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ALGEBRA 
 

 

The end of the 19th and the 
beginning of the 20th 
century saw a tremendous shift in the methodology of 
mathematics. Abstract (modern) algebra emerged 
around the start of the 20th century, under the name 
modern algebra. Its study was part of the drive for 
more intellectual rigor in mathematics. Initially, the 
assumptions in classical algebra, on which the whole of 

mathematics (and major parts of the natural sciences) depend, took the form of 
axiomatic systems. No longer satisfied with establishing properties of concrete objects, 
mathematicians started to turn their attention to general theory. Formal definitions of 
certain algebraic structures began to emerge in the 19th century. For example, results 
about various groups of permutations came to be seen as instances of general theorems 
that concern a general notion of an abstract group. Questions of structure and 
classification of various mathematical objects came to forefront. 

6.1 Indices 

Indices is a plural of the word index. An index is an exponent. We recall that a power is 
the product of a certain number of factors, all of which are the same. For example, 37 is 
a power, in which the number 3 is called the base and the number 7 is called the index 
or exponent. 

Laws of exponents 

(a)  To multiply powers with the same base, add the indices, 
nmnm aaa +=  

(b) To divide powers with the same base, subtract the indices, nm
n

m

a
a

a −=  

(c) To raise a power to a power, multiply the indices, mnnm aa =)(  

(d) A power of a product is the product of the powers, mmm abba )(=   

Chapter 
6 

Muhammad ibn Musa al-

Khwarizmi was a 9th century 

Musilim mathematician and 

astronomer. He is known as the 

“father of algebra”, a word 

derived from the title of his 

book, Kitab al-Jabr. 

 

https://en.wikipedia.org/wiki/Intellectual_rigor
https://en.wikipedia.org/wiki/Algebra
https://en.wikipedia.org/wiki/Natural_sciences
https://en.wikipedia.org/wiki/Axiomatic_system
https://en.wikipedia.org/wiki/Algebraic_structure
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(e) A power of a quotient is the quotient of the powers, 
m

mm

b

a

b

a
=








 where 

0b  

(f) Reciprocal of rational base and the effect on an exponent, 
cc

a

b

b

a
−









=








 

(g) Rational exponents lead to radical sign, nn aa =

1

 

(h) Negative exponents lead to reciprocal of a number, 
4

4 1

a
a =−

 and 

3
3

1
3

1
11

bb

b ==
−

 

(i) Zero exponent. Any number (except zero) exponent zero is one (1), 1=oa  

where 0a  
 

 

Simplify the following 

(a) 

5

4

2

1

3

1

243

24327 
 (b) 

( ) yx

yx
yx

aab

ba

2

22

1
−

+


 (c)

2

1

4

1

3

1

2

5

9

4

81

16

27

8

4

1
2

−

−





































Solution 

(a) 

5

4

2

1

3

1

243

24327 
 using laws of indices 

( ) ( )

( )
( ) 4114

25

2

7

4

25

2

7

4

25

2

5

4

5
5

2

1
5

3

1
3

4

5
5

2

1
53

1
3

33

3

3

3

33

3

33

3

33 −
−





=














=



















=




















=




















=


 

Example 1 
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Therefore 411

5

4

2

1

3

1

3

243

24327 −=


 

(b) 
( ) yx

yx
yx

aab

ba

2

22

1
−

+


 

( )

( ) y
xx

yx
y

x

yx

yx
yx

aba

bbaa

aab

ba

2

1
2

22

1

2

22

1




=

 −−








+

 

( )
y

y
x

x

y

y

x

x

b
b

b

b

a

a

a

a 1
2

2

2

1

2

1

=













































= −

 

(c) 

2

1

4

1

3

1

2

5

9

4

81

16

27

8

4

1
2

−

−





































 

624

1
2

1

2

5

2

1

4

1

3

1

2

5

2

3

3

2

2

3

3

2

3

2

4

9

9

4

81

16

27

8

4

9









=

















=




























=




































−

−







−

−

−

 

 

 

Solving exponential questions 

(a) If 
yx aa =  then yx =  (b) If mm ba =  then ba=  

 

Solve for x if 642 4 =+x  
Solution 

Express 64 in power form, to a base of 2 if possible 5264 =  

Example 2 
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54 22 = +x  from the rule yxaa yx ==  

Then 64 =+x  therefore 2=x  
 

 

Solve for x: 279 52 =−x
 

Solution 

The two bases given 9 and 27 can be expressed in base 3 

239 =  and 3327 =  

Then   ( ) 3522 33 =
−x

 

( ) 3522 33 =−x
 

3104 33 =−x
 

Therefore,  
4

13
=x  

 

Solve for x: ( ) ( ) 0331033 2 =+− xx  

Solution 

Given ( ) ( ) 0331033 2 =+− xx  

The equation is a quadratic equation of 
x3  

Let xm 3=  the equation  

( ) ( ) ( ) ( ) 0331033331033
22 =+−+− xxxx  

Substitute m: ( ) ( ) 03103331033 22
=+−+− mmxx  

Solve for m by factorization, ( )( ) 01333103 2 =−−=+− mmmm  

303 ==− mm , thus 133 == xx
 

Also 
3

1
013 ==− mm  but 

xm 3=   from 13
3

1
3 −==x  thus 1−=x  

Therefore, 1=x  

Example 3 

 

Example 4 
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6.2 Logarithm 
The reader should be familiar with what is logarithm, but simplify 
logarithm is another way of writing exponents. We had a time to solve 
some exponential equation above, but under one condition, that both 
exponents must have the same base. It is possible and easy to solve 

273 1 =−x  or 1012 5128 −+ = xx  just because 27 and 512 can be written in a 

same base as 3 and 8, for the case 23 =x  or 232 56 −+ = xx  is not possible 
without logarithm, because you cannot express 3 as 2’s or 6 as 5’s. Due to 
this logarithm is important. 

Two types of logarithm 
(a) Common Logarithm (Base 10 logarithm) 
(b) Natural Logarithm (Base e logarithm) 

 

Laws of logarithm 

If xaba b
x == log  

(a) Logarithm of power, ana b
n

b loglog =  where b is a base and n is an 

exponent 

(b) If ba=  then 1loglog == aa ab  

(c) ( ) cbcb aaa logloglog +=  

Proof: 

Let xmb =  and ymc =  
( )yxyx mmmcb +==  

Introduce logarithm to base a both sides 

( ) ( ) mymxmcb aa
yx

aa loglogloglog +== +  

( ) cbcb aaa logloglog +=  Hence shown 

(d) Quotient of logarithm: cb
c

b
aaa logloglog −=








 

(e) Logarithm validity, Rba log  for 0a  and 0b  

Question 

The variables x, and y satisfy the equation Cyx n = , where n and C are constants. When 

10.1=x , 20.5=y  and 20.3=x , 05.1=y  find the values of n and  C correct to 1 

decimal place. 
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(f) Change of base: 
a

b
b

a
log

1
log =  and 

b

a
a

c

c
b

log

log
log =  

(g) If ClogAlog bb =  then CA =  

 
 

Natural logarithm 

Natural logarithm is abbreviated as ln. This is a logarithm to base e. 

aae lnlog =  for all 0a . Since aln  is also logarithm, then all laws of 

logarithm holds. Note that these rules of logarithm are true only if base 
are the same. 

 

 

Use the properties of logarithm to re-write each expression as a single 
logarithm 

(a) ( )4log
2

1
log2 ++ xx bb  

(b) ( ) ( )42log2log3 +−− xx  

(c) ( ) ( ) ( )12log25log32log4 ++−++ xxx aaa  

Solution 

(a) ( )4log
2

1
log2 ++ xx bb  

( ) 4loglog4log
2

1
log2 2 ++=++ xxxx bbbb  

( )4log
2

1
log2 ++ xx bb ( )4log 2 += xxb  

(b) ( ) ( )
( )

42

2
log42log2log3

3

+

−
=+−−

x

x
xx  

(c) ( ) ( ) ( )12log25log32log4 ++−++ xxx aa  

( ) ( ) ( )234 12log5log2log ++−++ xxx aa  

( ) ( ) ( )234 1252log +−+= xxxa  

 
 
 
 

Example 5 
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Solving logarithmic equations 

 

Solve for x: ( ) ( )95log37log 33 +=+ xx  

Solution 
Using the rule NlogMlog bb =  then M = N 

Given ( ) ( )95log37log 33 +=+ xx  

Then 9537 +=+ xx  
Therefore, 3=x  
 
 
Solve for x: ( ) ( ) 14log3log2log 777 =++− xx  

Solution 
Given  ( ) ( ) 14log3log2log 777 =++− xx  

( )( ) 14log32log 77 =+− xx  

( )( ) 1432 =+− xx  

0202 =−+ xx  
Therefore  4=x  or 5−=x  
 
 
 

Simplify 81log9log27log 4
23

4
43

4 −+  

Solution 

Given 81log9log27log 4
23

4
43

4 −+  

Using laws 





















81

927
log

2

3

4

3

4  thus 




















4

34

9

4
3

33
log  

Therefore 3log
4

5
3log 4

4

5

4 =













 

 
 

Solve for x: ( ) 356ln =−x  

Solution 

Example 7 

 

Example 9 

 

Example 6 

 

Example 8 
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Given ( ) 356ln =−x  

But xx elogln =  

( ) 356log =−xe  

( )5
6

1 3 += ex  

 
EXERCISE 1: ALGEBRA 

Solve for x from the following 

1. 3453 77 +− = xx  
2. 

xx









=








+

16

81

9

4
13

3. 4312 12525 +− = xx  4. 5694 =−xe   

5. 5127 35 =+x  
6. 

2
32

16

1
8

−
−









=

x
x

7. 3453 84 −+ = xx  8. 1332 819 −−+ = xx

9. 873 52 =−x  10. 1954 53 =−xe  
11. ( ) 575log2 =+x  12. ( ) 214ln =+x

13. ( ) 429log3 =+x  14. ( ) 312loglog 55 =−+ xx  

15. ( ) ( ) xxx 4log2log4log 666 =−++  

16. ( ) 2114log5 =+x  17. ( ) ( ) 512log5log 22 =−−+ xx

18. ( ) ( )125log6loglog 888 +=++ xxx  

19. 36loglog3log2 =+ x  

20. 2
223

216
216

1

6

1
=

















+ xx

 

21. 153 154 ++ = xx  
22. 

63
32

4

1
8

−
+









=

x
x

23. 0233 12 =+− +xx  24. 227log3log =+ xx

25. 43loglog3 =+ xx  

26. Given that 3log3log =+ xy  find y 

27. Simplify 
2

332

93

3627
+

++



−
nn

nn

 28. Simplify 
2

1
2

1
2

1
2

1
xy

x

xy

x

−

+

+

 

29. Solve for x: ( ) 43log33log 2 =+ xx  



Algebra 

 

13 | A l g e b r a  

 

30. Solve for x and y: 
( )





=+

=+

4log2log

1log

42 yx

yx
 

31. Solve  for y: 2log27loglog4 −=− yyy xxx  

32. Solve for y: xxxy lnlnln3ln2 2 +=−  

33. Solve for x: 3log25log 5 =+ xx  

34. Solve 2)5(loglog 66 =−+ xx  

35. Simplify 

( )

( )

2

2
1

35

3 22
12

−




























yx

yxyx

 

36. Simplify 
5log3

625log
2

1
125log25log +−

 

37. Simplify 
n

nn

x

xx 11 +− +
 38. Evaluate 

( )52log
2

2log
4  

39. Evaluate 
( ) 














213

221

ln
xy

yx
 

 

 

 

6.3 Series 

If the terms of the sequence are connected by any mathematical operation 
such as 2 + 4+ 6 + 8 + 10 + 12 + … or 2 – 4 – 6 – 8 – … the sequence become a 
series. 

Finite series 

Finite series: Is a series with countable number of terms. 
Example: S1: 2 + 4 + 6 + … + 28, Series S1 is finite series. 
Infinite series 
Infinite series: Is a series with uncountable number of terms 
Example: S2: 2 + 4 + 6 + … this series has no end, therefore it is called infinite 
series. 
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Sigma notation, ∑ 
Sigma sign is a Greek letter ∑ which means “summation of”. Is use to abbreviate 
the way of writing series. 
To use the sigma sign write the nth term formula or last term formula in front of 
the sigma notation. 
 
 
 
 
 
 
 
Expand the following finite series 

(a) ( ) +

5

1

1nn  (b) 
7

2

1
nn

 (c) ( ) ( ) +−

4

1

11 nn  

Solution 

(a) ( ) +

5

1

1nn  to expand, fix the values of n from n=1 to n = 5. Remember 

the term ( )1+nn  is the general term. 

( )1+= nnan  for 51  n  

( ) 65544332211
5

1

++++=+ nn  

(b) 
765432

7

2 7

1

6

1

5

1

4

1

3

1

2

11
+++++= nn

 

(c) ( ) ( ) 543211
4

1

+−+−=+− nn  

 

 

Expand the following infinite series up to 6th term 

(a) 









 −

3

2

n

n
 (b)  


+

0

13n   (c)  ( )


+−

0

211 nn  

Solution 

Example 10 

 

Example 11 

 

The sign ∑ for summation is due to Leonhard Euler (1707 – 1783) who said, “summam 

indicabimus signo ∑.” This symbol was used by Lagrange, but otherwise received little 

attention during the 8th century.  
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(a) 









 −

3

2

n

n
...

