside them.
To obtain the determinant, obtain evaluate the small determinants.

Example 73 1 0 3
4

Find the determinant of the matrix A=|3 -2

0 3 2
Solution
1 0 3
Given A=3 =2 4
0 3 2
-2 4 3 4 3 =2
Al =+1 - +3
3 2 0 2 0 3

Therefore, the determinant is |A| =11

When a determinant of matrix is zero the matrix is said to be a singular
matrix.

Example 74 ) 3 1

Find the determinant of matrix A=| —3 2 —4

4 6 2
Solution
2 3 1
Given A=| -3 2 -4
4 6 2
2 -4 -3 -4 -3 2
|A|=2 - +1
6 2 4 2 4 6

|A|=2(4+24)-3(-6+16)+1(-18-8)

|A| =56-30-26=0, Matrix A is a singular matrix
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Inverse of a matrix

Minors and cofactors of a 3 by 3 matrices: Minor is a value of a determinant
obtained by deleting the row and column containing the element. Cofactor is
the value of the minor with its respective matrix direction sign.

Adjoint matrix is a transpose of the matrix of cofactor

Inverse of matrix is adjoint over the determinant of the matrix. Inverse of
matrix A is denoted as AL,

Adj(A)
det(A)
Any square matrix with none zero determinant has an inverse.

Example 75
3 -1 0

Find inverse of matrix Bif B=|2 -4 1

Mathematically, inverse of the matrix A7l = , provided det(A);tO.

0 1 3
Solution
3 -1 0
Step 1: Find the determinant B=|2 -4 1
0 1 3
-4 1 2 1 2 -4
| =3 —(-1 +0
1 3 0 3 0 1

8|=3(-12-1)+1(6-0)+0
Determinant |B| =—39+6=-33

The determinant is =33
Step 2: Find the cofactors matrix. A 3 by 3 matrix has 9 cofactors. Let the

3 .10 Al Ay A
cofactor matrix of matrix B={2 -4 1| be B =|A, As Ag
0 1 3 A, Ag  Ag

When finding the cofactors, we use the matrix direction signs but we
exclude the place element.

-4 1 2 1 2 -4
A1=+ 2—13, A2=— =—6, A3=+ 22,
1 3 0 3 0 1
A -1 0 3 A 30 9 A 3 -1 3
= — = =+ = = — = —
A I - > o 3 7 |
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-1 0 3 0 3 -
-4 1 2 1 2 -4
-13 -6 2

B =| 3 9 -3
-1 -3 -10

Step 3: Find the adjoint matrix, the transpose of matrix of cofactors is an

adjoint. That is (BC )T =adj(A)

—-13 3 -1
.
(BC) =adj(A)=| -6 9 -3
2 -3 -10
Step 4: Find the inverse of the matrix by taking adjoint over the determinant
-13 3 -1
pl-—L| 6 o _3
33
2 -3 -10

13/ -1/ 1
33 Al A?)
Therefore the determinant is 87+ = %1 _%1 %1

T A i

Questions
25 -1 4 g
(a) Use A= and B= to show that (AB) "+ =7tA~1
13 6 0
10 2 01 -1
(b) fX={1 2 0|andv=|1 2 3| showthat X Ty 1=(xx)!
111 01 -2
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EXERCISE 13: ALGEBRA

1 2 3
Ifthe Q=|0 1 4| isasingular matrix, show that c=4b-5a
a b ¢

2 3 -1
If the determinant of matrix P=[{ 0 -3 2 | is 12, show that y = %x
X y =2

a b 1 a
Given A= and B= if |A|=|B| and a=b=c show that
c d 3 b

d+2=a=b=c

1
Find the inverse of A=|0
2

w w O
(@ )

1 3 7 -3
If X= LZ j is the inverse of Y = (b 1) find the values of g and b.
a

cosx  sinx 17
If B= ) , Show that B~ ~ =8B
—sinx cosx

31 6 2
Given Az( ZJ and B=[4 j find the values of x and y given that
X y

AB =BA
-3
Given the matrix M=| 3 2 -3| find
-2 1 3
(a) The order of M
(b) The transpose of M
(c) The determinant of M
(d) The adjoint of M
(e) Theinverse of M
1

X+ 2
9. If ( 4 J is a singular matrix find the possible values of x.
X_
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a

5 2
10. The matrices A= and B=
0 3 C

b
d] are such that AB=A+8B.

Find the value of g, b, c and d.

1 -2 -1
11. Ifthematrix A=|7 0 -1 |Verifythat det A=detA”
1 -2 3
1 2 3
12. Find the inverse of the matrix A=|2 1 1
31 =2
13. Find the additive inverse of the matrix B if Bz(_s 69J
1 -3 1 0O 1 3 0 0 3
14. f A=|2 4 0|,B=/3 0 1 |andB=|3 3 0] find
3 -2 6 1 8 -7 1 1 4
(a) A+3B—2C

a
(b) AB+C—3!/ Where | is the identity matrix of order 3 by 3
(c) Is A(B+C) and AB+AC equals?

5 7 4 -5 2 -3
15. Show that if A= , B= and C= , then
-2 3 9 7 1 1

1
|A+B—2d=‘
39

6.11.1  Solution of simultaneous equations

Simultaneous equations can be solved in several methods; matrix (inverse)
method and Cramer’s (determinant) method are also used to solve a
simultaneous equations.

(a) Matrix method / inverse method
Consider the linear simultaneous of three unknown variables
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a1X+by+ciz=d;
a,x +byy+cyz=d, where all coefficients are constants.
a3X+bsy+c3z=d3

The augmented matrix is the matrix of the coefficients
01 bl Cl X dl
a b c|y|=d
03 b3 C3 Z d3

01 bl Cl X d]_
let A=|a, by, ¢, |, B=|y| and C=|d, | then from the result above,
03 b3 C3 z d3
AxB=C make B the subject to get, B=A"'C where B is a matrix of
unknowns x, y and z.

Example 76
X+2y+3z=6

Solve by matrix method {2x -3y +2z=14

3x+y—z=-2
Solution
X+2y+32=6
Given the equations {2x -3y +2z=14
3X+y—-z=-2
1 2 3\ x 6
The matrices |2 -3 2 =| 14
3 1 -1)\z -2
1 2 3 X 6
let A={2 -3 2|,B=|y|and C=]| 14
3 1 -1 V4 -2
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Using the rule B= ATl

L2 2 -3 2l P 2 2 -3
A=[2 -3 2|thus |A=1 - +3
1 -1 B -1 B 1
31 -1
|A| =50
ap Gy a3

Cofactors, let the matrix of cofactors be A =| a; a5 ag | then

a7 0dg dg
-3 2 2 2 2 -3
a; =+ 21, a, =— 28, 03 =+ =11
1 -1 3 -1 3 1
2 3 < 1 3 10 1 2 c
a - =9, Jc =+ = — , Az = — =
AT h -1 >3 1 ©7 3 1
2 3 13 1 3 4 1 2 .
a = , g = — =4, Qg =+ =—/.
773 2 87 2 27 -3
1 8 11
The matrix of cofactoris A= 5 —-10 5 | and
13 4 7
1 5 13
atoL -10 4
50
11 5 -7
X 1 5 13 6 X 50 1
B=|y|=L|s —10 4| 1a|=|y|=L|-100]=|-2
50 50
11 5 -7 )\=-2 Z 150 3

Therefore the solution are x=1, y=-2, z=3.
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(b) Cramer’s rule / determinant method
Cramer’s method was introduced by the first time by Gabriel Cramer 1704
— 1752. The method used to solve the system of linear equations with as
many equations as unknown variables, which is valid whenever the system
has a unique solution. Solving using Cramer’s rule, the solution is expressed
in determinant form.

ax+by+ciz=d;
Example: Suppose the system of linear equations <a,x+byy +cyz=d,
a3x +bgy+c3z=d3

Step 1: Form the matrix of coefficients (augumented matrix)

aq bl C | X dl
a b c|y|=d
as b3 C3 NZ d3

di b a di
dy b ¢ a, d ¢
A dy by ¢ A ay dy ¢
x=Bx o, 3 b3 ol Ay 93 d3 o
AO 01 bl Cl AO 01 bl Cl
a by ¢ a, by ¢
a3 bz C3 a3 bz c3
ap by dp
02 bz d2 o b c
A, o by ds 1 b
I=—%-=>7z= where la, b, ¢,|#0
0 a by
a3 by c3
a b o
a3 by c3
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Example 77

Solve by Cramer’s rule 3x —2y+4z=-8

X+2z=-2
Solution
1 3 1) x 5
3 =2 4|y|=|-8
1 0 2\ z -2
5 3 1
-8 - 4 -2 4 -8 4 -8 =2
- +1
-2 0 2 0 2 -2 2 -2 0 0
X = = :—:O
1 3 -2 4 3 4 3 -2 -8
1 -3 +1
3 -2 4 0 -2 1 -2 1 0
1 0 -2
1 1
3 - 4 -8 4 3 4 3 -8
1 -5 +1
1 - -2 2 1 2 1 -2 -16
y: = = :2
1 3 1 -2 4 3 4 3 -2 -8
-3 +1
3 -2 4 0 -2 1 -2 1 0
1 0 -2
1 3 5
3 =2 -8 -2 -8 3 -8 3 =2
-3 +5
1 0 -2 0 -2 1 -4 1 0 8 1
“h o3 1 -2 4 B 4 B -2 -8
-3 +1
3 -2 4 0 -2 1 -2 1 0
1 0 -2

Therefore x=0, y=2 and z=-1
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Types of solution of linear simultaneous equations
Note that:

1. If the number of equations is greater than or equal to the number
of variables (unknowns) in a linear system of equations, then one
of the following is true:

(a) The system has no solution.
(b) The system has exactly one solution.
(c) The system has infinitely many solutions.