8

6

7

5

6

4

5

3

4

2

3

1
+++++=  

(b) 


+

0

13n ...333333 65432 +++++=  

(c) ( )


+−

0

211 nn ...543210 22222 +−+−+=  

 

 

Re-write the following series using sigma notation 

(a) 3333333 1513119753 ++++++  
(b) (2 × 4) + (4 × 6) + (6 × 8) + … + (12 × 14)  

(c) 
14

13

12

11

10

9

8

7

6

5

4

3

2

1
++++++  

Solution 

(a) 3333333 1513119753 ++++++  
The general term of the series. 
Let 3 + 5 + 7 + 9 + 11 + 13 + 15 
The series is arithmetic progression with common difference 2=d  

( )11 −+= ndAAn  

12 += nAn  

( ) +=

=

=

7

1

312nA
rn

in

n  

(b) (2 × 4) + (4 × 6) + (6 × 8) + … + (12 × 14) 
The two series here are:- 
2 + 4 + 6 + … + 12 (Formed by the first numbers) 
4 + 6 + 8 + … + 14 (Formed by the second numbers) 

( ) nnAn 21221 =−+=  

( ) 221242 +=−+= nnAn  

The general term is given by ( ) ( )
=

=

=

=

+=

6

1

21 222
n

n

rn

in

nn nnAA  

(c) 
14

13

12

11

10

9

8

7

6

5

4

3

2

1
++++++  

Example 12 
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Numerator: 1 + 3 + 5 + …+ 13 

   ( )1211 −+= nAn  

121 −= nAn  

2 + 4 + 6 + … + 14 
 Denominator: 2 + 4 + 6 + …+ 14 

( )1222 −+= nAn  

nAn 22 =  

The general term is =










=

=

rn

in n

n

A

A

2

1 
=

=








 −
7

1
2

12
n

n
n

n
 

 

6.4 Arithmetic and geometric progression 

6.4.1 Arithmetic progression 
Arithmetic progression is the series in which the difference between two 
consecutive terms is the same non-zero number. The non-zero difference is 
common difference and it is denoted by d.  
Let 1A  be the first term of the series, the second term is obtained by adding the 

common difference to the first term, the third term is obtained by adding the 
common difference to the second term and so on. 
Consider, series 3 + 7 + 11 + 15 + … 

31 =A  and the common difference is d = 7 – 3 = 11 – 7 = 15 – 11 = 4 

74312 =+=+= dAA  

114723 =+=+= dAA  

1541134 =+=+= dAA  

1941545 =+=+= dAA  and so on. 

 

General term of arithmetic progression 
Let us consider the series, ...852 +++  which is an arithmetic progression with 
common difference, 3=d  
If 11 AA =  

When   2=n : dAA += 12  

When  3=n : dAdAA 2123 +=+=  

When  4=n : dAdAA 3134 +=+=  

When   5=n : dAdAA 4145 +=+=  
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When   nn= :  ( )dnAdAA nn 111 −+=+= −  

Therefore, the general term of arithmetic progression is ( )dnAAn 11 −+=  

 

 

If the 10th term and the 31st term of an arithmetic progression are –15 and –57 
respectively, find the 

(a) The first term and the common difference 
(b) The 101st term. 
Solution 
(a) Given 1510 −=A  and 5731 −=A  

159110 −=+= dAA  

5730131 −=+= dAA  

Solve simultaneous equation is 




−=+

−=+

5730

159

1

1

dA

dA
 

The first term is 31 =A  and the common difference is 2−=d  

(b) The 101st term, from ( )dnAAn 11 −+=  thus ( )11013101 −+=A  

therefore 197101 −=A  

 
 
 

Determine the number of terms of an arithmetic series 119...17115 ++++  
Solution 
Given   5 + 11 + 17 + … + 119 

The first term,   51 =A  

The last term,   119=nA  

The common difference, 6511 =−=d  

From    ( )dnAAn 11 −+=  

( )615119 −+= n  

20=n  

 

If 1=++ zyx  and 
yx

z

zx

y

zy

x

+
+

+
+

+
 are the terms in arithmetic 

progression, prove that 
yxzxzy +

+
+

+
+

111
 are also in arithmetic progression. 

Example 13 

 

Example 14 

 

Example 15 
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Solution 

Given   
yx

z

zx

y

zy

x

+
+

+
+

+
 

Since the terms are in A.P 

zx

y

yx

z

zy

x

zx

y

+
−

+
=

+
−

+
 thus









+

+
−








+

+
=








+

+
−








+

+
1111

zx

y

yx

z

zy

x

zx

y
 










+

++
−









+

++
=









+

++
−









+

++

zx

zyx

yx

zyx

zy

zyx

zx

zyx
 

But   1=++ zyx  

zxyxzyzx +
−

+
=

+
−

+

1111
 

Hence 
yxzxzy +

+
+

+
+

111
 are in arithmetic progression 

 
 

The m times the mth term of an arithmetic progression is equal to n times the 
thn  term of the same progression, find the ( )thnm +  term. 

Solution 
Given   nm nAmA =  

( )( ) ( )( )dnAndmAm 11 11 −+=−+  

( ) ( )dnnnAdmmmA −+=−+ 2
1

2
1  

( ) ( )dmmnnAnm +−−=− 22
1  

( ) ( )dnmmnAnm −+−=− 22
1  

( ) ( )( ) ( )( )dnmnmnmAnm −++−−=− 1  

( ) ( ) ( )( )dnmnmAnm 11 −+−−=−  

( ) 011 =−++ dnmA  thus ( ) 011 =−++=+ dnmAA nm  

Therefore the 0=+nmA  

 

 

Example 16 
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EXERCISE 2: ALGEBRA 

1. Find the nth term of each series below 

(a) ...3
17

3
71 −−−  

(b) ...
6

19

12

23

3

2
+++  

(c) ...53 −−−− xxx  
2. Evaluate the nth term of question 1 above when 21=n  
3. How many terms are in the following series 

(a) 3 + 4.5 + 6 + … + 49.5 
(b) 107.2 + 100 + 92.8 + … - 605.6 
(c) 16 + 19 + 22 + … + 79 

4. The nth term of an arithmetic progression is banAn += , show that the 

common difference, ad =  
5. Find the median term(s) of the following arithmetic series 

(a) 2 + 6 + 10 + … + 74 
(b) -1.5 – 2.5 – 3.5 - … - 28.5 

6. Write down the 31st term of the series 

(a) ...
3

5

6

7

3

2
+++  

(b) ...1713 +++  
7. The nth of an arithmetic progression is given as 32 −= nan  evaluate the 

100th term 
8. The 4th and 28th terms of an arithmetic progression are 6 and 78 

respectively; find the first term and the common difference. 
9. Find the nth of the progression: ...12log6log3log +++  

10. If ...
8

ln
4

ln
2

ln
432

+













+














+













 xxx
 are in arithmetic progression, show 

that the nth is ( ) 2lnln1 nxn −+  

 

 

The sum of the first nth terms of an arithmetic progression 

Consider the following arithmetic series: nAAAA ++++ ...321 , the sum of 

nth terms is denoted as nS , therefore, nn AAAAS ++++= ...321  





++−+−+=

++++++=
+

1

111

...2

...2

AdAdAAS

AdAdAAS

nnnn

nn  
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( ) ( ) ( ) ( )nnnnn AAAAAAAAS ++++++++= 1111 ...2  

( )nn AA
n

S += 1
2

 But ( )11 −+= ndAAn  

The sum is ( )( )12
2

1 −+= ndA
n

Sn  

 

 

The 24th term of an A.P is 54; find the sum of the first 47 terms. 
Solution 

Given 5423124 =+= dAA  and ( )dAS 462
2

47
147 +=  

Simplifying ( )dAS 2347 147 +=  

Therefore, 544747 =S 253847 = S  

Sum of 47 terms is 2538. 
 

 

The first term of an arithmetic progression is 10 the last term is 70. The sum 
of all the terms is 800 find the common difference. 
Solution 

Given 101 =A , 70=nA  and 800=nS  

Using  ( )nn AA
n

S += 1
2

 

( )7010
2

800 +=
n

 20=n  

( )dnAAn 11 −+=  

d191070 +=  

19

60
1960 == dd , the common difference is 19

60  

 
 

The sum of nth terms of an arithmetic progression is x, the nth term is y, 
Show that 

Example 17 

 

Example 19 

 

Example 18 
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(a) The first term is 






 −
=

n

nyx
A

2
1  

(b) The common difference is 








−

−
=

1

2

n

xy

n
d  

Solution 

(a) Given xSn = , yAn =  and ( )nn AA
n

S += 1
2

 

Substituting, ( )yA
n

x += 1
2

 

n

nyx
AnynAx

−
=+=

2
2 11 shown. 

(b) ( )( )12
2

1 −+= ndA
n

Sn  

( )







−+







 −
= 1

2
2

2
nd

n

nyxn
x  

( )







−+

−
= 1

24
2 nd

n

nyx
nx  

( )nndnyxx −+−= 2242  










−

−
=

−

−
=

1

222
2 n

xy

nnn

xny
d  

  
 
The sum of 3n terms of the series 20 + 23 + 29 + … is equal to the sum of the 

series ( ) ( ) ( ) ...32 +++++++ dadadaa  fro all values of n. Show that 
4

27
=d  and 

find the value of a. 
Solution 

( )( )133202
2

3
...29262320:3 −+=++++ n

n
S n  

( ) ( ) ( ) ( )( )122
2

2
...32:2 −+=+++++++ nda

n
dadadaaS n  

Given nn SS 23 =  

Example 20 
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( ) ( )( )dnann
n

122937
2

3
−+=+  

The identity holds for all values of n. 
When 1=n  

 ( ) da+=+ 2937
2

3
 

 692 =+da      (i) 
When 2=n  
 ( ) ( )da 32218373 +=+  

 16564 =+ da       (ii) 

 




=+

=+

16564

692

da

da
 

Solve simultaneously equations (i) and (ii) 

Therefore, 
4

27
=d  and 

8

249
=a  Hence shown. 

 
 
 
The 6th and 31st terms of an arithmetic progression are -26 and -101 
respectively. Find 

(a) The first term and the common difference 
(b) If there are 100 terms in this series, find the sum of the last 20 terms 

Solution 
(a) Given 266 −=A  and 10131 −=A  

Writing 6A  and 11A  in terms of 1A  and d , solve simultaneously 





−=+

−=+
−

10130

265

1

1

dA

dA
 

7525 −=d 3−= d  
1115261 −=+−=A  

Therefore, the first term is -11 and the common difference is -3. 
(b)  The sum of the last 20 terms 

( ) 2513801180 81181 −=−+−=+= AdAA  

( ) 3083991199 1001100 −=−+−=+= AdAA  

( )10081
2

AA
n

Sn +=  

Example 21 

 



Algebra 

 

23 | A l g e b r a  

 

( )308251
2

20
20 −+−=S  

559020 −=S  

The sum of the last 20 terms is -5590 
 

 

Find the sum of the first 100 terms of the series ...12log6log3log +++  

Solution 

Given  ...12log6log3log +++  

6log12log3log6log −=−=d  

( ) ( ) 2log6
12log3

6log ===d  

( )( )12
2

1 −+= ndA
n

Sn  

( )( )11002log3log2
2

100
100 −+=S  

( )2log993log250100 +=S  

( )99
100 29log50 =S  

 
 
The terms 80loglogloglog5log ++++ zyx  are in arithmetic progression, find 

the values of x, y and z. 
Solution 

80loglogloglog5log ++++ zyx  

The common difference, ( )5log5loglog xxd =−=  

The 5th term is given, dAA 415 += ( ) 80log5log45log =+ x  

( ) ( )5
80log5log4 =x  

( ) 16log5log4 =x  

16log5log4log4 =−x  

Example 22 

 

Example 23 
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45log16loglog4 +=x  

( )62516loglog4 =x  

10000loglog4 =x  

4log4 =x  

1log =x 10101 == x  

dAyA +== 12 log  

( )5log5loglog xy +=  

But   10=x  
( )25loglog2log5loglog =+= yy  

1010loglog == yy  

 

EXERCISE 3: ALGEBRA 

1. The lengths of the sides of a right-angled triangle make an arithmetic 
progression. The longer side is 24 cm long. Find out the perimeter of the 
triangle. 

2. An arithmetic progression consists of 8 terms. Sum of the middle terms 
is 41; the 8th term minus the first term is 112. Find the third term. 

3. Iron pipes are stored in 20 rows. The top row contains of 130 pipes, next 
row always contains of two more pipe than the previous one. How many 
pipes are there? 

4. The angles in a triangle make an arithmetic progression. The smallest 
angle is 20°. Determine sizes of the other angles. 

5. The angles of an irregular pentagon are in arithmetic progression. The 
largest angle is 148o. Determine all angles. 

6. Length of the sides of a cuboid make 3 terms of an arithmetic 
progression. Sum of the length equals 24 cm; the volume of the cuboid 
equals 312 cm3. Determine the length of the sides. 

7. How long a rock be falling to a mine somewhere in East Africa, which is 
deep 2500 m if it moves 4,904 m in the first minute and extra 9,808 m 
for every next minute? 

8. If ( ) ( ) ...45log9loglog 222 +++++ xxx  are in arithmetic progression, find 

(a) The value of x. 
(b) The first term and the common difference; and 
(c) The 5th term 
(d) The sum of the first 10 terms as a single logarithm. 
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9. Find the sum of all natural numbers between 98 to 1000 which are 
multiple of 3 

10. The ratio of the sums of m and n terms of an arithmetic progression is 
22 : nm . Show that the ratio of mth and nth terms is ( ) ( )12:12 −− nm  

11. The sum of n terms of a progression is nnSn 52 2 += . Show that the 

progression is arithmetic with the first term 7. 

12. In an arithmetic progression, the nth term is m
1  and the mth term is n

1

, find 
(a) The (mn)th term 
(b) The sum of the first mn terms. 

13. The sum of n, 2n and 3n terms of an arithmetic progression are 1S , 2S  

and 3S . Show that ( )123 3 SSS −=  

14. Find the sum of all-natural numbers between 1 and 200, which are 
divisible by three. 

15. The sum of three consecutive terms of an arithmetic progression is 27; 
the product of the same terms is 504. Find the terms 

16. Insert 4 terms between the roots of the quadratic equation 

039162 =+− xx  so that they will make an arithmetic progression. 
17. A man takes an interest free loan of Tshs. 1740 from his friend agreeing 

to repay in monthly instalment. He gives Tshs. 200 in the first month and 
diminishes his monthly instalments by Tshs. 10 each month. How many 
months will it take to repay the loan? 

18. How many terms of the progression 3 + 6 + 9 + … must be taken to have 
a sum not less than 2000? 

19. In staff part at Ngurdoto mountain lodge 2017, eggs placed 1 meter apart 
in a straight line. A competitor starts from a point in the line, which is 5 
metre from the nearest egg. Find an expression for the total distance run 
in collecting the eggs, one at a time and bringing them back one at a time 
to the starting point. Calculate the value n if the total distance is 162 
metres. 

20. If the sum of the first n terms of a series is bnanSn += 2 , show that the 

series s an arithmetic progression and find the common difference. 
21. An arithmetic progression is such that the 7th term is three times the sum 

of the third and fourth terms. If the sum of the first 6 terms is 21, find 
(a) Find the first term and the common difference 
(b) The sum of the first 50 terms 
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Arithmetic Mean (A.M) 

Let a, M and b be three consecutive terms of an arithmetic mean bMa ++  are 
in A.P. The common difference, MbaMd −=−=  

baM +=2 
2

ba
M

+
=   is an arithmetic mean. 

 

Find the arithmetic mean between 13.5 and 19. 
Solution 

25.16
2

195.13

2
. =

+
=

+
=

ba
MA  

The arithmetic mean is 16.25. 
 

 

Insert five arithmetic mean between 8 and 26 
Solution 
We need to find the 5 missing terms of the arithmetic progression  
There are seven terms here, where 201 =A  and 267 =A  

( )d17826 −+=  thus d6826 =−  3= d  

10382 =+=A , 14683 =+=A , 17984 =+=A , 201285 =+=A , 

231586 =+=A  

The terms are 10, 14, 17, 20 and 23. 
 

 

The n arithmetic means between 20 and 80 are such that the ratio of the first 
mean and the last mean is 1:3. Find the value of n.    
Solution 

The first term is 20 and the last term is 80, but the 80 is ( )thn 2+  term. 

( )dnAAn 1212 −++=+  

( ) 80120 =++ dn  
1

60

+
=

n
d  

The first arithmetic mean (the second term) 

1

8020

1

60
20. 2

+

+
=

+
+==

n

n

n
AMA F  

Example 24 

Example 25 

 

Example 26 
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The last arithmetic mean, (the ( )thn 1+  term) 

  ( )dnAMAAn 1. 11 −+==+  

1

2080

1

60
20.

+

+
=









+
+=

n

n

n
nMA L  

The ratio between the first arithmetic mean and the last arithmetic mean is 1:3 

(The ratio between the second term and the ( )thn 1+  term is 1:3) 

3:1.:. =LF MAMA  or 3:1: 12 =+nAA  

3:1
1

2080
:

1

8020
=

+

+

+

+

n

n

n

n
 

3

1

2080

1

1

8020
=

+

+


+

+

n

n

n

n
 

3

1

14

4
=

+

+

n

n
 14123 +=+ nn  

The value of n is 11. 
 

EXERCISE 4: ALGEBRA 

1. Find the arithmetic mean between 43 and 47 
2. Insert 8 arithmetic mean between 1 and 37 
3. The arithmetic mean between 18 and 2k is 21, find the value of k. 
4. Prove that if the number of terms of an arithmetic progression is odd then 

the middle term is the arithmetic mean of the first and the last term. 
5. Between 7 and 85, m numbers of arithmetic means are inserted so that the 

ratio of the ( )thm 3−  and thm  means is 11:24. Find the value of m. 

6. Prove that the sum of n arithmetic means between two numbers is n times 
the single arithmetic mean between them. 

7. The arithmetic mean between nth and mth terms of an arithmetic progression 
is equal to the arithmetic mean between pth and qth terms of an arithmetic 
progression, show that qpmn +=+  

8. There are n arithmetic mean between 3 and 17. The ratio between the last 
to the first mean is 3:1. Find the value of n. 

9. Find two numbers whose product is 96 and whose arithmetic mean is 10 

10. Find the arithmetic mean between ( )2ba +  and ( )2ba − , hence evaluate the 

value of the expression when cos=a  and sin=b  
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6.4.2 Geometric progression (G.P) 

Geometric progression is a progression in which the ratio of the second term to 
the first term is equal to the ratio of the fourth term to the third term and so on; 
the ratio is called common ratio denoted r. 
Consider the series: ....3216842 +++++  

Common ratio, 2
4

8

2

4

2

3

1

2 =====
G

G

G

G
r  

The first term, 21 =G  

The second term 42212 === rGG  

The third term 822 22
13 === rGG  

The fourth term 1622 33
14 === rGG  

The fifth term 3222 44
15 === rGG  

Then the nth term is 1
1

−= n
n rGG  

The nth term formula of geometric progression is 1
1

−= n
n rGG  

 

Find the 7th and 11th terms of the geometric progression ...48123 +++  
Solution 
Given ...48123 +++  

The common ratio, 4
12

48

3

21
===r  

The 7th term, 76843 46
17 === rGG  

The 11th term, 1010
111 43== rGG  

 

 

The 4th and 9th terms of a geometric progression are 8 and 256 respectively. 
Find the first 5 terms. 

Solution 





=

=

256

8

9

4

G

G
 then 








=

=

256

8

8
1

3
1

rG

rG
 

31
8

r
G =  Substituting in second equation 256

8 8
3

=







r

r
 

Example 27 

 

Example 28 
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2568 5 =r  

Therefore,  325 =r 2255 == rr  

The first term,  1
2

8
31 ==G  

The first five terms are 22 =G , 43 =G , 84 =G , 165 =G  

 

The sum of the first nth terms of geometric progression 

The sum of the first n terms of a geometric is denoted as nS , consider the sum 

of the terms below 

nn GGGGS ++++= ...321  

1
1

2
1

2
111 ... −− +++++= nn

n rGrGrGrGGS    (1) 

Multiplying (1) by r 
nnn

n rGrGrGrGrGrGrS 1
1

1
2

1
3

1
2

11 ... ++++++= −−   (2) 

Take (2) minus (1) 








+++++=

++++++=
−

−−

−−

1
1

2
1

3
1

2
111

1
1

1
2

1
3

1
2

11

...

...

nn
n

nnn
n

rGrGrGrGrGGS

rGrGrGrGrGrG        rS
 

    11 GrGSrS n
nn −=−  

Make nS  the subject ( ) ( )11 1 −=− n
n rGSr  

Hence the sum is 














−

−
=

1

1
1

r

r
GS

n

n , for all 1r  

If 1r  , the sum is given by 














−

−
=

r

r
GS

n

n
1

1
1  

If 1r  and ( ) 0lim →
→

n

n
r  the formula deduced to 

r

G
S

−
=

1
1  this is sum to 

infinity formula. This formula may also be used to convert recurring decimals to 
fractions as a sum to infinity series. 
 

The third term and seventh term of a geometric progression is 45 and 3645 
respectively, if there are 30 terms 

Example 29 
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(a) The sum of the first 10 terms 
(b) The sum of the last ten terms 

Solution 

(a) 452
13 == rGG        (1)  

36456
17 == rGG       (2) 

Use (1) to make 1G  the subject, 
21

45

r
G =  

Substitute in (2) above 3645
45 6

2
=








r

r
 

The common ratio is 
44 381 ==r 3= r  

The first term, 5
3

45
21 ==G  

Sum of the n terms, 














−

−
=

1

1
1

r

r
GS

n

n  for 1r  

The sum of the first 10 terms, 147620
13

13
5

10

10 =














−

−
=S  

(b) The sum of the last term terms, The first term become the eleventh 
term 















−

−
=

1

110

1110
r

r
GS  thus 















−

−
=

13

13
35

10
10

10S  

The sum of the last 10 terms is ( )1020
10 33

2

5
−=S  

 

 

Find the sum of the first 20 terms of the series 81 + 27 + 9 + …and hence show 

that as →n  then → SSn  

Solution 

The common ratio, 
3

1

81

27

1

2 ===
G

G
r  

Example 30 
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( )
5.121

3
11

3
11

81

20

=
















−

−
=nS   

r

G
S

−
=

1
1  

( )
5.121

3
11

81
=

−
=S  

Hence → SSn  

 

 
Deduce the sum of first n terms of the series 5 + 55 + 555 + … 
Solution 
Given 5 + 55 + 555 + … factorize 5 from the terms 

( )...1111115 +++  multiply the terms by 9 and divide by 9 to keep the 

series unchanged 

( )...999999
9

5
+++  

( ) ( ) ( )( )...110001100110
9

5
+−+−+−  

( ) ( )...111...100010010
9

5
+++−+++  

The series 10 + 100 + 1000 + … is geometric progression with 10=r  
The series 1 + 1 + 1 + … is an arithmetic progression with the d = 0 

The sum become, 













−














−

−
= nS

n

n
110

110
10

9

5
 

The sum is  ( )nS n
n 9110

81

50
−−=  

 

Deduce the formula for the sum of 0.3 + 0.33 + 0.333 + … 

Solution 
Given  0.3 + 0.33 + 0.333 + … thus ( )...111.011.01.03 +++  

( )...999.099.09.0
3

1
+++  

( ) ( ) ( )( )...001.0101.011.01
3

1
+−+−+−  

Example 31 

 

Example 32 
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( ) ( )( )...001.001.01.0...111
3

1
+++−+++  





































−

−

−=

10

1
1

10

1
1

10

1

3

1 n

n nS  



























 −
−=

n

n

n nS
10

110

9

1

3

1
 













 −
−=

n

n

n nS
10

110
9

27

1
 

 

Using sum to infinity formula to convert recurring decimals to fractions 

 

Express the recurring decimal 6.0   as an infinity geometric progression 

Solution 

Given  ...666.06.0 =  

...006.006.06.06.0 +++=  

Common ratio, 1.0
6.0

06.0
==r  

Sum to infinity, 
r

G
S

−
=

1
1  

3

2

1.01

6.0
=

−
=S  

Therefore, 
3

2
6.0 =  

 

Express 14.0   as a fraction using sum to infinity formula 

Solution 

Given  ...414141.014.0 =  

Example 33 

 

Example 34 
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...000041.00041.041.014.0 +++=  

...
1000000

41

10000

41

100

41
14.0 +++=  

99

41

99

100

100

41

100
11

100
41

==
−

=S  

Therefore, 
99

41
14.0 =  

 

Convert 34.2  to fraction using sum to infinity limit 
Solution 

Given  ...43333.234.2 =  









++++ ...

10000

3

1000

3

100

3
4.2  

The series ...
10000

3

1000

3

100

3
+++  is a converging geometric series. 

30

73

30

1

10

4
2

10
11

100
3

10

4
2 =++=















−
++=nS  

 

Express 331.0   as a fraction 
Solution 

From  ...31333.0331.0 =  









+++++ ...

100000

3

10000

3

1000

3

100

1

10

3
 

r

G
S

−
=

1
1  thus 















−
++=

10
11

1000
3

100

1

10

3
nS  

150

47
=S  

 

Geometric Mean (G. M) 

If a, G and b are three consecutive terms of geometric progression, then 

Example 35 

 

Example 36 
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The common ratio abGabG
a

G

G

b
=== 2  

The geometric mean is abMG =.  
The geometric mean of n terms is defined as the nth root of their product.  

( )nnaaaaMG
1

321 .... =  

 

 

Find the geometric mean between 
4

3
 and 

4

27
 

Solution 

Geometric mean is 
4

9

16

81

4

27

4

3
. ===MG   

The geometric mean is 4
9  

 

 

Insert the missing terms in  4 + _ + 36 + _ + 324 so that the series become a 
geometric progression. 
Solution 
The geometric mean between 4 and 36 and the geometric mean between 36 
and 324. 

The 12144364. ===MG  and the 10832436. ==MG  
The terms are 12 and 108. 
 

 

Insert 8 geometric means between 8 and 
64

1
 

Solution 

The simple way is to find the 8 terms between 8 and 
64

1
which makes a 

geometric progression. 

The progression has 10 terms, where the first term, 81 =G  and the last term is 

64

1
10 =G  

Example 37 

 

Example 38 

 

Example 39 
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Form 1
1

−= n
n rGG  thus  9

110 rGG =  therefore 98
64

1
r=  

512

19 =r , 
9

9
9

2

1

2

1








==r  

2

1
= r  

4
2

1
82 ==G , 2

2

1
8

23 ==G , 1
2

1
8

33 ==G , 
2

1

2

1
8

44 ==G , 

4

1

2

1
8

55 ==G , 
8

1

2

1
8

66 ==G , 
16

1

2

1
8

77 ==G  and 

32

1

2

1
8

88 ==G . The terms are 4, 2, 1, 
2

1
, 

4

1
, 

8

1
,  

16

1
 and 

32

1
 

 

The relation between arithmetic and geometric mean 
If a and b are two terms in a progression, where ba  , their arithmetic mean is 
always greater than their geometric mean. 

We are required to show that ab
ba


+

2
, provided ba   

Consider ba   

0−ba  
Square both sides 

( ) 02 − ba  

02 22 +− baba  then abba 222 +  

( ) ababba 222 −+  

( ) abba 42 +  

abba 2+  

Therefore,  ab
ba


+

2
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EXERCISE 5: ALGEBRA 

1. In a geometric progression, 
the third term exceed the 
second by 8, the sum of the 
first three terms is 28. Find 
the sum of the first 10 terms. 