2. If there are fewer equations than variables in a linear system, then
either the system has no solution or it has infinitely many solutions.

3. Ifthereis arow in an augmented matrix containing all zeros to the
left of the vertical line and a nonzero entry to the right of the line,
then the corresponding system of equations has no solution.

(@) Unique or exactly one solution (Consistent solution)

a1 X +by+ciz=d;
Consider the equations {a,x +byy +cyz2=d,
asx +bgy+c3z=d3

aq b1 C1 | X dl
The equations can be writtenas |a; by, ¢ |y |=|ds |,

as b3 C3 \Z d3

a by ¢
Then the equation has unique solution if jo, b, c,[#0

Example 78

Determine whether the equations has unigue solution or not
3X+y—z=4

a3 by c3

x+y—z=2 if sodetermine the solutions.
X+3y+2z=9

Solution
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3x+y—-z=4
Given X+y—z=2
X+3y+2z=9
31 -1)«x
11 -1y
1 3 2)\z
31 -1
1 1 -1=3
13 2

Since the determinant of matrix,

a unique solutions.

The solutions by Cramer’s rule

A A
X:_X, y:_y

Ao Ag

4 1 -1

2 1 -1

9 3 2l 10
X = :—:1’

3 1 -1 10

11 -1

1 3 2

3 1 4

11 2

1 39 10
Z:—:—:l

3 1 -1 10

11 -1

1 3 2

4
=2
9
-1 1 -1 1
- -1 =100
2 1 2 1 3
31 -1
1 1 -1/ isnotzerothe equations has
1 3 2
A
and 7=—%
Ag
3 4 -1
1 2 -1
1 9 2l 20
y = =—=2 and
3 1 -1 10
1 1 -1
1 3 2
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The solutionsarex=1, y=2 and z=1.

x—4y+2z=2

For what value of p is the system of equations <4x+3y+2z=1 have no

X+py=-3
unique solution?
Solution
X=4y+2z=2
Given Ax+3y+2z=1
X+py=-3
1 -4 2\x 2
4 3 2ly|=
1 p o\z) |\-3
1 -4 2
For the system to have no unique solution |4 3 2|=0
1 p O
3 2 |4 2 |4 3
1 +4 +2 =0=-2p—-8+8p—-6=0
p O 1 0 1 p

7
6p—14=0=>p= 3 for the system of equations to have no unigue solution,

PZE

(b) Infinity many solution (Consistence with many solutions)
Infinity many solution happens when all lines coincides. Consider the lines
x+3y=4
2X+6y =28
The lines are coincides, and have so many common points which are called
many solution, the possible set of solutions of the equations are as shown in
this table below
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X 1 4 0 3 22
y 1 0 4/3 1/3 6
There are many more sets of x and y which satisfy the two equations.
Using matrix, to determine whether the equations given has many solution
x+3y=4

or not, consider again the same equations above {

=z o))

4
A, =

2x+6y =8

3
6 =24-24=0, because determinant obtained by replacing the

column of x has also zero determinant, then the equations has infinity many
solutions.

4 3 1 4
A 8 6 A 2 8
Because, x:—X:—:9 and y:—y:—:9 leads to
Ay 1 3 0 Ag 1 3 O
2 6 2 6

undetermined condition, which conclude that the equations has infinity
many solution.

The solutions of the equations can be obtained by letting x =t, so that

1
y:§(4—t) where tis any real number.

a1X+by+ciz=d;
Now consider the equations ya,x +b,y+cyz=d,

a3X + b3y +c3z=d3

aq bl C1 | X dl
The equations can be writtenas |a; by, ¢, |y |=|ds

as b3 C3 \Z d3

aq bl C1 X dl
Llet A= a, bz Cy |, B= y and C= dz
as b3 C3 V4 d3
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Note that: If, Adj(A)xC =0, where 0 is zero matrix the equations are
consistent with infinity many solutions and if Adj(A)xC #0 then the system
has no solution.

Example 80

3x+y=5
Show that has infinity many solutions
6x+2y =10

Solution

) 3x+y=5 3 1)x 5
Given = =
6x+2y =10 6 2)\y 10
31 X 5
Let A= , B= and C=
6 2 y 10

Many solution test, Adj(A)xC =0 (zero matrix)

Adj(A)= [_2 _3

Adj(A)xC = (_é —;JEOJ ) @

Therefore, the system has infinity many solutions.

3x+y=5
From
6x+2y =10

Then 3x+y=5 therefore, y=5-3x,if x=t then y=5-3t.

Example 81 X+2y+z=1

Determine if the equations {2x+4y+2z=2 has unique or many solutions.

—-x=2y—-z=-1
Solution
1 2 1)x 1
2 4 20yl=| 2
-1 -2 -1)\z -1
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For unique solution

1 2
2 4
-1

-2

1

2|=1

-1

1
2

-1

-2

-1

2
4

-2

1
2|#0
-1
2 2
-1 -1

+1

2

-1

4

=0 since determinant is

zero, the equations has no unique solutions, it can either have many
solution or no solution.
To test for many solution use the undetermined condition of 0/0,

1 2 1

4 2 2 2 2 4
2 4 2|=1 -2 +1

-2 -1 -1 -1 -1 -2
-1 -2 -1

X =

1 2 1

4 2 2 2 2 4
2 4 2|=1 -2 +1

-2 -1 1 -1 1 -2
-1 -2 -1

oo

Because the system lead to undetermined condition, then the equations has
infinity many solutions.

(c) No solution
o X+by+ciz=d;

The systems of equations 3a,x+ b,y +c,z=d, are said to have no solution

a3X +byy+c3z=d3

a by
if 02 b2 CZ =0 and Adj(A)XCiO
a3 b3 c3

Example 82

Show that the system of equations

2x -3y =7
has no solution.

4x -6y =10

Solution
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2x =3y =7 2 —-3)\x 7
thus =
4x—6y =10 4 -6)y) (10
2 -3 X 7
Let A= , B= and C =
4 -6 y 10

Adj(A) = (:i z]

Adj(A)xC = [:j iJUOJ = (: ;zj #0

Therefore, the equations has no solution (inconsistent).

Example 83

X+2y+z=4
Show that {3x+4y+2z=7 has no solution.
X—=2y—z=5

Solution

X+2y+z=4
Given 3x+4y+2z=7

xX—=2y—z=5
1 2 1) x 4
3 4 2|\yl|=|7
1 -2 -1)\z 5
1 2 1
Find the adjointof |3 4 2
1 -2 -1
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ap Gy a3
Let the cofactors matrix be A =|a, as ag

a7 dg dg

4 2 3 2 3 4
al—+_2 _1=O, 2=—1 _1=5,a3=+1 _2=—10,
2 1 1 1 2
=, 0, as o ——2,06=—1 =4

2 1 1 1 2
a7—+4 2=O,08=—3 1,c79=+3 4=—
0 5 -10
A°=l0 -2 4
0o 1 =2
0O 0 0
Adj(A)=| 5 -2 1
-10 4 -2
0O 0 0)4 0
Adj(A)xC=| 5 -2 1|7|=] 11
-10 4 -2)\5) (-22