2. The first three terms of 
geometric progression are –

5, 1, 
5

1
−  find the nth term. 

3. Given the series 
483 ++++ wzy  find the 

missing values so that the 
series become a geometric 
series. 

4. The sum of three 
consecutive terms of a 

geometric progression is 
8

7
, 

the product of the same 

terms is 
64

1
, find the terms. 

5. Find the sum to infinity 

...
9

1

3

1
1 +++  

6. A ball falls a height of 3.2 m. 
If after each fall it re-bounce 

three-quarter the distance it 
has fallen, how high the ball 
re-bounce in fifth time 222. 

7. Find the first term and the 
common ratio of geometric 
progression whose third 
term is 3 and the eighth term 
is -96. 

8. A well driller charges Tshs. 
2500 for drilling the first 
metre of a well and for every 
metre thereafter he charges 
Tshs. 500 more than the 
preceding metre. How much 
does the charges for drilling 
100 meter well? 

9. The third terms exceed the 
first by 25% of the third 

term, show that 
3

32
=r  

10. The sum to infinity of a 
geometric series is 16, if the 
second term is 4. Find 

(a) The first term 
(b) The common 

ratio 
11. Convert the following recurring decimals into fractions by using the 

infinity geometric progression approach 

a) 2.0   b) 12.0   c) 2.3   

d) 7.0   e) 73.0   f) 403.0 

g) 89.2   h) 423.7   

12. The sum of the first 2 terms 
of a geometric progression is 
9 and the sum of the first 
four terms is 45. Calculate 

the common ratio and the 
first term 

13. The sum of the first n terms 
of progression is n2 
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(a) Write down the 
formula for nth term 

(b) Show that the series is 
an arithmetic series 

(c) Find the sum of the first 
2n terms 

14. The second, third and 
seventh terms of arithmetic 
progression are the first 
three terms of a geometric 
progression, if the common 
difference is 3, find 
(a) The common ratio. 
(b) The sum of the first 10 

terms of geometric 
progression 

15. The third, fourth and eighth 
terms of an arithmetic 
progression forms the first 
three consecutive terms of 
Geometric progression. If 
the sum of the first 10 terms 
of A.P is 85, Calculate 
a) First term of G.P and 

first term of A.P 
b) Common ratio and 

common difference 
c) The sum of the first 5 

terms of the G.P 
16. Chairs in a conference room 

are arranged such that the 
first row has 18 chairs and 
each of the preceding rows 
has two more chairs that the 
rows in the front of it. If 
there are 40 rows 
altogether, find the total 
number of chairs in this 
room. 

17. Given three non zero 

numbers x, y and z which are 

consecutive terms of a G.P 

and 70=++ zyx , 

furthermore 4x, 5y and 4z 

are consecutive terms of an 

A.P. Find values of x, y and z 

18. Non zero numbers A, B, C are 
consecutive terms of a G.P 
and A, 2B and C are 
consecutive terms of A.P. 
Show that the common ratio 

of the G.P is 32 . 
19. In a certain A.P the sum of 

terms from the 10th to 20th 
terms inclusive is 1155. If the 
first term is 7, find the 
common difference. 

20. The first three terms of an 
arithmetic progression are a, 

b and 2a  respectively where 
0a . The first three terms 

of geometrical progression 
are a, a2 and b. Find the 
values of a and b 

21. Find the positive difference 
between the sum of the first 
ten terms of a geometrical 
and arithmetical progression 
which starts with ...63 ++  

22. Show that if alog , blog  and 

clog  are consecutive terms 

of an arithmetic progression 

then a, b  and c are the 
consecutive terms of a 
geometric progression. 



Algebra 

 

38 | A l g e b r a  

 

23. The sum of n terms of a 

certain series is 14 −n  for all 
values of n. Find the first four 

terms and the nth term 
terms, and show that the 
progression is a geometrical 
progression. 

 

6.4.3 Standard results 

Series of powers of the natural numbers  
1. Sum of the first n – natural numbers: n+++++ ...4321  

( )

( ) ( ) 12...21

1...321

+++−+−+=

+−++++=
+

nnnS

nnS

n

n  

( ) ( ) ( ) ( ) ( )11...1112 ++++++++++= nnnnnSn  

( )12 += nnSn   thus ( )1
2

+= n
n

Sn  

2. The sum of the first n – square natural numbers: 
2222 ...321 n++++  

Consider the identity ( ) 1331 233 ++=−+= nnnnAn  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )


















++=−−=

+−+−=−−−=

+−+−=−−−=

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

++=−=

++=−=

++=−=

+

−

−

1331

1131321

1232322

1333334

1232323

1131312

233

233
1

233
2

233
3

233
2

233
1

   n        n      n         n   A

       n      n       n      n      A

      n     n      n      n      A

          .         .                              A

          .         .                              A

           .           .                              A

n

n

n

 

( ) ( ) ++=−+ 13311 23 nnn  

( ) ( ) ( )  ++=−+++ 1331133 223 nnnnn  

  ++=++ nnnnnn 3333 223  

( ) +







++=++ nn

n
nnnn 1

2
3333 223  
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 +++=++ n
nn

nnnn
2

3

2

3
333

2
223  

 +++=++ nnnnnnn 2336662 2223  

=++ 223 632 nnnn  

( )1326 22 ++= nnnn  

( )( ) ++= 121
6

2 nn
n

n  

( )( )121
6

2 ++= nn
n

S
n

 

The sum of the square of the first natural numbers is 

( )( ) ++= 121
6

2 nn
n

n  

3. The sum of the first n – cubic natural numbers: 3333 ...321 n++++  

Consider the identity ( ) 14641 2344 +++=−+ nnnnn  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )


















+++=−+=

+−+−+−=−−=

+−+−+−=−−−=

−−−−−−−−−−−−−−−−−−−−−−−

−−−−−−−−−−−−−−−−−−−−−−−

−−−−−−−−−−−−−−−−−−−−−−−

+++=−=

+++=−=

+++=−=

+

−

−

14641

11416141

124262421

134363434

124262423

114161412

2344

12344
1

12344
2

12344
3

12344
2

22344
1

nnnnnA

nnnnnA

nnnnnA

A

A

A

n

n

n

 

( ) ( ) +++=−+ 146411 234 nnnn  

  +++=−++++ 146411464 23234 nnnnnnn  

( ) ( ) nn
n

nn
n

nnnnn +







++








+++=+++  1

2
4132

6
64464 23234  

 ++++++=+++ nnnnnnnnnnn 22324464 2233234  

nnnnnnnn 4524464 233234 +++=+++   
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=++ 3234 42 nnnn  

( ) =++ 322 412 nnnn  

( )223 14 += nnn  

( )2
2

3 1
4

+= n
n

n  

Therefore, ( )2
2

1
4

3 += n
n

S
n

 

 
 
 

Evaluate the following 

(a) ( )
=

+

n

r

nn

1

1   (b) ( )
=

+

n

r

n

1

2 3   (c) ( )( )
=

++

n

r

nn

1

21  

Solution 

(a) ( )
=

+

n

r

nn

1

1  expanding 

( ) 
===

+=+

n

r

n

r

n

r

nnnn

11

2

1

2  

( )( ) ( )1
2

121
6

++++= n
n

nn
n

 

( ) 







+

+
+=

2

1

6

12
1

n
nn  

( )( )421
6

++= nn
n

 

( ) ( )( )21
3

1

1

++=+
=

nn
n

nn
n

r

 

(b) ( )
=

+

n

r

n

1

2 3  

( )( ) nnn
n

n
n

r

n

r

3121
6

3
11

2 +++=+
==

 

Example 40 
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( ) ( )1932
6

3 2

1

2 ++=+
=

nn
n

n
n

r

 

(c) ( )( )
=

++

n

r

nn
1

21  

( )( ) ( )
==

++=++

n

r

n

r

nnnn
1

2

1

2321  

( )( ) ( ) nn
n

nn
n

nn
n

r

n

r

n

r

21
2

3
121

6
23

111

2 +++++=++ 
===

 

( )( ) ( )116
3

21 2

1

++=++
=

nn
n

nn
n

r

 

 

EXERCISE 6: ALGEBRA 

Evaluate the following 

1. ( )
=

−

n

r

nn

1

1  2. ( )
=

+

n

r

n

1

21

3. ( )
=

+

n

r

nn

1

2 1  4. ( )( )21

1

++
=

nnn
n

r

5. ( )
=

+

n

r

n

1

4  6. ( )
=

−

n

r

nn

1

2 1  

7. ( )( )11

1

+−
=

nn
n

r

 8. Show that 

2

11

2














= 

==

n

r

n

r

nn  

Write using sigma notation 
9. (3 × 7) + (5 × 11) + (7 × 15) + … + (13 × 27) 

10. ...931 +++  11. ...531 222 +++

12. ...642 333 +++
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6.5 Mathematical induction 

Principle of mathematical induction states that “If )(nP  is any 

mathematical statement involving natural numbers n , )1(P  is true, if )(kP  

is true, then )1( +kP  is true for all natural numbers” 

Steps of proof by mathematical Induction 
Let ( )nP  be a proposition depending on a positive integer n. 

Step 1: Show, if possible, that ( )nP  is true for some positive integer 0n . 

Step 2: Show, if possible, that if ( )nP  is true for an arbitrary integer 

0nkn = , then the proposition ( )1+kP  follows from proposition ( )kP  

Step 3: If Step 2 is true, the fact that ( )0nP  is true implies that ( )10 +nP  is 

true, and then that ( )20 +nP  is true, and hence that ( )nP  is true for all 

0nn  

Step 4: If no number 0nn =  can be found for which Step 1 is true, or if in 

Step 2 it can be shown that ( )kP  does not imply ( )1+kP , the proposition 

( )nP  is false. 

 

Then kk m 876 −=  Prove by principle of mathematical induction that 
nn 86 +  is divisible by 7 for positive integers n  

Solution 

Step1: Let nnnP 86:)( +  be a mathematical statement 

Test: when 1=n : 1486)1( 11 =+=P , then )1(P  is true 

Therefore, mnP nn 786:)( =+  for 1n  

Induction hypothesis 

mkP kk 786:)( =+  

Step 2: 1+ kn  

( ) 11 86:1 ++ ++ kkkP  

8866 kk +=  

( ) 88876 −−= kkm  

888642 −−= kkm  

But  kk m 876 −=  

( ) km 88642 +−=  

Example 41 
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km 81442 −=  

( )km 8267 −=  

Hence shown that nn 86 +  has a factor of 7, therefore divisible by 7 
 

Prove that the sum of the first n positive integers is equal to ( )1
2

1
+nn  

Solution 

Given ( )1
2

1
...321: +=++++ nnnSn  

 Let the mathematical statement be ( )1
2

1
...321:)( +=++++ nnnnP  

Test: 12
2

1
1...321:)( ==++++nP , Then )1(P  is true. 

Let 1= kn  

( )1
2

1
...321:)( +=++++ kkkkP  

Induction hypothesis 

( )
( )

( )1...321:1 +++++++ kkkP
kP
    

( ) ( ) ( )1:1 +++ kkPkP  

( ) ( ) ( )11
2

1
:1 ++++ kkkkP  

( )( )21
2

1
++= kk  hence proved. 

 

Prove by the principle of mathematical induction that nn 2  for +n  
Solution 

Let   nnP n 2:)(  be a mathematical statements 

Test  12:)1( 1 P  therefore, )1(P  is true 

For   1= kn  

kkP k 2:)(  

Induction hypothesis 

( ) 12:1 1 ++ + kkP k
 

Example 42 

 

Example 43 
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  122 1 += kk  (but kk 2 ) 

  1221 +== kkk  
Hence shown that ( ) 12:1 ++ kkkP  

 

Prove by mathematical induction that ( ) 1−= nn nxx
dx

d
 

Solution 

Let the mathematical statement be ( ) ( ) 1: −= nn nxx
dx

d
nP  

Test:  if 1=n , ( ) ( ) 1:1 =x
dx

d
P , ( )1P  is true 

Let  1= kn : ( ) ( ) 1: −= kk kxx
dx

d
kP  

Induction hypothesis ( ) ( ) ( )xx
dx

d
x

dx

d
kP kk =+ +1:1  

By product rule of differentiation 
dx

dv
u

dx

du
v

dx

dy
+=  

( ) ( ) ( )x
dx

d
xx

dx

d
xxx

dx

d kkk +=  

( ) ( ) ( )11 kkk xkxxxx
dx

d
+= −  

( ) kkk xkxxx
dx

d
+=  

( ) ( ) kk xkx
dx

d
11 +=+  Hence proved 

 

 

Prove by the principle of mathematical induction that yx −  is a factor of 
nn yx −  

Solution  

Mathematical statement, nn yxnP −:)(  

Test: yxyxP −=−= 11)1( , P(1) is true 

Let  ( )yxmyxkP kk −=−:)(  

Example 44 

 

Example 45 
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 ( ) kk yyxmx +−=  

Induction hypothesis: ( ) 11:1 ++ −+ kk yxkP  

yyxx kk −=  

( ) yyxyxyxm kk −+−=  

( ) ( )yxyyxmx k −+−=  

( )( )kymxyx +−=  

Therefore, ( ) ( )( )kymxyxkP +−+ :1  has a factor yx −  

 

 

 

Prove by mathematical induction that 
1

1

+
=

+

 n

x
dxx

n
n  

Solution 

Mathematica statement: ( )
1

:
1

+
=

+

 n

x
dxxnP

n
n  

Test: 
2

:)1(
2x

dxxP =  then )1(P  is true 

For 1= kn , 
1

:)(
1

+
=

+

 k

x
dxxkP

k
k  

Induction hypothesis, ( ) dxxxdxxkP kk
 =+ +1:1  

By using by-part method of integration duvuvdvu  −=  

 +
−















+
=

++

dx
k

x

k

x
xdxxx

kk
k

11

11

 

( ) 













++
−

+
=

++
+

21

1

1

22
1

k

x

kk

x
dxx

kk
k

 

( )
( ) 














+
−

+
=

+
++

 21

1 2
21

k

x
x

k
dxx

k
kk

 

Example 46 
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( ) ( )














+

−+

+
=

++
+

 2

2

1

1 22
1

k

xxk

k
dxx

kk
k

 

( ) ( )
( )( ) 221

1 22
1

+
=

++

+
=

++
+

 k

x

kk

xk
dxx

kk
k  hence shown 

 

 

Use mathematical induction to show that 

( )






2
1

2
1

2
1

sin

sin1sin
sin...3sin2sinsin

+
=++++

n
n  

Solution 
Mathematical statement: 

( )






2
1

2
1

2
1

sin

sin1sin
sin...3sin2sinsin:)(

+
=++++

n
nnP  

Test: 1=n , 

 sinsin...3sin2sinsin:)1( =++++P , )1(P  is true, 

For 1= kn , 

( )






2
1

2
1

2
1

sin

sin1sin
sin...3sin2sinsin:)(

kk
kkP

+
=++++  

( )
( )

( ) 1sinsin...3sin2sinsin:1 +++++++ kkkP
kP

    

( )
( )




1sin

sin

sin1sin

2
1

2
1

2
1

++
+

= k
kk

 

( ) ( ) ( ) 1cos1sin21sin
2
1

2
1 ++=+= kkk  

( )
( ) ( )




1cos1sin2

sin

sin1sin

2
1

2
1

2
1

2
1

2
1

+++
+

= kk
kk

 

( )
( )













 ++
+=






2
1

2
1

2
1

2
1

2
1

sin

sin1cos2sin
1sin

kk
k  

Factor formula: ( ) ( ) BABABA sincos2sinsin =−−+  

Example 47 

 



Algebra 

 

47 | A l g e b r a  

 

( )
( )













 −++
+=






2
1

2
1

2
1

2
1

2
1

sin

sin2sinsin
1sin

kkk
k  

( ) ( )





2
1

2
1

2
1

sin

2sin1sin ++
=

kk
 hence shown 

 

EXERCISE 7: ALGEBRA 

1. State the principle of mathematical induction 

2. Prove by mathematical induction that 19 −n  is divisible by 8 
3. Prove by induction that 

( ) ( ) ( ) ( ) ( ) 1  !1   ...  3!  3  2!  2  1!    1 −+=++++ n n! n  

4. If 0x  show that ( ) nxx n ++ 11  for all n, 2n  

Prove the following by mathematical induction 

5. ( ) 212...531 nn =−++++  

6. ( ) ( )13
2

1
23...741 −=−++++ nnn  

7. ( ) ( )1234...951 −=−++++ nnn  

8. ( )1
2

5
5...15105 +=++++ nnn  

9. ( )136...18126 +=++++ nnn  

10. ( )223333 1
4

1
...321 +=++++ nnn  

11. ( )( )121
6

...321 2222 ++=++++ nn
n

n  

12. ( ) ( ) ( ) ( )11
2

1
1...321 121222 +−=−+−+− −− nnn nn  

13. ( ) ( )14
3

1
12...531 22222 −=−++++ nnn  

14. ( )1222...222 32 −=++++ nn  

15. ( ) ( )( )21
3

1
1...433221 ++=+++++ nnnnn  

16. 
( ) 11

1
...

43

1

32

1

21

1

+
=

+
++


+


+

 n

n

nn
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17. ( )23333 ...321...321 nn ++++=++++  

18. ( ) ( )1212...531 223333 −=−++++ nnn  

Prove by mathematical induction that 

19. nn +12  for all n  

20. nn 31 +  for all n  

21. ( )22 11 nn ++  for all n  

22. 21 nn +  for all n  

23. 27 +n  is divisible by 3 

24. nn 53 +  is divisible by 6 

25. ( )( )2312 +− nnn  is divisible by 24 

26. nn 37 −  is divisible by 2 and 4 

27. nn −5  is divisible by 5 

28. ( ) ( ) xnx n sin1180sin −=+ , for all n  

29. 2! nn   for all n  
30. By induction prove that the amount A which a principal P will accure 

to at the end of n years if interest is compounded annually at the 

interest rate, r, is given by ( )nrPA += 1  

31. By induction prove that 
!

1
1

!

1
...

!3

2

!2

1

!1

0

nn

n
−=

−
++++  

32. Use induction to prove that, if 
x

y
−

=
1

1
 then 

( ) 11

!
+−

=
nn

n

x

n

dx

yd
 

33. Show that 22 nn   for 5n  
34. Using mathematical induction prove that 










−
=









− 







nn

nn
n

cossin

sincos

cossin

sincos
 

 

6.6 Roots of polynomial function 

6.6.1 Quadratic equation 

Polynomial of degree 2 is called quadratic. 

Thus 02 =++ cbxax  where 0a  and a, b, c are constants 
 



Algebra 

 

49 | A l g e b r a  

 

Solution of quadratic equations 

Consider the equation 02 =++ cbxax  

Divide by a each term, 02 =++
a

c
x

a

b
x , this can be written as 

a

c
x

a

b
x −=+2  

Add 
2

2









a

b
 on both sides to make the left hand side a perfect square 

a

c

a

b

a

b
x

a

b
x −








=








++

22
2

22
  

a

c

a

b

a

b
x

a

b
x −=++

2

2

2

2
2

44
 

2

2

2

2
2

4

4

4 a

acb

a

b
x

a

b
x

−
=++  

2

22

4

4

2 a

acb

a

b
x

−
=








+  

2

2

4

4

2 a

acb

a

b
x

−
=+  

2

2

4

4

2 a

acb

a

b
x

−
−=  

a

acbb
x

2

422 −
−=  this is a general solution of quadratic 

equations. 

The part acb 42 −  is called a discriminant. This part determine the 
nature of the quadratic equation, there are three different cases 

(a) When 042 − acb  the quadratic equation has two distinct real 
roots. 

(b) When 042 =− acb  the quadratic equation has two identical real 
roots. 

(c) When 042 − acb  the quadratic equation has complex roots. 
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If the quadratic equation 02 =++ cbxax  has roots (solutions) α and 
β 

02 =++ cbxax  02 =++
a

c
x

a

b
x  

Since α and β are roots we can use the roots to find the quadratic 
equation. 
( )( ) 0=−−  xx  

02 =+−−  xxx  ( ) 02 =++−  xx  

Now, compare equations 

( )







=++−

=++

0

0

2

2

 xx

a

c
x

a

b
x

 

The sum of roots is 
a

b
−=+   

Product of roots is 
a

c
=  

Alternative 

Since the roots of quadratic are 
a

acbb

2

42 −+−
=  and 

a

acbb

2

42 −−−
= , thus the sum of roots is, 

a

acbb

a

acbb

2

4

2

4 22 −−−
+

−+−
=+   thus 

a

b
−=+   

The product of the roots is, 













 −−−













 −+−
=

a

acbb

a

acbb

2

4

2

4 22

  

( )
a

c

a

acbb
=

−−
=

2

22

4

4
  

 
 
 

Find the sum and product of the roots of the following quadratic 

Example 48 
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(a) 0653 2 =++ xx  

(b) 03
2

12 =++ xx  (c) 035
2

3 2 =+− xx

Solution 

(a) Given 0653 2 =++ xx  thus 02
3

52 =++ xx  

Sum of the roots: 
3

5
−=−=+

a

b
  

Product of the roots: 2==
a

c
  

(b) Given 03
2

12 =++ xx  

The sum of roots: 
2

1
−=+   

Product of roots: 3==
a

c
  

(c) Given  035
2

3 2 =+− xx  

06103 2 =+− xx  

02
3

102 =+− xx  

The sum of the roots: 
3

10
=+   

The product of the roots: 2=  

 
 
 

Find the relation between a, b and c if one root of the quadratic 

02 =++ cbxax  is three times the other. 
Solution 

Given  02 =++ cbxax  

a

b
−=+   

a

c
=  

Given   3=  

Example 49 
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Using  
a

b
−=+=+  3  (substitute  3= ) 

Then  
a

b

4
−=  

From  
a

c
=   (substitute  3= ) 

( )
a

c
== 233 

a

c

3
=  

Equate 
a

c

a

b

34
=−  









=








−

a

c

a

b

34

2

 

caab
a

c

a

b 22
2

2

163
316

==  

The relation required, acb 163 2 =  
 
 

If α and β  are the roots of the quadratic equation 02 =+− qpxx  find 

the quadratic with roots 2
  and 2

  

Solution 

Given 02 =+− qpxx  with roots α and β 

p=+   and q=  

The new quadratic has roots 2
1


 and 
 2

1  

Sum of the roots of the new quadratic: 
22222

11

q

p
=

+
=+






 

Product of the roots of the new quadratic: 
( ) 3322

1111

q
==






























 

The new equation is given by  

( ) ( ) 0roots of productxroots of sum2 =+−x  

Example 50 
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Therefore the equation is 0
1
32

2 =+













−

q
x

q

p
x  0123 =+− pqxxq  

 

If α and β are the roots of the quadratic equation 02 =++ abxax  find 

the new equation with the roots 
3

1


 and 

3

1


 

Solution 

Given equation 02 =++ abxax   012 =++ x
a

b
x  

The sum of the roots: 
a

b
−=+   

The product of the roots: 1−=  

The new equation has sum of roots: 

( ) ( )( )
( )3

2

33

33

33

311











−++
=

+
=+  














+








−








3

2

a

b

a

b
 

Sum of the roots: 
a

b

a

b 3
3

3

+  

Product of roots of the new equation:  
( )

1
111

333
−==


 

The equation is given by ( ) ( ) 0roots of productxroots of sum2 =+−x  

The new equation is: 01
3

3

3
2 =−














+− x

a

b

a

b
x

( ) 03 32323 =−+− axbabxa  

 

 

 

 

 

Example 51 

 

Questions 

(a) If one root of the equation 02 =++ cbxx  is the square of the other, show that 

bccb 3223 =+  

(b) If the roots of the equation 02 =++ cbxax  are in the ratio m : n find the 
equation connecting a, b, c, m and n. 

(c) Find the condition that one root of the quadratic equation 02 =+− pqxpx may 

be three more than the other. 
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EXERCISE 8: ALGEBRA 

1. One roots of the equation 02 =++ cbxax  is the twice of the other, 

show that 
2

3
ac

b=  

2. The roots of the quadratic 0242 =+− baxx  are α and β. If it has 

equal roots show that 02 2 =− ab  

3. If are α and β are the roots of the equation 0222 =++ xex  find the 
equation with roots 1+  and 1+  

4. Find the relation between a and b if one root of the equation 

0242 =+− baxx  is 4 times the other. 

5. Find the new equation with roots 


1
 and 



1
 if the equation 

0143 2 =+− xx  has roots α and β. 

6. The roots of the quadratic equation 0682 2 =−+ xx are α and β find 
(a) α – β (b) 33  −

(c) 22  −  (d) 33  +

7. If the equations 0322 =−+ cbxax  and 02 =++ cbxx  have common 
root, find the relation connecting a, b and c. 

8. The roots of 052 =++ pxx  are α and β , if 0322 =−+  , show 

that 132 =p  

9. The roots of the quadratic equation 0132 =+− xx  are α and β, 

without solving find the quadratic equation with roots 



1

+  and 




1
+  

10. Simplify the expression 
2

2

2

2

2

1

2

1

1









−
−















−

+

x

x

x

x
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6.6.1 Cubic equation 

An equation 023 =+++ dcxbxax  is a cubic equation, where a, b, c and d 
are constants, where 0a  

Let α, β and   be the roots of the cubic equation 023 =+++ dcxbxax . 

Then 

023 =+++ dcxbxax 023 =+++
a

d
x

a

c
x

a

b
x  

Since α, β and   are the roots of the equation, then 

( )( )( ) 0=−−−  xxx  

02223 =−++−+−−  xxxxxxx  

( ) ( ) 023 =−+++++−  xxx  

Compare 

023 =+++
a

d
x

a

c
x

a

b
x  

Then, sum of roots: ( )
a

b
−=++   

Sum-product of roots: 
a

c
=++   

Product of roots: 
a

d
−=  

 
 

If α, β and    are roots of the cubic equation 023 =+++ cbxaxx , find 

the equation with roots 


1
, 


1
 and 



1
. 

Solution 

From 023 =+++ cbxaxx  
The roots sum of the roots: a−=++   

The sum-product of the roots: b=++   

The product of roots: c−=  

Roots of the new equation 

Sum of the roots 
c

b
−=

++
=++







111
 

Example 52 

 



Algebra 

 

56 | A l g e b r a  

 

Sum-product of the roots: 
c

a
−=

++
=++







111
 

Product of the roots: 
c

11111
−==


 

The new equation is ( ) ( ) ( ) 0productxproduct sumxsum 23 =++−x  

0
123 =







−








−








+

c
x

c

a
x

c

b
x  thus 0123 =−−+ axbxcx  

 
 
 

The roots of the equation 05234 23 =+−+ xxx  find without solving, the 

new equation with roots 


1
, 


1
 and 



1
. 