Therefore, Adj(A)xC # 0, hence the equations has no solution

Example 84

Find the relation connecting p and k so that the system of simultaneous
X+y—pz=4

equations 13x+2y+z=3 has no solution
5x+4y+6z=k

Solution
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X+y—pz=4 1 1 —-p\x 4
3x+2y+z=3 thus|3 2 1 |y|=|3
Sx+4y+6z=k 5 4 6 )z k
1 1 —p
Ag=3 2 1
6
1 -
P 2 1 31 3 2
A, = 2 1|=4 — -p #0
4 6 |k 6 |k 4
4 6
32-18+k—12p+2pk#0
The required relation is 12p—2pk—k =14
X+2y+z=7
Solve forx, yand z {3x+y=-2
5x+5y+2z=12
Solution
X+2y+z=7
Given 3x+y=-2
5x+5y+2z=12
1 2 1)\x 7
31 0fyl=|-2
5 5 2)\z 12
1 21
2 1 |11
Ag=13 1 0=-3 +1 =3-3=0
52 |5 2
55 2
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The original determinant is zero, this means equations has no unique
solution, can either have infinity many solutions, Adj(A)xC =0 or hasno

solution, Adj(A)xC#0
a g 03

Let A“=|a, a5 ag | be the cofactors matrix,

az dg dg
1 21
FromA=|3 1 O
55 2
10 30 1
a1 c 2: , 0y & -6, a3 =+ ‘—10,04=—5 =1,
11 1 2 2 1 11
a5—+5 2:—3,06:—5 5:5,a7z+1 O:—1,08=—3 O=3,
2 -6 10
09:+3 1‘:—5 then cofactor matrix become, A“=| 1 -3 5] the
-1 3 -5
2 1 -1
adjoint of Ais Adj(A)=| -6 -3 3
10 5 -5

2 1 -1\ 7
Adj(A)xC=| -6 -3
10 5 -5) 12

w

|

Il
o O O

Because Adj(A)xC =0, the system is consistent with infinity many solutions.

X+2y+z=7
These solutions can be obtained by letting x =t, {3x+y=-2
5x+5y+2z=12

From x+2y+z=7 = z=7—x—2y because x =t it become z=7-t—2y
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From 3x+y=-2 then y=—2-3x=>y=-2-3t

Form the two equations above, z=7-t-2y and y=-2-3t substituting y
in an equation containingztogetz. z=7-t—2(-2-3t), z=11+5t

Therefore the solutions are x=t, y=—2-3t and z=11+5t

(d) Trivial and non-trivial solution

a1X+by+ciz=d;
Consider the system of equations {a,x +byy +cyz=d,
03X+b3y+C3Z = d3

a b o
If dy =d, =d3=0 and |a, b, ¢,|=0 the equations are called trivial
as b3 C3

equations, where x=y=z=0 are called trivial solutions.

Non-trivial solution is a non-zero solution of the equations.

Example 86 x+y—-z=0
Find a non-trial solution of the following equations <5x—y—z=0
dx+y—22=0

Solution

x+y—-z=0
Given 5x—y—z=0

4dx+y—-22=0

1 1 -1Y«x 0

5 -1 -1|y|=|0

4 1 =-2)\z 0
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1 1 -1
-1 -1 5 -1 5 -1
Test: |5 -1 -—-1=1 — -1 =0
1 -2 4 -2 4 1
4 1 -2

The equations has trivial solutions x=y=2z=0
To get a non-trivial solution, let x =t

x+y—-z=0
Add the first two equations +

5x-y-2z=0
6x =2z which leads to z=3x =z=3t

Choose any equation and make y the subject, here equation 3,
Ax+y—2z=0

y=2z—4x,given, x=t and z=3t y=2(3t)—4t = y=2t

Therefore, the non-trivial solutions are x =t, y =2t and z=3t. Where tis
a real number.

Questions
1.  When visiting an insane asylum, | asked two inmates to give me their ages. They
did so, and then, to test their arithmetical powers, | asked them to add the two
ages together. One gave me 44 as the answer, and the other gave 1,280. |
immediately saw that the first had subtracted one age from the other, while the
second person had multiplied them together. What were their ages?

2. Aman and his wife had three children, John, Ben, and Mary, and the difference
between their parents' ages was the same as between John and Ben and
between Ben and Mary. The ages of John and Ben, multiplied together, equalled
the age of the father, and the ages of Ben and Mary multiplied together equalled
the age of the mother. The combined ages of the family amounted to ninety
years. What was the age of each person?
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EXERCISE 14: ALGEBRA
2x+y+z=180
1. Use the matrix method solve for x, y and z from §x+3y +2z=300
2X+y+22=240
Verify the solutions by Cramer’s rule.
2. Solve the system of simultaneous equations by either method
2Xq +4xy +6x3 =22
3x1 +8xy +5x3 =27
—X1+Xy+2x3=2
3x—-2y+8z=9
3. Solve for x, y and z by inverse method {—2x+2y+2z=3
X+2y—3z=8
2y+3z=7
4. Solve the system of simultaneous equations {3x+6y—12z=-3
S5x—=2y+2z=-7
X+y—-z=-3
5. Solve by Cramer’s method {3x+y+2z=9
dx-3y+z=1

Examine the consistence of the following simultaneous equations

S5x—y+4z=5 3X] =Xy —2x3 =2
6. 92x+3y+5z=2 7. 12x9 —x3=-1
5x-2y+6z=-1 3x1 —5x, =3
X+3y+5z=10 Ax+8y+2z=8
8. 3x+2y—z=7 9. 5x—-y—-3z=4
Ax+5y+4z=17 3x+5y+z=7
7x+3y+4z=30 X+2y+3z=4
10. yx+8y—4z=80 11. 34x+5y+62=10
6x -5y +8z=25 5x+7y+9z=14
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12.

Ex+4y+8z=2

Adx+3y+5z=1

X+2y—3z=-2

—12x+4+5y—z=-3 13. {3x—-y—-2z=1

2X+3y—-5z=-3

14. Find the value of k for which the system of equations

xX+y+5z=11

2x+2y—z=3 have unigue solution

kx+y—3z=1

Find a non-trivial solution of equations

X+2y+3z=0 2x—y+4z=0
15. <4x+5y+62=0 16. §3x+4y+12z=0
5x+7y+9z=0 7x—=9y+8z=0
dx-2y+2z=0 Ax+7y+2z=0
17. <3x+4y+7z=0 18. <3y—2z=0
x+5y+62=0 Adx+7y+2z=0
2x+4y+8z=0 7x+3y+4z=0
19. <=3x+5y-z=0 20. yx+8y—-4z=0
x+3y+5z=0 6x-5y+8z=0
X a XxX-—
21. Showthat|y b y—b|=0
zZ ¢ z-—
g a a
22. Provethat|a b bl=a(b—a)(c-b)
a b ¢
Question

A number is made up of two digits. The sum of its digits is 11. If the digits in the original
number are interchanged, the original number is increased by 9. Find the number.
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6.11.3 Properties of determinant

Property 1
If columns are changed to rows or rows to columns, the value of
the determinant remain unchanged. (Determinant transpose).

a b
Let matrix A =[ dj the determinant is det(A)=ad —bc. Let A
c

a c
transpose be ry :(b dj the determinant is det(AT):ad—bc shown

a b o
For a 3 by 3 matrices, let A=|a, b, ¢
a3 by 3
ap b
Determinant of A is |A| =l b, ©
a3 by 3
The determinant of A using the first row is
det(A)=a, Z Z b, Z; Z ‘e Zi Z

det(A)=a,1byc3 —a1bsc, —aybic3 +a3bicy +ayb3¢1 —a3bycyg

ap Gy a3
Let the transpose of A be A’ = by b, b3
G G G

ap G 03

Determinant of transpose of A is |A| =b; b, b3

1 G G
Determinant of transpose of A using the first column is
b, b a, a a, a
det(AT)=al 2 P3|y 92 G, (2 O
C €3 C; €3 by b3

det(AT)z alb2C3 —01b362 —02b1C3 +G3b1C2 +C72b3C1 —G3b2C1 hence
proved.
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Property 2
If two rows or columns has identical elements, the value of the
determinant is zero.

Proof:
a a
1. Letthe determinant be |A|=b =agb—ab=0
a a a
2. Let the determinant be |4| N T
. Let the determinant be |A|=|a al=a —a +a =
b b b b b b
b
Find the determinantof A=|2 2 2
51 6
Solution
2 2 2
2 20 12 20 |2 2
Al=]2 2 2/thus |A=2] |- +2
1 6/ |5 6 1 6
5 1 6

|A|=2(12-2)-2(12-10)+2(2—-10)
|A/=20-4-16=0
Property 3

If a scalar number is multiplied to the determinant, that scalar is
multiplied to only one row or one column of a determinant.

Thus,
01 02 03 kal k02 k03 kal 02 03
Let k|A|:kb1 bz b3 = bl b2 b3 = kbl b2 b3
€1 Cp ¢c3] |6 ¢y c3| |keg ¢ 3
Vice-versa is true.
Property 4

Interchanging rows or columns of the determinant changes the
sign of the determinant.
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a1

&1
Proof

01
Let Al = bl

1

as

&)

a

by
)

a3

3

as

b3_

c3

:—al

G

b, b3

g 03

6 €3

bs by b by by
—Gz +G3

C3 S ) 1 O

A1 =a;(byc3 —bscy)—a;(bics —bscy )+ az(bycy —byey )

by

Let Ay =|n

G

by
a;
%)

bs
asz| = bl

C3

a;

%)

a3 a; 03 a o
-by +bs
C3

€1 €3 1 G

Ay =by(ay¢3 —a3c; )by (arc3 —ascy )+ by (arc; —aycy )

Ay =~y (byc3 —b3c; )+ ay(bycs —bscr )~ as(bicy —byer)

Thus Al = _AZ

Property 5

If each element of one row or column of the determinant is
multiplied by constant, and the results is added or subtracted to
the other row or column, the determinant is unchanged.