Solution 
The old equation is an equation of x, 
Let new equation be the equation of y 
The old equation has roots     ,x ,=  

The new equation has roots 








=


1
,,

1 1
 y  

The relation between y and x is 
x

y
1

=  

Make x the subject and substitute in the old equation to get the new 
equation in terms of y. 

y
x

1
=  

Then, 05234 23 =+−+ xxx 05
1

2
1

3
1

4
23

=+







−








+










yyy
 

05
234

23
=+−+=

yyy
 

The new equation is, 05234 32 =+−+ yyy  to change the equation to be 

in term of x, replace y with x, the equation become, 

04325 23 =++− yyx  

 
 

Example 53 
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Find the relation between the constants a, b, c and d if the roots of the 

equation 023 =+++ dcxbxax  are arithmetic progression. 
Solution 

Sum of roots: 
a

b
−=++   

Sum-product of roots: 
a

c
=++   

Product of roots: 
a

d
−=  

 ++  

 −=−=d  

2




+
=  

a

b
−=++   

a

b

a

b

3

2

2

33
−=+−=

+



 

a

c
=++   

a

c
=+







 +
+







 +








22
 

( )
a

c
=++







 +




2
 

( )( )
a

c2
22 =+++   

a

c

a

b

a

b 2
2

3

2

3

2
=+








−








−   

a

c

a

b 2
2

9

4
2

2

=+   














−=

2

2

9

2

a

b

a

c
  

Example 54 
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Product of roots 
a

d
−=  

a

d
−=







 +

2


  

a

d

a

b
−=








−

3
  

a

d

a

b
=

3
 therefore 

b

d3
=  

Compare,  
2

2

9

23

a

b

a

c

b

d
−=  

2

2

9

2
3

a

b

a

bc
d −=  

The relation required is 32 2927 babcda −=  
 

6.7 Identities 

(a) ( )( )2233 yabababa ++−=−  

(b) ( )( )2233 babababa +−+=+  

(c) ( )( ) abcacbcabcbacbacba 3222333 +−−−++++=++  

 
 

EXERCISE 9: ALGEBRA 

1. The equation 07463 23 =+−+ xxx  has roots α, β and  . Find the 

equation with roots  

(a) 


1
,

1
,

1
   

(b)  + ,  +  and  +  

(c) 2 , 
2  and 2  

2. The equation 06324 23 =+++ xxx  has roots α, β and  . Find the 

equation with roots  

(a) 2 , 2  and 
2  

(b) 2− , 2−  and 2−  
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(c) 12 + , 12 +  and 12 +  

(d) 


1
, 


1
 and 



1
 

3. If the roots of the equation 03 =+− rqxx  are α, β and  , show that 

2222 q=++   

4. One of the roots of the equation 06375021 23 =−−− xxx  is a 
positive integer. Find this root and hence solve the equation 
completely  

5. Show that, if the roots of the equation 085 23 =−+− axxx  are in 
geometric progression, then 10=a  

6. Solve 050355212 23 =++− xxx  if the equation has repeated roots. 
 

6.8 Remainder theorem and division of polynomials 

The operation of division of polynomials is analogous to the operation of 

division of integers. 
divisor

remainder
quotient

divisor

Dividend
+=

( ) ( ) remainderdivisorquotientDivident +=  

 
 

Divide 526 23 −−+ xxx  by 5+x  and state the remainder 
Solution 
Using long – division method 

7xx

30                          

35x7               

5x7               

x5x          

x2x          

x5x

5x2x6x5x

2

2

2

23

23
−+

−−

−−

+

−

+

−−++  The remainder is 30 

If we divide a polynomial )(xP  by the linear polynomial axxD −=)( , then 

the division algorithm states that there exist a unique polynomial ( )xQ  

Example 55 
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and )(xR  such that ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )xRxQaxxPxRxQxDxP +−=+= . 

When ax =  then ( ) )()()( aRaQaaaP +−=  )()( aRaP = . 

The remainder theorem state that “If a polynomial ( )xP  is divided by ax −

, then the remainder is )(aP ” 

Consider example 55 above, using the remainder theorem we can easy 
find the remainder as follows, 

The polynomial 526)( 23 −−+= xxxxP  is divided by 5)( += xxD  using 

the theorem, 0)( =xD  

05 =+x 5−= x  

( ) ( ) ( ) 30552565)5( 23 =−−−−+−=P  

Note that, when a polynomial is divisible by another polynomial the 
remainder is zero. 
In other words, if a polynomial is divided by ax −  and the remainder is 
zero, then ax −  is a factor of the polynomial. 

 

Find the remainder when 2435 23 ++− xxx  is divided by 3−x  
Solution 
Using the remainder theorem 

303 ==− xx  

2435)( 23 ++−= xxxxP  

( ) ( ) ( ) 1222343335)3( 23 =++−=P  

The remainder is 122. 
 

Find the remainder when the polynomial 973 23 +−− xxx  is divided by 

2+x  
Solution 

202 −==+ xx  

The polynomial is 973 23 +−− xxx  

( ) ( ) ( ) ( ) 39272322 23 =+−−−−−=−P  

 

Example 56 

 

Example 57 
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6.9 Synthesis division method 

Synthesis division is an efficient method for dividing polynomials by 
another polynomial, this method gives the remainder and the quotient. 
 
 

(a) Divide 2364 23 +++ xxx  by 3−x  

(b) Find the quotient and the remainder when 3104 23 −−+ xxx  is 
divided by 4+x  

(c) Find the quotient and remainder when 4343 234 −+−+ xxxx  is 
divided by 5−x  

Solution 
(a) By synthesis method 

List the coefficients of the dividend, write them is a line, and write the 

divisor value at the left end of all other coefficient. 

Procedures 

(a) Take the first coefficient, (4) down the bottom line (shown 

below) 

(b) Take a divisor, (3) value times the dropped number (4) and write 

the answer below the next coefficient, (6) and add the two 

numbers to get 18, write it below the line next to 4. 

(c) Repeat the procedures to the end of coefficients. (See below) 

 
 
 
 
 
Obtained below are the coefficient of the quotient polynomial, the last 
number is a remainder. Remember when dividing polynomials the 
quotient will be a polynomial less than divided polynomial. 

Thus 
3

173
57184

3

2364 2
23

−
+++=

−

+++

x
xx

x

xxx
 

The remainder is 173, the quotient is 57184 2 ++ xx  see (b) and (c) 
below 
 
 

4  6  3   2 3 

 12 54 171 

4 18 57  173 

Example 58 

 

Remainder  

+ 
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(b) 3104 23 −−+ xxx  the divisor 4+x  
 

 

 

The quotient is 102 −x  and the remainder is 37 

 

 

(c) 4343 234 −+−+ xxxx  divisor 5−x  
 

 

 

 

The quotient is 183368 23 +−+ xxx  the remainder is 911 
Note that synthesis division can not be used to divide polynomial of 
degree n with another polynomial of degree greater than 1. Thus dividing 

151043 32 −−+ xxx  by 332 ++ xx  can be done by long division. In other 
words, synthesis division is used to divide polynomials with a linear 
polynomial. 
 

EXERCISE 10: ALGEBRA 

1. Find the relation between q and r so that rqxpxx +++ 23 3  is a 

perfect cube for all values of x. 

2. Find the remainder when the polynomial 12136 23 +++ xxx  is 
divided by 23 +x  

3. When the polynomial 0623 =−++ cxbxax  is divisible by 2+x , 3−x  
and 12 +x  find the values of a, b and c. 

4. If 3+x  is a factor of kxx +−93  find the value of k. 

5. Find the remainder when the polynomial 5883 23 −+− xxx  is divided 
by 1−x  

1 4 -10 -3 

                  -4                0        40 
- 4  

     1      0      -10        37   

  

Remainder 
Coefficients degree 2 polynomial 

1 3 -4 3 -4 

  5   40 180 915 

1            8 36         183       911 

   5 

Remainder 

Coefficients Degree 3 polynomial 

Coefficients of the polynomial 

Coefficients of the polynomial 

+ 

+ 
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6. If the polynomial 052 23 =++− bxaxx  is exactly divisible by 2−x  
and leaves a remainder of 10 when divided by 3+x , find the values 
of a, b. 

 

6.10 INEQUALITIES 

An inequality is a mathematical statement which shows that one side of is 
either less or greater that the other side. Inequalities can also be solved 
using graphs by shading the region that satisfy the inequality. 
 
Solving inequalities 

(a) Inequalities of the form 02 ++ cbxax  or 02 ++ cbxax  
 
 

Find the set of values of x for which 0352 2 −+ xx  
Solution 

Given ( )( ) 0312352 2 +−=−+ xxxx  

For the function 352 2 −+ xx  to be positive, either ( ) 012 −x and 

( ) 03 +x  or ( ) 012 −x  and ( ) 03 +x  

Solve for x from the factors above, 3−=x  and 21=x  

Now this think of numbers less than 3, numbers between 3 and 21  and 

numbers greater than 21  and tabulate as shown below 

 3−x  213 − x  21x  

3+x  -ve +ve +ve 

12 −x  -ve -ve +ve 
( )( )312 +− xx  +ve -ve +ve 

Thus to satisfy the inequality 0352 2 −+ xx  the set of value of x are 
3−x  or 21x  

 
 

Find the set of values for which 0321 2 −+ xx  
Solution 

Solve the inequality as an equation 0321 2 =−+ xx  

Example 59 

 

Example 60 
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( )( ) 0113 =−+ xx  solution are 3
1−=x  and 1=x  

 31−x  131 − x  1x  

( )13 +x  -ve +ve +ve 

( )1−x  -ve -ve +ve 

( )( )113 −+ xx  +ve -ve +ve 

To satisfy the condition of the inequality 0321 2 −+ xx then 

121 − x  

 
 

Find the set of values for which 0322 −+ xx  is negative? 
Solution 

Solve the inequality 0322 −+ xx   as an equation 0322 =−+ xx  
factors ( )( ) 031 =+− xx  

1=x  and 3−=x  
 3−x  13 − x  1x  

( )1−x  -ve -ve +ve 

( )3+x  -ve +ve +ve 

0
2

32


+

+
−

x

x
 +ve -ve +ve 

To satisfy the inequality, 0322 −+ xx  the solution is 13 − x  
 

(b) Rational inequality 

In this section we shall be concerned with rational functions of two 

quadratic or linear that is function of the form 
rqxpx

cbxax

++

++
2

2

 or  
dcx

bax

+

+
 

 
 

Find the set of values of x for which 3
1

84


−

+

x

x
 

Solution 
Make the right-hand-side zero 

03
1

84
−

−

+

x

x
 thus 0

1

11


−

+

x

x
 

Solve for x from the numerator and denominator 
11011 −==+ xx  and 101 ==− xx  

Example 61 

 

Example 62 
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 11−x  111 − x  1x  

11+x  -ve +ve +ve 

1−x  -ve -ve +ve 

1

11

−

+

x

x
 +ve -ve +ve 

 
The solution is 11−x  or 1x  

 
 

Find the set of values of x for which 4
2

52


+

+

x

x
 

Solution 

0
2

8452


+

−−+

x

xx
 thus 0

2

32


+

+
−

x

x
 

Divide by the negative sign 

0
2

32


+

+

x

x
 then 5.1−=x  and 2−=x  

 2−x  5.12 −− x  5.1−x  

32 +x  -ve -ve +ve 

2+x  -ve +ve +ve 

2

32

+

+

x

x
 +ve -ve +ve 

 
The solution set is 2−x  or 5.1−x  
 

 
(c) Absolute values inequalities 

The absolute value of x is denoted as x  is always positive and it is 

defined as 




−


=

0if

0if

xx

xx  
x   

Consider the an absolute function cbax +  

Square both sides ( ) 22
cbax +  

222 2 cbabxax ++  

Example 63 
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02 222 −++ cbabxax , this is a quadratic inequality and can be solve 
using the previous method. 

 
 
 

Find the set of real values of x for which 213 +x  

Solution 

Given  ( ) 22
213 +x  

4169 2 ++ xx  

0369 2 −+ xx  
( )( ) 0113 +− xx  

31=x  or 1−=x  

 1−x  311 − x  31x  

( )13 −x  -ve -ve +ve 

( )1+x  -ve +ve +ve 

( )( )113 +− xx  +ve -ve +ve 

The solution is 311 − x   

 
EXERCISE 11: ALGEBRA 

Find the set values of x for each of the following inequality

1. 0342 ++ xx  2. 0253 2 +− xx  

3. 3
1

84


−

+

x

x
 4. 3

43


+

x

x
 

5. 0
143

23
2

2


+−

+−

xx

xx
 6. 2

2

43


−

−

x

x

7. 4
2

41


−

−

x

x
 8. 43 −x

9. 12 +x  10. 352 +x  

11. 43 −x  12. 25 − x

13. 31 − x  14. xx 212 ++  

15. xx +− 15  16. 1321 −− xx

17. xx 3224 −−  18. 122 −+ xx  

Example 64 
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19. 5
12

32


−

+

x

x
 20. 12412 2 −− xx  

21. 5
12

4


−

+

x

x
 

 

6.11 Matrices and determinants 

English mathematician Cayley introduced matrices in 1860’s. Matrices 
become greater utility in many branches of mathematics. 
Matrix: Is the rectangular array of numbers bounded by brackets. Matrices 
are denoted by capital letters, A, B, C, D … 
The order of the matrix is the dimension of the matrix, which is determined 
by  order = rows × columns 

(a) Example the order of matrix 
















=

fe

dc

ba

A   is 23  which reads “3 by 

2” mean 3 rows and 2 columns. 

(b) Example the order of matrix 
















=

185

856

432

B  is 33  matrix 

 

Types of matrices 

1. Row matrix: Is a matrix with only one row, i.e. ( )642 −=A  

2. Column matrix: is a matrix with only one column, i.e. 
















=

2

7

6

B  

3. Square matrix: Is a matrix with the equal number of column and 

rows. Example: 







=

24

13
C  

4. Zero/null matrix: is a matrix with all elements zero. Example: 









=

000

000
D  
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5. Diagonal matrix: a square matrix in which all non-diagonal (main 

diagonal) elements are zero. Example: 
















=

700

010

003

E  

6. Identity matrix: Is a diagonal matrix with all diagonal elements are 
one (1). It is denoted by I. 

Example: 







=

10

01
X  or 

















=

100

010

001

Y  

7. Scalar matrix: is a diagonal matrix, whose all diagonal elements are 

equal. Example: 
















=

400

040

004

A  

 

Transpose of a matrix 

In a matrix, when columns and rows are interchanged so that rows become 
columns the new matrix formed is called a transpose. 

Example: If 







=

dc

ba
A  then A transpose is denoted as AT, this is 









=

db

ca
AT  

 

 

 

 

 

 

 

 

 

 

 

 

Questions 
Find a transpose of each of the following:- 

1. 







=

20

24
A  

2. 






−
=

110

53
B  

3. 














 −

=

1   97

6   02

443

C  
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6.11.1 Matrices operations 

Addition and subtraction 

Addition or subtraction of the matrices is possible only if the matrices are of 
the same order. If A and B are two matrices of the same order, then their sum 
or difference ( )BA  is defined as the new matrix in which the elements are 

the sum of the corresponding elements of A and B. If ( )ijaA =  and ( )ijbB =  

then ( )ijij baBA +=+  for ij  where i is columns and j is rows. 

 

 

If 







=

18

72
A  and 








=

33

86
B  determine (a) BA+  (b) BA−  

Solution 

(a) 







=








+








=+

411

158

33

86

18

72
BA  

(b) 








−

−−
=








−








=−

25

14

33

86

18

72
BA  

Note that, matrix addition is commutative, that is ABBA +=+  and 
ABBA −−  where A and B are two matrices of the same order. 

 

 

Given 
















−−

−

−

=

832

176

187

   

   

A  and 
















−−=

542

312

291

       

      

B  find 

(a) BA+  (b) BA−  

Solution 

(a) 
















−−+
















−−

−

−

=+

542

312

291

832

176

187

       

      

   

   

BA  

Example 65 
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















−

=+

314

264

318

   

   

BA  

(b) 
















−−−
















−−

−

−

=−

542

312

291

832

176

187

       

      

   

   

BA  

















−−

−

−−

=−

1370

488

1176

 

       

   

BA  

 
 
 

 
 
 

 

Additive identity of matrices 

Let A and B be any two matrices of order nm , if A is a non-zero matrix and 
AABBA =+=+  then B is called additive inverse of A, and B is a zero matrix. 

If 







=

dc

ba
A  and 








=

00

00
B , then AABBA =+=+  

 
Additive inverse of matrices 
Let A and B be any two matrices of order nm , if A and B are non-zero 
matrices and OABBA =+=+  where O is a zero matrix, then A is called 
additive inverse of B and vice-versa.  

Let 







=

dc

ba
A  and 








=

sr

qp
B , if 








=








+








=+

00

00

sr

qp

dc

ba
BA , then 

A is additive inverse of B and vice versa. 
 
Scalar multiplication of matrices 
If a matrix of any order nm  is multiplied by a scalar quantity k, then all 
elements of the matrix are multiplied by the scalar k.  

Question 

Prove the associative law of matrices, thus 

(a) ( ) ( ) CBACBA ++=++  

(b) Show that ( ) ( ) CBACBA −−−−  
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That is, if 
















−

−−

−

=

128

674

432

      

   

     

A  then 

















−

−−

−

=
















−

−−

−

=

kk   k   

kk   k

k  kk   

      

   

     

kkA

128

674

432

128

674

432

, note that k is a number, not a 

matrix. 
Conversely: If the matrix elements have the common multiple, the common 
number (multiple) can be factorized from each element of the matrix 

That is if 







=

kdkc

kbka
A  thus 








=

dc

ba
kA  

Note that, ( ) kBkABAk =  

 

If 
















−

−

−

=

628

731

225

   

   

   

A  and 
















−−

−=

123

234

276

   

      

B  evaluate BA 32 +  

Solution 

















−−

−+
















−

−

−

=+

123

234

276

3

628

731

225

232    

      

   

   

   

BA  

















−−

−+
















−

−

−

=+

369

6912

62118

12416

1462

4410

32    

      

   

   

   

BA  

















−=+

927

201514

101728

32

   

   

      

BA  

 
 
 

Given 







=+

53

42
BA  and 








=−

42

30
BA  find matrices A and B 

Solution 

Example 67 

 

Example 68 
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



















=−









=+

+

42

30

53

42

BA

BA

 









=








+








=

95

72

42

30

53

42
2A  thus 














=

2
9

2
5

2
71

A  





















=−









=+

−

42

30

53

42

BA

BA

 









=








−







=

11

12

42

30

53

42
2B  thus 














=

2
1

2
1

2
11

B  

 
 
 
 

Multiplication of matrices 

Multiplication of two matrices A and B is possible only if the number of 
columns in pre-multiplier, A, (first) matrix is equal to the number of rows in 
post-multiplier, B, (second) matrix. 
 
 

Find BA  in 







=

db

ca
A  and 








=

y

x
B  

Solution 

( )dybxcyax
y

x

db

ca
BA ++=
















=  

 
 

Find BA  if 







=

dc

ba
A  and 








=

rk

yx
B  

Example 69 

 

Example 70 

 

Question 

Show that ( ) BABA 333 +=+  
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Solution 

















==

rk

yx

dc

ba
ABBA  










++

++
=

drcydkcx

braybkax
AB  

 

Multiplication of 3 by 3 matrices 

Consider the matrices 
















=

321

321

321

ccc

bbb

aaa

A  and 
















=

321

321

321

zzz

yyy

xxx

B  

The product 

































=

321

321

321

321

321

321

zzz

yyy

xxx

ccc

bbb

aaa

BA  is  

















++++++

++++++

++++++

=

333231232221131211

333231232221131211

333231232221131211

zcycxczcycxczcycxc

zbybxbzbybxbzbybxb

zayaxazayaxazayaxa

BA  

 
 
 

Evaluate AB if 
















=

423

321

210

A  and 
















=

20

98

43

B  

Solution 

















++++

++++

++++

=
































=

249243048223

239241038221

229140028120

20

98

42

423

321

210

AB  

















=

3822

2818

138

AB  

Why BA in this case is not defined? 
 

Example 71 
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Properties of matrix multiplication 
1. Matrix multiplication is not commutative, that is BAAB   

2. Matrix multiplication is associative, that is ( ) ( )CABBCA =  

3. Let I be identity matrix, A be any matrix of the same order as I, then 
AIAAI ==  

4. Let A be the inverse of matrix B, then IAB = , where I is Identity matrix 

 

Orthogonal matrix 

A matrix is said to be orthogonal matrix if IAA T =  where I is an identity 
matrix, A is any matrix of order nm  and AT is a transpose of A. 
 

 

If 
















−−

−=

122

212

221

3

1
   

      

A  show that A is orthogonal.  

Solution 

















−−

−=

122

212

221

3

1
   

      

A  and 
















−−

−

=

122

212

221

3

1

   

         

      

AT  

















−−

−


















−−

−=

122

212

221

3

1

122

212

221

3

1

   

         

      

   

      

AA T  

















=
















=

100

010

001

900

090

009

9

1TAA  

Therefore, A is orthogonal matrix. 

Note that: 
If a singular matrix is multiplied by another matrix (not necessary 
singular), the resulting matrix is a singular matrix. 
 

Example 72 
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Proof: Let the matrix A be 








ba

ba
 and let matrix B be 









yx

yx
 which are 

singular matrices, then 








++

++
=








+








=+

ybxa

ybxa

yx

yx

ba

ba
BA therefore 

( )( ) ( )( ) 0=++−++=+ ybxaybxaBA  

 

 

 

 

 

 

 

EXERCISE 12: ALGEBRA 
1. Determine (i) 2A + B (ii) 3A – 2B if 

(a) 







=

01

43
A  and 








=

29

76
B  

(b) 








−−
=

713

123       
A  and 








=

121

123
B  

(c) 
















=

123

121

212

A  and 
















=

312

002

178

B  

2. If 
















−

−

−

=

123

122

312

   

   

   

A  and 
















−

−

−

=

313

043

220

   

   

   

B , show that ( ) TTT ABAB =  

3. Find (i) AB (ii) BA if 
















=

123

102

210

A  and 
















−−

−

−

=

326

120

543

   

   

B  

Question 

 Use 







=

ba

ba
A  and 








=

yx

yx
B  show that the following matrices has no inverses. 

(i) BA 3+  

(ii) BA 32 +  

(iii) AB  

(iv) BAB 2+  
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4. If 








−+

−
+








=









132

5

32

4
2

wwz

yx

w

x

wz

yx
 find x, y, z and w 

5. Given that 







=

dc

ba
A  and 









−

−
=

a   c

bd   
B  find (i) AB (ii) BA 

 
 

Determinant of 3 by 3 matrices 

Only a square matrix has a determinant, (a reader should be familiar with the 

determinant of 2 by 2 matrices). Simply the determinant of 2 by 2 matrix is 

obtained by taking the product of elements of the leading diagonal minus the 

product of the elements of the main diagonal. 

Determinant is denoted by absolute value of the matrix name, A   or by  . 

Before we find the determinant, we shall first define the matrix direction sign, 

these signs goes with the respective element of the particular position when 

finding the determinant. 

The matrix direction sign are defined as 
















+−+

−+−

+−+

 

Here we shall discuss two ways to obtain the determinant of 3 by 3 matrix 

Suppose the matrix is 
















=

333

222

111

cba

cba

cba

A , the determinant of A is obtained 

as follows:- 

333

222

111

cba

cba

cba

A =  taking the first row into consideration, all the 

first row elements become scalar factors of minor determinants formed by 
excluding the elements of the row and column containing the scalar. 

33

22
1

33

22
1

33

22
1 ba

ba
c

ca

ca
b

cb

cb
aA +−+= . This depict that a 3 by 3 matrix is 
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now decomposed to small determinants of 2 by 2 with a scalar outside them. 
To obtain the determinant, obtain evaluate the small determinants. 

 

Find the determinant of the matrix 
















−=

230

423

301

   

  

A  

Solution 

Given    
















−=

230

423

301

   

  

A  

30

23
3

20

43
0

23

42
1

      
A

−
+−

−
+=  

Therefore, the determinant is  11=A  

When a determinant of matrix is zero the matrix is said to be a singular 
matrix. 

 

Find the determinant of matrix 
















−−=

264

423

132

         

   

         

A  

Solution 

Given   
















−−=

264

423

132

         

   

         

A  

64

23
1

24

43
3

26

42
2

            
A

−
+

−−
−

−
=  

( ) ( ) ( )818116632442 −−++−−+=A  

0263056 =−−=A , Matrix A is a singular matrix 

Example 73 

 

Example 74 
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Inverse of a matrix 

Minors and cofactors of a 3 by 3 matrices: Minor is a value of a determinant 
obtained by deleting the row and column containing the element. Cofactor is 
the value of the minor with its respective matrix direction sign. 
Adjoint matrix is a transpose of the matrix of cofactor 
Inverse of matrix is adjoint over the determinant of the matrix. Inverse of 

matrix A is denoted as 1−A . 

Mathematically, inverse of the matrix 
( )
( )A

AAdj
A

det
1 =− , provided ( ) 0det A . 

Any square matrix with none zero determinant has an inverse. 
 

Find inverse of matrix B if 
















−

−

=

310

142

013

   

B  

Solution 

Step 1: Find the determinant 
















−

−

=

310

142

013

   

B  

( )
10

42
01

31

14
3

    30

12

   
B

−
+−−

−
=  

( ) ( ) 00611123 +−+−−=B  

Determinant 33639 −=+−=B  

The determinant is –33 
Step 2: Find the cofactors matrix. A 3 by 3 matrix has 9 cofactors. Let the 

cofactor matrix of matrix 
















−

−

=

310

142

013

   

B  be 
















=

987

654

321

AAA

AAA

AAA

Bc  

When finding the cofactors, we use the matrix direction signs but we 
exclude the place element. 

13
31

14
1 −=

−
+=

   
A , 6

30

12
2 −=−=A , 2

10

42
3 =

−
+=

   
A , 

3
31

01
4 =

−
−=

   
A , 9

30

03
5 =+=A , 3

10

13
6 −=

−
−=

   
A ,

Example 75 
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1
14

01
7 −=

−

−
+=A , 3

12

03
8 −=−=A , 10

42

13
9 −=

−

−
+=A  then 

















−−−

−

−−

=

1031

393

2613

      

   

Bc   

Step 3: Find the adjoint matrix, the transpose of matrix of cofactors is an 

adjoint. That is ( ) ( )AadjB
Tc =  

( ) ( )
















−−

−−

−−

==

1032

396

1313

   

   

   

AadjB
Tc  

Step 4: Find the inverse of the matrix by taking adjoint over the determinant 

















−−

−−

−−

−=−

1032

396

1313

33

11

   

   

   

B  

Therefore the determinant is 



















−

−

−

=−

33
10

11
1

33
2

11
1

11
3

11
2

33
1

11
1

33
13

1B  

 
 

 

 

 

 

 

 

 

Questions 

(a) Use 







=

31

52
A  and 









−

−
=

06

41
B  to show that ( ) 111 −−=− ABAB  

(b) If 
















=

111

021

201

X  and 
















−

−

=

210

321

110

   Y  show that ( ) 111 −=−− YXYX  
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EXERCISE 13: ALGEBRA 

1. If the 
















=

cba

Q 410

321

 is a singular matrix, show that abc 54 −=  

2. If the determinant of matrix 
















−

−

−

=

2

230

132

y   x

   

   

P  is 12, show that xy
4

3
=  

3. Given 







=

dc

ba
A  and 








=

b

a
B

3

1
 if BA =  and cba == show that 

cbad ===+2  
 

4. Find the inverse of 
















=

032

130

201

A  

 

5. If 







=

a
X

2

31
 is the inverse of 







 −
=

1

37

   b
Y  find the values of a and b. 