2
That is |by
€1

number.

Proof

a1
Let Al = bl

€1

a;
by
%]

a3 a1
b3 = bl +k(]1
C3 &1
a

3 by
b3 201

(%)

&

02 03
b, + ka, by +kaz| where k is any real
) C3
b3 by by by by
—02 +C73
c3 61 G 1 G
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Ay =ay(byc3 —b3cy)—a;(byc3 —bscy )+ az(bycy —byey )

0 a a3
Let Az = bl +k01 bz +k02 b3 +k03

€1 (%] €3
b2 +k02 b3 + k(73 b1 +ka1 b3 +ka3 b1 +k01 bz +k02
AZ 201 —02 +G3
(%] c3 €1 c3 1 %)
Ay =ay (byc3 —bscy)—a;(brcs —bscy )+ az(bycy —byey )
Hence Ay = A,
Property 6

If the elements of one row or column of the determinant are
multiples of the other row or column, then the determinant is
zero.
a G 03

Thatis [2a; 2a, 2a3|=0
G G  C3

Proof
a1 G 03
2672 203 201 203 201 2672
A=2a; 20, 2a3|=0q -0y +a3
6 (3 €1 C3 G O

G & C3

A= al (202C3 _203C2)_02(201C3 _203C1)+03 (201C2 —202C1)
A:20102C3 —20103C2 —20102C3 +20203C1 +20103C2 —20203C1 =0
Thus, A=0
Property 7

Product of two determinants is equals to the product of individual

determinant.
X1 X2

Y1 ¥

a 0

If A= and B= then det(AB)=det(A)xdet(B)

by b3

103 |Algebra



Algebra

Example 88 1 X X2

2
Using the properties of determinant, show that (X 1 x|= (1 —X3)2

X X 1
Solution
1 x x2
X2 1 x|>C =0 +Cy+Cy
X x2 1
1+x+x2 X x2 1 x xz
:1+x+x2 1 X=(1+X+X21 1 X
1+x+x2 x2 1 1 x 1
1 x x2
(1+x+x21 1 x
1 x2
Lox XZ Ry =R, —R
(1+x+x21 1 x :{RZ_RZ Rl
1 XZ 3713 1
1 X x2

=(1+x+x2 1-1 1-x x—x2

1-1 xz—x 1—x2

1 X x*
(1+x+x2 0 1-x x(1-x)
0 —x(1-x) (1—x)(1+x
1 x  x

=(1+X+X2X1—X)(1—XO 1 X
0 —x 1+x
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1 X

(1+X+X2X1—X)2
-x 1+x

=(1+X+X2k1—x)2(1+X+X2)

:(1+x+xzkl—x)2 =(1—x3’)2 hence shown.

Example 89 0 xy2 X22

2 2
Use the determinant properties, show that X'y 0 yz ZZ(X)/Z)3

X’z yzz 0
Solution
xy2 xz°
Given X2y 0 yz2
X’z yzz 0
0 xy2 xz° 0 x
xzy 0 yz2 =x2y222y 0 vy
X’z yzz 0 z zZ
0 x—x x

=C,=C,~C3=(2)’ly 0-y y

z z-0 z
0O 0 «x
=(xyz)2y -y vy =(xyz)2(x(yz+ yz))=2(xyz)3
z z O
Hence shown.
X y z
Prove that |x* y2 72 =xyz(x—y)(y—z)(z—x)
X3 y3 3

Solution
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X y z 1 1 1
x° y2 2 =xyz|x y Z :>R2:R2_R1
JERY R 22 P R3 =R3 =Ry

1 0 0
=xyz| X y—X Z—X

x? (y—x)(y+x) (z—x)(z+x

1 0 0

xyz(y—x)(z—x) X 1 1 =Xyz(y—x)(z—x)(z—y) hence shown

x? V+X Z+X

EXERCISE 15: ALGEBRA

1. Use any 3 by 3 determinant; prove that when columns or rows are
interchanged the determinant changes the sign.

1xx2

. . . 2
2. Use determinant properties factorize |1l y Y

1zz2

lww2

3. Showthat |[w w? 1|=w’+w+1=0
w? 1w
y+z x y

4. Provethat |z+x 2z x=(x+y+z)(x—z)2

xX+y y z
a b ¢ a bc a®
5. Factorize|c a b i ’
actorize ‘ 6. Factorize |p ac b
c a c ab ¢
1 1 1 X X3 X4
7. Sh a b c )
ow that AR 8. Factorize |Y )’3 y
a® b ¢ ; 2 7
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9. Show that

10. Show that

y X X+y
X+y y X |= 2()(3 - 03)
X X+y y
(y+z)2 x? x°
y2 (x + 2)2 y2 = 2xyz(x +y+ z)3
7z 7z (x+y)2
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6.12 Binomial theorem
Pascal’s triangle
Consider the following expansions
1+x)0 = 1

1 1+x

1+2x+x2

[N
+
<

= 1+4x+6x2+4x3+x5

[ERN
+
>

(

(1+x) =

(1+x)" =

(1+X)3= 14+3x+3x% +x°
(1+x)

(1+x)

=1+5X+10X +10x +5X + X

Taking the coefficients of the expansion above we form the following
triangle

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

This triangle is called Pascal’s triangle. It was introduced by a French
mathematician and philosopher Blaise Pascal, who lived 1623 —1662. This
triangle can be extended by adding the upper two numbers of the triangle.
The coefficient of any expansion are given in a Pascal’s triangle. Where the
powers of x are increasing.

When n is a positive integer.
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(1+x)" :1+%X+n(n—1)xz+n(n—13)|(n—2)x3 +...+x" which in short

2!
form can be written as
1+x)" =" Cox® +" x4 X+ A Cox A+ C X where
nl
n _
C =

(n—r)r!

So when n is a positive integer the expansion gives a finite series called
binomial expansion.

When n=4

(1+x)* =1+4x+6x> +4x> +x* simplified series become

4

(1+x)" =1+4x+6x* +4x> +x* the series terminate when x reaches

the power of 4.

Note that, in the expansion (1+x)4 =1+4x+6x% +4x> +x* , n=4 and

the number of terms is 5. So that when n is a positive integer the expansion
will have (n+1) terms.

When n is a negative integer is the numerator of the coefficient will never
contain a factor zero. In that case (n—r+1) will never be zero, therefore

the expansion does not terminate and the results is an infinity series.
These results apply when n is a fraction.

Generally,

n-1 n-2 n-3
o e+ 1 p 0 o1k

1 2! 3!

b +.. . +b"

Example 91

Expand (2+X)5
Solution
Using binomial theorem

Q+x)="¢, (25)x° +C, (24 )x +C, (23)x2 +C (22)x3 +C, (21 )x“ +Cq (20 )x5
(2+x)° =32+80x+80x> +40x> +10x* +x°

Example 92
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Expand (1—2x)_4 up to the term containing x4

Solution

n(n— l)x2 N n(n—1)n- 2)x3 .

Using (1+x)" =1+nx+ - 3 +..+oo

4 —4(-4-1)-2x)* -4(-4-1)(-4-2)(-2x)?
(1-2x)"" =1+ (-4)(-2x)+ . + 2 +

—4(-4-1)-4-2)-4-3)-2x)* .
41

(1—2x)™* =1+8x+40x? +160x> +560x*

Note that if n is negative, combination formula cannot be used, because
(=n)! is not defined, likewise when n is fraction.

Example 93

Expand (2+x)™} up to the term contain x*
Solution

To easy expansion, we re-write the expansion as

(24 ) :(2(1+§D‘1 :2—1[1+§)_1 =%(1+§j—1

B O O RO

)
O B GG

Example 94
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Expand (X+y)10 in descending powers of x up to the term containing x®

Solution

10x9x8y%  10x9x8x’y> 10x9x8x7x%y*
+ + +...

10 _ 10 9
(x+y) =x +10x"y + 3l 2 2

(x+y)10 = x10 +10x9y+45x8y2 +12Ox7y3 +210x6y4 +...

Example 95

Use the binomial theorem to expand (3+X)7 and use the results to

estimate the value of (3.045)7 correct to 7 significant figures.
Solution

B3+x) = (3[1 + gjy = 37(1 + gy

Expanding up to the term containing x~ and ignore the higher terms,

7 2 3 4
37 1+£ _37 1+7_X+7><6 X +7><6><5 X +7><6><5><4 X 4
3 3 21 \3 3! 3 41 3

7
37(1+£) :37(1+7—X+Zx2 132,335, +)
3 3 3 27 81

4

7
37(1+§j =2187+5103x +5103x2 +2835x> +945x* + ...

From (3.045) =(3+0.045)" =(3+x)’
Then x =0.045

7
37(1+§j =2187+5103x +5103x% +2835x> +945x* + ...

Thus (3.045)" ~2427.231

Example 96

Use binomial expansion find the value of (2.007)9 correct to 4 decimal

places
Solution
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Let expand (a+b)"
n—1)a""2b? N n(n-1)n-2)a">p>
2! 3l

(@+b)" =a"+na" b+ nl

Ignoring the higher powers

9x8x2’ x(0.007)

+...

(2.007)° =(2+0.07)° =2° +9x2% x(0.007)+ 2I

9x8x7x2° x (0.007)3
+ 3 +

(2.007)? =512 + 16.128 + 0.225792 + 0.001843968 = 528.3556

Example 97

. . 6 .
Use binomial theorem, expand (2+x+x2) as far as the term containing

X4

Solution
Given (2+x+x2)6
Let b=(x+x2)

From (a+b)" =a" +na" b+
2! 3l
6x5x2* xb?  6x5x4x23xb’
+ +..

(2+b)° =2°+6x2°xb+
2l 3l

(2+b)° =64+192b+240b” +160b° +...
(2+x+x2)6 =64+192(x+x2)+240(x+x2)2 +160(x+x2)3 +..

(2+x+x2)6 =64+192x+432x” +640x> +720x* +...

n=2,2 n-3,3
n(n—-1)a"*b +n(n—l)(n—Z)a b L
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Coefficient of the terms in binomial expansion
To find the coefficient of a particular term in the binomial expansion of

the form (a+b)", use the formula Coef =" C,a""b" where ¢ is the
position of the term required and r<n

Example 98

Determine the coefficient of the of the term containing x> is the

expansion of (3 + 2)()15

Solution
The formulais C="C,a""b"
c =1 c(3)'°°(2)° =96096x31°

The coefficient is 5,674,372,704

Example 99

11
Determine the constant coefficient in the expansion (Z—ij

Solution

The constant coefficient is the coefficient with the term containing x°
11
It is easily obtained, since is the first term of the expansion (2 _Z Xj

which is 211 =2048

Example 100

Write down the coefficient of the constant term of the expansion

10
(3)( - j
4x

Solution
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10
Given (3x —4—) . The constant term of the expansion is the term with
X

10—r=5 thus r=5

By using C=" C,an_rbr

5
The coefficient become ¢ =10 ¢c (3)5(1] _ 15309

4 256

Example 101
4

6
Find the constant coefficient of the expansion (3)(2 —5—j
X

Solution

6
Given (3)(2 _Sij then C="C,a" b’
X

c=°c, (3x2 )G_r (— ;ix]r
c=t ¢, [2f” (— %)r X!

For the constant term, x°
X127 =0 thus r=4

4
The coefficient is ¢ =° o (3)2(_ i) _56912

5 125
Example 102

Find the ratio of the term having x* and that of x® in the expansion of
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13 139 1 ° 1)’
C Colax)™ (_3j 715  4%x* (_3j
The ratio is =4 = =

= X X
C 1) 1716 4%° Y
6 13C7(4X)13—7(_3j (_3)

~ 715 715
1716x4°x? x3%2  247104x°

The required ratio is 715:247104x>

Example 103

In the expansion (3x —y)30 as a series in ascending powers of y find

(a) The term containing x3
(b) The 8™ term

Solution

@ Tr = CrX3O_r(_y)r
The term containing x° is the term for which 30— r = 3, thus
r=27
Thg =0 x> (—y)?” = —4060x3y?’

(b) Since the first term of the series is the term with r =0, the 8"

term is the term with r=7.

Ts = C,x*%7 (—y)’ thus Ty =—2035800x23y’

Binomial theorem for any index

So far, we have discussed the binomial theorem when n is a positive
integer, here we will check the expansion when n is any index.

Example 104

Use the binomial theorem to expand in ascending powers of x as

1+x

far as the term containing x°
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Solution

Given

=(1+x)?t
1+x (+X)

From (1+x)" =1+nx+

2 3
n(n - |1)x N n(n - l)g/'v - 2)x N

(L2 =14 (=1)x L CDEL-1) +(_1)(_1_16)(_1_2)X3 .

(1+x)_1 —1—x+x2 =X +xt =X 4.

Example 105

Obtain the expansion of (2 +X)_2 in ascending powers of x as far as the

term with x> and determine the values of x for which the expansion is
valid.

Solution

n(n—1)a"2p? .

Refer the general expansion (a + b)n =a" +na" b+ S

Using the expansion above, we get

(2+ X)—z _92 (- 2)(2)_3)( + (=2)- 32)!(2)_4)(2 n (=2)- 3)(;!4)(2)_5)(3

+...

o 1 1 3 1
(2+X) 2 ZZ—ZX+EX2——X3+...

To determine the validity of the expansion, compare the expansion with

(a+b) =a”(1+9j,7

a

Q+x)? = (2(1 + %XJJ_z = 2‘2(1 + %xj_z
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From the expression above, for the expansion to be valid, use the

interval —1<é<1,forthis case —1<%x<1 which leadsto —2<x<2.
a

Example 106

Find the first 4 terms of the expansion 32-3x using binomial theorem
and state the values of x for which the expansion is valid.
Solution

1\ 1242
From (a+b)" =a” +na”‘1b+W+
RS 3
2-3x=(2-3x)3 =23 +3 23 |(-3x)+

2 5 8

1
37 3x=23-23x-2 3x2—%><2 3x3 ..

1

1
1 = 3x )2
Consider, (2—3x)§ =23 (1—%)3 , the validity of the expansion holds

when —1< 37)( <1 therefore the expansion is valid when —% <x< %,

thus |x|<z
3

6.13 Partial fractions
A rational function is a fraction in which both the numerator and
denominator are polynomials. The function, which can be expressed as

(x)
f(X)=g— where g(x) and h(x) are both polynomials. Partial fractions is

h(x)

the decomposition of fractions into sum of other simplified fractions.
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Proper fraction with linear factors in denominator

p(x)
x—a)x—b).(x-z
constants, then the function can be expressed as the sum of the
simplified rational functions as,

Consider the function ( ) wherea, b, ¢, ...,.z are

plx) A B+c++_h ae
x—a)x=b).(x-2) x-a x-b x-c = x-z ,B,C ..,
( )( )( ) where

Z are real numbers.

p(x)=(x—a)(x—b)(x—c)...(x—z)( AL, B, C +...+L)

X—0 X—-b x-c X—2Z
Example 107

2
Express m into partial fractions
Solution
- 2 A N B
iven =
(X—lXx+2) x=1 x+2
2=A(x+2)+B(x-1)
When x =1
2=3A:>A=z
3
When x =-2
2382
3
2 2 2

Therefore, ( x+2) 3(x-1) 3(x+2)

Example 108

x—3
Resolve 5~ as partial fractions
X“+x-6

Solution
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Factorize the denominator x° +x—6 :(X—Z)(X+3)

Xx=3 Xx=3
¥ 1x—6 (x—2)(x+3)
x-3 A B

(x—Z)(x+3)_x—2+x+3

x=3=A(x+3)+B(x-2)

A+B=1 .
Compare the exponents solve simultaneously
3A-2B=-3
Then, A:—1 and B:é
5 5
X—=3 6 1

Therefore, R = 5(X+3)— S(X—Z)

Example 109

x2—3x+1
+5x% —6x-9

as partial fractions

Express 3
2Xx

Solution

Factorizing 2x3 +5x% —6x—9= (X+1)(2X—3)(X+3)
x? —3x+1 _ x? =3x+1

23 +5x% —6x—9  (x+1)2x-3)x+3)

x> —3x+1 __A ., B  C
X+1)N2x -3 )x+3 x+1 2x-3 x+3
(x+1)2x =3)(x +3)

x? =3x+1=A2x—3)x+3)+B(x +1)x+3)+C(x+1)2x—3)
When x=-1
5=A05X3:>A=—%

When x =-3
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19
19=C(-2)-9 then C=—
-2%-9) o

When x=1

1-3+1=A-1)(4)+B(2)(4)+C(2)(-1)

1=—4A+8B-2C
1 19
But A=—L and c= =2 thus —4(——)+8B—z(—)=—1
2 18 2 18
2+88-22 =1 theng=—1
9 9
x? —3x+1 1 1 19

Theretore, Y ox 3 x+3)  20x+1) 9(x—3) 18(x+3)

Example 110

Express i+

as a single fraction
x—2 x+1

Solution

This can be done as follows,
3 2 3(x+1)+2x-2)  5x-1
+ = =
x=2 x+1  (x=2)Jx+1)  x2—x—2

Proper fraction with quadratic factors in denominator

. px) Ax+B C o
Consider, = + . This is normally

(ax2 +bx+ch—k) ax’ +bx+c X~k
applied when a quadratic root cannot be factorized into real numbers or
has no simple roots. If the quadratic factor can be factorized, factorize and
use the above technique to partialize.
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Example 111

2
Partialize X +4
(x2 —3x +1Xx -2)

Solution

x> +4 Ax +B C
+

(x2—3x+1Xx—2)_ x2—3x+1 X—2

X +4=(AX+B)(X—2)+C(X2 —3x+1)

X2 +4=Ax? —2Ax +Bx —2B+Cx> —3Cx +C

Compare:

sz +Cx2 =x2
—2Ax+Bx—3Cx =0

-2B+C=4
A+C=1
The coefficients; <—=2A+B-3C=0
-2B+C=4

Solve forA, Band C: A=9, B=-6 and C =-8

2
Therefore,( X +4 __x=6 8

x? —3x+1Xx—2)_ x> —3x+1 x-2

Example 112

x=5

Express —w———=
X2 =2x% +x=2

as a partial fraction

Solution

Factorize, x> —2x? +x—2= (x2 +1 X—Z)
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x-=5 A Bx+C

(x2+1 X—Z)_X—Z x2+1

x—5=A(x2 +1)+(Bx+c)(x—2)

X—=5=Ax% +A+Bx% —2Bx+Cx—2C

A+B=0
Compare the coefficients {—28+C =1
A-2C=-5

Then Az—é, B:i and C=E
5 5 5

x-5 3 3x+11

Therefore, (XZ +1Xx—2) =—5(X_2)+ 5(x2 +1)

Example 113

o x2 +2x+3
Partialize 3 =
X +x°=2
Solution
Factorize, x* +x? —2= (x2 —1Xx2 +2)=(x—1)(x+1)(x2 +2)
X2 +2x+3 A B Cx+D

(x—l)(x+1)(x2+2)zx—l+x+1+X2+2
X2 +2x+3 :A(x+1)(x2 +2)+ B(x —1)(x2 +2)+ (Cx+D)(x2 —1)
When x=1 =>A=1
When x=-1 :B:_é
When x=0
3=2A-2B-D thus Dz—%
When x =2
11=18A+68+6C +3D thus c:-%
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“+2x+3 1 1 2x+1
xtax?=2 x=1 3(x+1) 30 +2)

Therefore,

Proper fraction with repeated factors in denominator
Consider a rational function,
p(x) A B C w Z
= -+ et —+
(x+a)'(x+b) x+a (x+a)™" (x+a) (x+a)" x+b

Were A, B, C, ..., Wand Z are real constants.
x—3
(x+1)2(x—2)

Partialize

Solution

x-3 ___ A, B _C
(x+1)2(x=2) x+1 (x+1)7 x-2

Given

x=3=Ax+1)x—-2)+B(x—2)+C(x +1)
><—3=A(x2 —x—2)+Bx—zB+c(x2 +2x+1)

X—3=Ax% —Ax —2A+Bx—2B+Cx% +2Cx+C

A+C=0
—-A+B+2C=1
—2A-2B+C=-3

1

A:i, B:i and C=—-=
9 3 9

x=3 _ 1 N 4 1
(x+12(x—2) 9(x+1) 3(x+1? 9(x-2)

Therefore,
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Example 115

x2 +3x+5 . .
Express to partial fractions

4x3 —8x% +5x-1

Solution

x2+3x+5 x2+3x+5

4x3 -8x2 +5x-1 ()(—1)(2)(—1)2

X2 +3x+5 A B c
+ +

(x-1)2x-1) x-1 2x-1 (2x-1)

X2 +3x+5=A2x—-1) +B(x—1)2x —1)+C(x 1)

X2 42X +5=4Ax2 —AAX +A+2Bx% —3Bx+B+Cx—C

4A+2B=1
Coefficients, < —4A—-3B+C=2
A+B—-C=5

31

A=8, B:—? and C:—Z—S

Therefore, X ¥3x+5 8 31 25
C(x-1)2x-1P x-1 22x-1) 2(2x-1)
2_
Partializex—3
()(—4)(x+1)3
Solution
X% -3 A B c D

(D +1f x—4 x+1 (41 (c11)

x? =3=A(x+1)? +B(x—4)x+1Y +C(x—4)x +1)+D(x—4)

When X =4 then A:£
12
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When x =-=1 then D:E
When x=0
A—4B—4C—-4D=-3
When x=1
8A-12B-6C—-3D=-
4B+ 4C =@
125
Solve S04
12B+6C =——
125
B 13 c= 12
125 25
x% -3 13 13 12 2

(x—4)x+1) T25(x—4) 125(x+1) 25(x +1) " 5(x+1)>3

Improper fractions

When a rational function is improper fraction, before partializing, divide
first and partialize the remainder.

p(x) q(x) i)
Consider f(x)==—— where, p(x x)) p(x) = q(x , here we
g(x) g(x)
. r(x)
partialize —~
g(x)

Example 117

x3 +?>x2 +4x-2

x2+x—42

Partialize

Solution

)(3+3x2 +4x -2

x2 +x—42

Divide by long division method,
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X+ 2
x2+x—42>x3+3x2+4><—2

x3+x2—42x

2%% 4+ 46x—2
2x% 4+ 2x—84
44x +82

X3 4+3x% +4x -2 44x +82

Therefore, 5 =x+2+

X" +x-42 X" +x—-42

44x +82

x2+x—42

Partialize

44x +82 __A N B
(x—6)(x+7) xX—6 x+7

44x+82=A(x+7)+B(x—6)

44x+82=Ax+7A+Bx—6B

A+B=44
thus A:E and B:ﬁ
7A—-6B=82 13 13
346 226

13(x—6) " 13(x+7)

44x +82 346

226

Therefore, x+2+————=x+2

(x—6)x+7) +13(x—6)+13(x+7)
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Partial fraction to find the sum of the series

Some series need to be expressed into partial fractions to get their sum.
These series are the one expressed in rational form. Consider the following
examples

Example 118

Express

as partial fraction and show that
n(n—l)
1 1 1 1 1 1
= + + +...+ =1-=
n(n-1) 2x1 3x2 4x3 n(n-1) n
Solution
1 A B
let ——=—

n(n—l) n+m

When n=1 then B=1 and when n=2 then A=-1

1 1
w7175
1
1 1
S
1 1
S
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Example 119
] 4n
Find the sum of 5
(an —1i2n+3)

Solution
Partial fraction 4n = 4n
' (4,72 _1X2n+3) (2n—1)2n+1)2n+3)
4n A B C

@n—1)2n+1)2n+3) 2n-1 2n+1  2n+3
4n=A(2n+1)2n+3)+B(2n-1)2n+3)+C(2n-1)2n+1)

Since the equation is true for all n, when n=0 we get 3A—3B—-C=0

When n=1 we get
4n=AQ2n+1)2n+3)+B(2n-1)2n+3)+C(2n—-1)2n+1)

Then 15A+5B+3C =4

When n=-1
4n=A@2n+1)2n+3)+B(2n-1)2n+3)+C(2n—-1)2n+1)

Then —A—-3B+3C=-4

3A-3B-C=0
15A+5B+3C=4
—A-3B+3C=-4
1 1 3
Solve for A, Band C, then A=—, B=— and C=——
4 2 4
4n 1 1 3

(2n—1)2n+1)2n+3) 4(2n—1) ’ 2(2n+1) 4(2n+3)
1 1 3

Let A, = -
& 4(2n—1)+2(2n+1) 4(2n+3)
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1 1 3
Al=—F+———
4 6 20
1 1
PR S 1
12 10 28
1 1 3
Ag=—+———
20 14 26
F R,
1 1 3
n-2 = + -
8n—-20 4n-6 8n-4
1 1 3
Ap1 = + -
8n—12 4n-2 8n+4
1 1 3
n = + -
8nh—4 4n+2 8n+12
1 1 1 1 3 3
n=—+t—+—+ — —
4 6 12 4n+2 8n+4 8n+12
1 1 1 1 3 3
n=—+—+—+ - -
4 6 12 4n+2 8n+4 8n+12
1 10n+9
Therefore Sp=—-

2 (4n+2)8n+12)

Example 120

1
Express into partial fractions, hence deduce that
n(n+2)

1 1 1 1 3 2n+3
+ + +..+ =
1x3 2x4 3x5 n(n+2) 4 2(n+1)n+2)

Solution

1 A B

n(n+2) n n+2

An+2A+Bn=1

1 1 1
Therefore A=— and B=—— thus ——
2 2 2

129 |Algebra



Algebra

An—l

1 1
Ap=———
2n 2(n+2)
+
n
Therefore, S,

=2 2m+2
11

20 2n+4

1 1 1

3. 3
4 2n+2)n+1)
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MISCELENEOUS EXERCISE: ALGEBRA
Partialize the following

1 x2+x+2 2. xX+4
L — {2 i
+3[x+1
(x+4)(x2+2)2 X X )
3 x-3 x? +3x
P 4, 3 >
X" +4x+3 X +6x° +11x+6
5. . 3—Xx 6 x—-11
(x +3ix+3) X2 —x=2
; x3 —6x+9 8 x+10
X2 +x—2 (X_l)(x+2)
X2 +5 X2 +x+1
S = 10. 3 5
X"+ X"+ X+1 6x> —5x° —=2x+1
11 . 3x+7 . 1 3x+1
6x? +7x+1)x? +1) 6x% —11x—7
13 x3+6x2 +6 14 4 -5x
. ' 3 2
[2x? +11x+5)3x? —10x +3) 12x7 +6x° ~12x—6
ax+b 4 5
15. f 7= + find the value of g, and b.
3+x—-2x 3-2x x+1
x*—sx316x2 -7 17 2x+9
16. )
(x-1)(x-3) X" =x-6
X2+2 9x3 —x
18, ———— 19 ————
X(x+1)(x+2) 3x“+8x-3
x3—x2—2 X2 —x+4
X +X X~ —=3x"+2x
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22.

24.

26.

28.

30.

31.

32.

33.

34.

35.

36.

2

1+x 5x3+2x2+5x
3 23—
(1+x)1+x x =1
xz—x—l - 2x3—x2—7
x3—8 . )(4+3x2
2
3x
44X 27. ——
-16 (2x-1)
10-11x 2x? ~11x+5

(x4 +1) Sl SRS

Express in partial fractions and hence find the sum of

(n+1)(n+3)
1 1 1 1

+ + +...+ .

2x4  3x5 4x6 (n+1)n+3)

1
Express in partial fractions and show that —
P x(x+1) P Z( (’7+1)J
. ) 1 1
Find the sum of the series + + +
1x2 2x3 3x4

Show that Z:;:E—L
n71(3n—1)(3n+2) 2 3n+2
Find the sum of the series
1 1 1 1 1
+ + + +..+
2x5 5x8 8x11 11x14 9n% +3n—2

Use partial fraction to show that
2 3 4 n+1 _ n(5n+7)

3><5+3><5><7+5><7><9+m+ (4n2 —1X3n+3)_ 6(2n+1)2n+3)’

state whether the series Z(—h converge as N —» o
4n -1 3n+3

n+1

and it does find (sum to infinity)
Zi4n —1i3n+3)
Show that ! + ! + L -0

1x3 ' 3x5  5x7 "'+(2n—1)(2n+1)_ 2n+1
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

Write down the expansion of (1—)()_2 in ascending powers of x and

o0

deduce that Show that Z(a+bn)x” :M for [x|<1
— (1—x)
8n+1 9
hence prove that =
n=0 3 4
Find the sum of the series
5 8 11 3n+2
+ + tot—————
1x2x3 2x3x4 3x4x5 n(n+1)(n+2)

4+x

1+x)2-x)

Express into partial fractions

Partialize X%

X+3
x(3x+5)
(2x + 1)‘x2 -4 '
2

Partialize

Partialize >
4—x

. 2x+3
Partialize >
(x —1) xX°+4

Express as a partial fractions

4x+5
(2x+1)?
x+1
(x—l)(x+2)3
2

Express as a sum of partial fractions

Express as the sum of partial fractions

x*(x+1)

2X+7
(x - 1)()( + 2)
three terms of its binomial expansion

Find the first three terms in ascending powers of x in the binomial
4

(1-3x)1-x)

Find the expansion of

Express in partial fractions and hence find the first

expansion of

in the form a+bx+cx? +dx> +... and

1-2x
hence determine the values of g, b, c and d.
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50.

51.

52.

53.
54.

55.

56.

57.

Expand (2—x)(1+x) and hence express — in partial
2+X—Xx
fractions
2 3 oo 143x
Show that the sum of 145x+9x“ +13x" +... is - if x| <1

(1-x)

Find the sum of the series 3+5n+7n° +... if |n| <1
11 1 1

Show that 24 x 48 x816 x1632 x..c0=2

(a) Solve for x and y the following system of equations, give your

23 =5

4X=7@y)

Let a =—(b+c) or otherwise, prove that (a+b+c) is a factor of

answers correct to three significant figures {

@ +b° +¢ —3abc. Deduce a factor of 8x> +y3 -7 +6xyz

Show that if a>0 the function f(x) =ax’ +bx+c has a least value,
and find it. Hence find the values of g, b and ¢, if the function

f(x) =ax’ +bx+c has the minimum value -5 when x=—1 and the
value zero when x =-2.

(a) Find the value of g and n if the first three terms of the binomial

. 20
expansion of (1+GX)” are 1—4x+?x2 +...

(b) Find the expansion in ascending powers of x, as far as the term in
3+X

4—x% +3/8-2x?

(c) Prove that unless X =1 the sum of the series

x?, of the expression

C1=x"
Lis

Sil+x+x>+..+x"
1—x

(d) By multiplying the series S:1+2x+3x*+...+nx"" by (1-x)
and summing the resulting series, find the sum of the series S'

(e) Consider what happens to the sum of each of the given series as
n—oo, if 0<x<1. (It may be assumed that if 0<x <1 then

nx" —>0 as n—>oo

5
1
(a) Find the coefficient of 1 in the expansion of (Zx ——)
X X
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58.

59.

60.

61.

62.

63.

(b) Find the coefficient of x2 in the expansion of
(i) (1+2x)° (i) (1=3x)1+2x)°

(c) If the polynomial x* —2x® —2x? +a is divisible by x* —4x+4 .
(i) Find the value of a.

(i) When a has this value, show that x* =2x3 —2x? +a is never

negative.
9x%+4

et f(x)=—— "
(2x+1)(x-2)
(@) Express f(x) in partial fractions
(b) Show that, when x is sufficiently small for x> and higher powers

to be neglected, f(X)=1—X+5X2
A geometric progression has first term 64 and sum to infinity 256.
Find
(a) The common ratio,
(b) The sum of the first ten terms.

(a) If 2° =5” show that Iog25=i
y

(b) Solve the equation 2x> +ax? —13x—6 if its is divisible by x—3
(c) Solve the inequality [2x +1| <]

The polynomial x> —x? +ax+bis divisible by x+1 and leaves a

reminder of 12 when divided by x —2. Find
(a) The values of aand b
(b) When a and b have these values, factorize the polynomial.

1
(a) Expand (1+4x)_§ in ascending powers of x, up to and including

the term in X3, simplify the coeeficients.
(b) The first three terms in the expansion of (2+ax)", in ascending
powers of x, are 32—40x +bx? . Find the values of the constant n,
a,and b.
x> +7x-6
x—l)(x—2)(x+1)
(b) Show that, when X is sufficiently small for x* and higher powers

to be neglected ]‘(X)=—:‘3+2X_§X2 +%X3'

(a) Express f(x)= ( in partial fractions
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64. (a) Find the first 3 terms in the expansion of (2—)()6 in ascending
powers of x.
(c) Find the value of k for which there is no term in x? in the
expansion of (1+kx)2-x)°
65. The series of natural numbers is grouped as follows: (1), (2,3,4),
(5,6,7,8,9), ..
(a) Find the total number of integers in the first n—1 brackets
(b) Show that the first number in the n'" brackets is n®> —2n+2
(c) Show that the sum of the numbers in the n'" bracket is
n® +(r7—1)3
(d) If the first number in the n" bracket is denoted by a and the first
number in the (n+1)th bracket is denoted by b, show that the

sum of the numbers in the n™ brackets is exactly divisible by
—(a—b) and that the quotient is an odd number.

A" (1
66. (a) Find the least positive integral value of n for which (Ej = (2—5)

(b) Find the value of k for which the equation (@ —x)(x —b)=k has
repeated roots.

67. (a) Expand (1+x)” and 1+ax

in ascending powers of
1+ bx

x as far as the terms in x°

(b) If these expansions are identical as far as the terms in x% express

a and b in terms of p.
1
(c) By taking p=§ and x=§ show that an approximation to the

cube root of 81 is £
49

(d) Find in terms of p and x, the difference between the terms in x>
of the two expansions, and evaluate this difference, correct to one

2 1
significant figure, when ng and x=§

137 |Algebra



Algebra

68.

69.

70.

71.

72.

73.

74.

The equation f(x) =2x* +ax> +bx* —4x—4 where a and b are real
constants. Given that f(=3)=0 and f£(2)=0, find the values of a
and b.

(a) Express f(x) as the product of factors and hence solve for x.
(b) Find the set of values of x for which f(x)>0

(-1)x+2) )(x+ )
3x
(b) Evaluate | —————dx
(X—l)(x+2)
Find constants a and b so that in the expansion of the function
X-+asinx+bxcosx in ascending powers of x, the first non-zero

(a) Express in partial fractions

terms is the one in x5, and determine the coefficient of that term.
(a) Find the set |x +3]>2/x —3|
(b) The ordered positive integers are bracketed thus: (1); (2,3);
(4,5,6); ... there being rth bracket. Find simplified expressions for
(i) The last integer in the nth bracket,
(i) The first integer in the nth bracket.
Prove that each of the circles x° +y2 —4x=0 and

x? +y2 —12x—8y+43=0 lies completely outside the other.
A sequence with nth term u, is defined by u; =3 and v, =u, +4
fornz1

(a) Write down the values of u,, u3 and u,

(b) By identifying the type of the sequence or otherwise, express Uy,

in terms of n
(a) Solve the equations x +2y =9 and xy +18 =0 simultaneously and
find the distance between the points of intersections.
(b) The progression has the first term of 12 and a fifth term of 18.
(i) Find the sum of the first 31 terms if the progression is
arithmetic progression
(ii) Find the difference between the sum of the first 10 terms
and the last 10 terms if the progression is geometric with
40 terms.
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75.

76.

77.

78.

79.

80.

81.

82.

83.

Solve |y—1| <6 hence solve the inequality ‘ZX —1‘ <6 expressing any

. . In ,
numerical value in the form of I_p where pand g are integers.
ng

(a) Solve the inequality |x +2| <[5—2x|
(b) One root of the cubic equation 3x> +ax? —2x—8 is— 2, find the

value of g and factorize the equation completely, hence solve the
equation.

The polynomial x* +4x3 + x+a has afactor x> +x+2 find the value
of g and the factorize the expression completely.

(a) Expand (1—3x)% in ascending powers of x, up to the term in x3,
simplifying the coefficients
(b) Use the results above to find find the value of 3/0.4 correct to 3
significant figures.
Express 4x* +60x% +299x +495 in the form of A(x+B)® +C(x+B),
find the integers A, B and C, hence solve the equation
9y -2)° -4y-2)=0
(a) Solve the inequality [9—2x|<1
(b) Solve the equation log(x +5)=2—logx

6+7
(c) Express f(x)= X >y in partial fractions
(2-x)L+x
(d) Show that when x is sufficient small for x* and higher powers to

be neglected, f(x)=3+5x—%x2 —Ex3

Find the value of the term which is independent of x in the expansion

4
of (x + ij
X
A geometric progression, for which the common ratio is positive, has
a second term of 18 and a fourth term of 8. Find
) The first terms and the common ratio of the progression

(a
(b) The sum to infinity of the progression
(a) Express 2x° +8x—10 in the form a(x+b)2 +c

(b) Forthecurve y= 2x% +8x—10 , state the least value of y and the
corresponding value of x.
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(c) Find the set of values of x for which y>14

84. (a) Solve the inequality [2x —1| <[3x|

85.

86.

87.

88.

89.

90.

91.

(b) The cubic polynomial f(x)=2x>+ax>+b itis given that (x+1) is
a factor of f(x), and that when f(x) is divided by (x+2) the
remainder is — 5. Find the values of a and b.

(c) Express 9% interms of y, where y =3"

(d) Hence solve the equation 2(9X)—7(3X)+3=O expressing your

answers for x in terms of logarithm where appropriate.

Solve the following equations

(a) eX(ZeX —1):10

(b) logs(8y—6)—logs(y—5)=log, 16
The cubic polynomial f(x) is such that the coefficient of x> is -1 and
the roots of the equation f(x)=0 are 1, 2 and k. Given that f(x) has
a remainder of 8 when divided by x -3, find

(a) The value of k

(b) The remainder when f(x) is divided by x+3

1 2 12 4
(a) Find , in its simpliste form, the product of a3 + b3 and a3b3 +b3

(b) Give that (22X+2 XSX_l)zk evaluate 10*

16 20
(a) Simplify Py

(b) Find the solution set of the quadratic inequality
(i) x> —8x+12>0
(i) x* —8x <0

(iii) Find the solution set of the inequality ‘xz —8x+6‘ <6

The equation 8x> +12x? +4x—1=0 has roots « , B, 7 .Show that
the equation with roots 2a+1, 28+1, 2y +1 is y3 —y—1=0

n
n+?2 1
Prove by induction that, forall N>1, Z —=1- -
i n(n+1)2 (n+1)2
n

Use the relevant standard results to find, S, =Z(8n3 —6n2)

n=1
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92. (a) Show that if loga+logc =2logb then a, b, and c are in geometric
progression.

(b) Show that if logx+logy=3logy then x y3 and yz are in
geometric progression
(c) Show that x—y—z is a factor of the expression

X4y 2 —yzy +2)—2x(z+x) = xy(x +y)+2xyz . Without further
working write down two other factors of this expression.

5
X
93. The first three terms in the expansion of (G+Zj are 32+ bx+cx?.

Find the value of each out the constants g, b, c.
-1
-3
the value of a if det(X)=4det(Y)+1
(b) If log,, a® =3 find log, b?

a 2 1
94. (a) Given that X = and Y= if a is a constant, find
2 4 3a

X+2y—z=2
95. (a) Solve the simultaneous equations {2x —y+z=0
Ax+5y-31+1)z=4
(b) If p, g and r form an arithmetic progression. Show that their
squares cannot form an arithmetic progression, unless their
common difference is zero.
(i) When 4#0
(i) When 4=0
n

96. (a) Use standard results to show that Zrz =ﬁ(n+1)(2n+1) and
- 6
deduce the sum of the first n terms of the series 1° +3% +5 +...
(b) Inside a given sector of radius 8 cm and central angle 30° a square
is drawn such that each vertex is either on one radius or on the
arc. Determine the area of the sector which lies outside the

square.
97. (a) Sum to n terms, and to infinity, the series
2 4 6
+ + +...
1x3x5 3x5x7 5x7x9
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(b) Given two concentric circles C1 and C2 of radius 9 cm and 7 cm
respectively. A straight-line cuts C1 at Pand S and C2 at Q and R,
such that P, Q, R and S are consecutive points of the line. If
PQ=QR=RS, determine

(i) The length of the chord
(i) The length of the small arc PS
98. (a) Solve the following equation log, x —logg x =4

(b) Find the roots of the quadratic equation x?—6x+k=0 if one
the root is 3 times the other and hence find the value of the
constant k.

5

(1+3x)-2x+1)

up to the fouth term and hence find the value of x for which the
expression is not valid

(d) Prove by mathematical induction that 32" —1 is divisible by 4 for
all positive integer values.

99. (a) By induction, show that 1° +3% +5% + ...+ (2n—-1)’ = nZ(Zn2 —1)

(c) Expand as the series of ascending power of x

2+(1+%x)6

b) Expand
(b) P 2+3x

in ascending powers of x up to the term in

X3

100.(a) A geometric progression has non-zero first term g and the common

ratio r, where

0<r<1. Given that the sum of the first 8 is equal to half the sum to

infinity, find the value of r.

(b) If the 17 term of the progression is 10 find a.

(c) An arithmetic progression has first term a and the common
difference 10. The sum of the first n terms of the progression is
10,000. Express a in terms of n, and show that the nth term of the

1
progression is 0000 +5(n—1)

(d) Given that the nth term is less than 500, show that

n® —101n+2000<0 and hence find the largest possible value of
n.
101. (a) Solve the following logarithm and exponential simultaneous
logq xy =5/2

equations
logs xlogyy=1
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102.

103.

104.Resolve into partial fractions X

(b) Find the value of k if x> +kx® +2kx+8 it is a perfect cube.
11x+22

E =
{c) Express y (2x+3)(x +2)(x +3)

into partial fractions, hence

find Iydx.

(a) If 2x® —x° —2x> =2 is divided by (x—1)x+1)2x—1) what is the

remainder?

(b) By using a binomial theorem expand +/1+ 2x up to the 7" term.

(c) Approximate the value of /96 correct to 4 decimal places.

(a) Find the value of k in the equation x* —2(1+3k)x+7(3+2k)=0 if it

has equal roots.

(b) The wvalue of a and b, when the expression
x> ++bx® +4x* +ax+b=0 is divided by (x—1)x+1) and gives a
remainder 2x+3.

3_x%-3x+5

(x—l) x? -1

105.Let xu=x%+1 solve 2x* —9x3 +14x2 —9x+2=0
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