6. If 








−
=

xx

xx
B

cossin

sincos
 ,  Show that TBB =−1  

7. Given 







=

2

13

x
A  and 








=

y
B

4

26
  find the values of x and y given that 

AB = BA 

8. Given the matrix  
















−

−

−

=

312

323

312

   

  

  

M  find 

  
(a) The order of  M 
(b) The transpose of M 
(c) The determinant of M 
(d) The adjoint of M 
(e) The inverse of  M 

9. If 








−

+

14

21

x

x
 is a singular matrix find the possible values of x. 
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10. The matrices   







=

30

25
A  and 








=

dc

ba
B  are such that BAAB += .  

Find the value of a, b, c and d. 

11. If the matrix 
















−

−

−−

=

321

107

121

   

A Verify that TAA detdet =  

12. Find the inverse of the matrix 
















−

=

213

112

321

  

  

A  

13. Find the additive inverse of the matrix B if 








−

−
=

90

65

  

  
B  

14. If 
















−

−

=

623

042

131

A , 
















−

=

781

103

310

B  and 
















=

411

033

300

B  find  

(a) CBA 23 −+  
(b) ICAB 3−+  Where I is the identity matrix of order 3 by 3 
(c) Is ( )CBA +  and ACAB +  equals? 

15. Show that if 








−
=

32

75  
A , 







 −
=

79

54

   
B  and 







 −
=

11

32

   
C , then 

93

31
2 =−+ CBA  

 

 

6.11.1 Solution of simultaneous equations 

Simultaneous equations can be solved in several methods; matrix (inverse) 
method and Cramer’s (determinant) method are also used to solve a 
simultaneous equations. 
 

(a) Matrix method / inverse method 

Consider the linear simultaneous of three unknown variables  
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







=++

=++

=++

3333

2222

1111

dzcybxa

dzcybxa

dzcybxa

 where all coefficients are constants. 

The augmented matrix is the matrix of the coefficients  

















=
































3

2

1

333

222

111

d

d

d

z

y

x

cba

cba

cba

 

Let 
















=

333

222

111

cba

cba

cba

A , 
















=

z

y

x

B  and 
















=

3

2

1

d

d

d

C  then from the result above, 

CBA =  make B the subject to get, CAB 1−=  where B is a matrix of 
unknowns x, y and z. 

 

Solve by matrix method 








−=−+

=+−

=++

23

14232

632

zyx

zyx

zyx

 

Solution 

Given the equations 








−=−+

=+−

=++

23

14232

632

zyx

zyx

zyx

 

The matrices 
















−

=
































−

−

2

14

6

113

232

321

 

  

z

y

x

   

   

      

 

Let 
















−

−=

113

232

321

   

   

      

A , 
















=

z

y

x

B  and 
















−

=

2

14

6

 

  

C  

Example 76 
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Using the rule CAB 1−=  

















−

−=

113

232

321

   

   

      

A  thus 
13

32
3

13

22
2

11

23
1

    

   

   

   
A

−
+

−
−

−

−
=  

50=A  

Cofactors, let the matrix of cofactors be 
















=

987

654

321

aaa

aaa

aaa

Ac  then 

1
11

23
1 =

−

−
+=a , 8

13

22
2 =

−
−=a , 11

13

32
3 =

−
+=a

5
11

32
4 =

−
−=a , 10

13

31
5 −=

−
+=a , 5

13

21
6 =−=a

13
23

32
7 =

−
+=a , 4

22

31
8 =−=a , 7

32

21
9 −=

−
+=a .  

The matrix of cofactor is 
















−=

7413

5105

1181

   

   

Ac  and 

















−

−=−

7511

4108

1351

50

11

    

   

       

A  

















−















−

−=
















=

2

14

6

7511

4108

1351

50

1
  

   

    

   

       

z

y

x

B
















−=
















−=


















3

2

1

150

100

50

50

1

   

   

   

    

z

y

x

 

Therefore the solution are 3,2,1 =−== z  y  x . 
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(b) Cramer’s rule / determinant method 
Cramer’s method was introduced by the first time by Gabriel Cramer 1704 
– 1752. The method used to solve the system of linear equations with as 
many equations as unknown variables, which is valid whenever the system 
has a unique solution. Solving using Cramer’s rule, the solution is expressed 
in determinant form. 

Example: Suppose the system of linear equations 








=++

=++

=++

3333

2222

1111

dzcybxa

dzcybxa

dzcybxa

 

Step 1: Form the matrix of coefficients (augumented matrix) 

















=
































3

2

1

333

222

111

d

d

d

z

y

x

cba

cba

cba

 

Step 2: Compute the value of unknowns 

0


= xx

333

222

111

333

222

111

cba

cba

cba

cbd

cbd

cbd

x = ,  

333

222

111

333

222

111

0

cba

cba

cba

cda

cda

cda

xy
y

=



= ,

333

222

111

333

222

111

0

cba

cba

cba

dba

dba

dba

zz z =



=  where 0

333

222

111



cba

cba

cba
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Solve by Cramer’s rule 








−=+

−=+−

=++

22

8423

53

zx

zyx

zyx

 

Solution 

















−

−=
































−

2

8

5

201

423

131    

z

y

x

      

   

      

 

0
8

0

01

23
1

21

43
3

20

42
1

02

28
1

22

48
3

20

42
5

201

423

131

202

428

135

=
−

=
−

+
−

−
−

−

−

−−
+

−

−
−

−

=

−

−

−

−−

=
   

   

   

   

   

      

   

   

      

   

       

x  

2
8

16

01

23
1

21

43
3

20

42
1

21

83
1

21

43
5

22

48
1

201

423

131

221

483

151

=
−

−
=

−
+

−
−

−

−

−

−
+−

−

−

=

−

−

−

−

=

   

   

   

   

   

   

      

   

   

       

y  

1
8

8

01

23
1

21

43
3

20

42
1

01

23
5

41

83
3

20

82
1

201

423

131

201

823

531

−=
−

=
−

+
−

−
−

−

−
+

−

−
−

−

−−

=

−

−

−

−−

=
   

   

   

   

   

      

   

   

      

      

   

         

z  

Therefore 0=x , 2=y  and 1−=z  

 

Example 77 
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Types of solution of linear simultaneous equations 

Note that: 
1. If the number of equations is greater than or equal to the number 

of variables (unknowns) in a linear system of equations, then one 
of the following is true: 

(a) The system has no solution. 
(b) The system has exactly one solution. 
(c) The system has infinitely many solutions. 

2. If there are fewer equations than variables in a linear system, then 
either the system has no solution or it has infinitely many solutions. 

3. If there is a row in an augmented matrix containing all zeros to the 
left of the vertical line and a nonzero entry to the right of the line, 
then the corresponding system of equations has no solution. 
 

(a) Unique or exactly one solution (Consistent solution) 

Consider the equations 








=++

=++

=++

3333

2222

1111

dzcybxa

dzcybxa

dzcybxa

 

The equations can be written as 
















=
































3

2

1

333

222

111

d

d

d

z

y

x

cba

cba

cba

, 

Then the equation has unique solution if 0

333

222

111



cba

cba

cba

  

 

Determine whether the equations has unique solution or not 









=++

=−+

=−+

923

2

43

zyx

zyx

zyx

if so determine the solutions. 

Solution 

Example 78 
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Given   








=++

=−+

=−+

923

2

43

zyx

zyx

zyx

 

















=
































−

−

9

2

4

231

111

113

z

y

x

   

 

010
31

11
1

21

11
1

23

11
3

231

111

113

=−
−

−
−

=−

−

   

 

Since the determinant of matrix, 
















−

−

231

111

113

   

 is not zero the equations has 

a unique solutions. 

The solutions by Cramer’s rule 

0


= xx , 

0


=

y
y   and  

0


= zz  

1
10

10

231

111

113

239

112

114

==

−

−

−

−

=

   

   
x , 2

10

20

231

111

113

291

121

143

==

−

−

−

−

=

   

   
y  and 

1
10

10

231

111

113

931

211

413

==

−

−
=

   

z  
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The solutions are x = 1, 2=y  and 1=z . 

 

For what value of p is the system of equations 








−=+

=++

=+−

3

1234

224

pyx

zyx

zyx

 have no 

unique solution? 

Solution 

Given  








−=+

=++

=+−

3

1234

224

pyx

zyx

zyx

 

















−

=






























 −

3

1

2

01

234

241

    

    

z

y

x

p   

    

For the system to have no unique solution 0

01

234

241

=

−

p   

    

0
1

34
2

01

24
4

0

23
1 =++

pp
06882 =−+−− pp  

0146 =−p
3

7
= p  for the system of equations to have no unique solution, 

3

7
=p  

 
(b) Infinity many solution (Consistence with many solutions) 
Infinity many solution happens when all lines coincides. Consider the lines 





=+

=+

862

43

yx

yx
 

The lines are coincides, and have so many common points which are called 
many solution, the possible set of solutions of the equations are as shown in 
this table below 

Example 79 
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x  1 4 0 3 22 … 
y  1 0 34  31  6 … 

There are many more sets of x and y which satisfy the two equations. 
Using matrix, to determine whether the equations given has many solution 

or not, consider again the same equations above 




=+

=+

862

43

yx

yx









=


















8

4

62

31

y

x
 

02424
68

34
=−== x , because determinant obtained by replacing the 

column of x has also zero determinant, then the equations has infinity many 
solutions. 

Because, 
0

0

62

31

68

34

0

==



= xx  and 

0

0

62

31

82

41

0

==



=

y
y  leads to 

undetermined condition, which conclude that the equations has infinity 
many solution. 

The solutions of the equations can be obtained by letting tx = , so that 

( )ty −= 4
3

1
 where t is any real number. 

Now consider the equations 








=++

=++

=++

3333

2222

1111

dzcybxa

dzcybxa

dzcybxa

 

The equations can be written as 
















=
































3

2

1

333

222

111

d

d

d

z

y

x

cba

cba

cba

 

Let 
















=

333

222

111

cba

cba

cba

A , 
















=

z

y

x

B  and 
















=

3

2

1

d

d

d

C  
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Note that: If, ( ) 0=CAAdj , where 0 is zero matrix the equations are 

consistent with infinity many solutions and if ( ) 0CAAdj  then the system 

has no solution. 

 

Show that 




=+

=+

1026

53

yx

yx
 has infinity many solutions 

Solution 

Given   




=+

=+

1026

53

yx

yx
 








=


















10

5

26

13

y

x
 

Let  







=

26

13
A , 








=

y

x
B  and 








=

10

5
C  

Many solution test, ( ) 0=CAAdj  (zero matrix) 

( ) 








−

−
=

36

12

   

   
AAdj  

( ) 







=

















−

−
=

0

0

10

5

36

12

   

   
CAAdj  

Therefore, the system has infinity many solutions. 

From  




=+

=+

1026

53

yx

yx
 

Then 53 =+ yx  therefore, xy 35−= , if tx =  then ty 35−= . 

 

Determine if the equations 








−=−−−

=++

=++

12

2242

12

zyx

zyx

zyx

 has unique or many solutions. 

Solution 

















−

=
































−−− 1

2

1

121

242

121

   

   

z

y

x

       

       

 

Example 80 

 

Example 81 
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For unique solution 0

121

242

121



−−−

       

       

 

0
21

42
1

11

22
2

12

24
1

121

242

121

=
−−

+
−−

−
−−

=

−−−

             
       

       

 since determinant is 

zero, the equations has no unique solutions, it can either have many 
solution or no solution. 

To test for many solution use the undetermined condition of 00 ,

0

0

21

42
1

11

22
2

12

24
1

121

242

121

21

42
1

11

22
2

12

24
1

121

242

121

=

−−
+

−−
−

−−
=

−−−

−−
+

−−
−

−−
=

−−−
=

             
       

       

             
       

       

x . 

Because the system lead to undetermined condition, then the equations has 
infinity many solutions. 

(c) No solution 

The systems of equations 








=++

=++

=++

3333

2222

1111

dzcybxa

dzcybxa

dzcybxa

 are said to have no solution 

if  0

333

222

111

=

cba

cba

cba

 and  ( ) 0CAAdj  

 

Show that the system of equations 




=−

=−

1064

732

yx

yx
 has no solution. 

Solution 

Example 82 
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



=−

=−

1064

732

yx

yx
 thus  








=

















−

−

10

7

64

32

y

x
 

Let 








−

−
=

64

32
A , 








=

y

x
B  and 








=

10

7
C  

( ) 








−

−
=

24

36
AAdj  

( ) 0
8

12

10

7

24

36










−

−
=

















−

−
=CAAdj  

Therefore, the equations has no solution (inconsistent). 

 

 

Show that 








=−−

=++

=++

52

7243

42

zyx

zyx

zyx

 has no solution. 

Solution 

Given  








=−−

=++

=++

52

7243

42

zyx

zyx

zyx

 

















=
































−− 5

7

4

121

243

121

z

y

x

     

      

 

Find the adjoint of 
















−− 121

243

121

     

      

 

Example 83 
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Let the cofactors matrix be 
















=

987

654

321

aaa

aaa

aaa

Ac  

0
12

24
1 =

−−
+=

    
a , 5

11

23
2 =

−
−=

  
a , 10

21

43
3 −=

−
+=

  
a , 

0
12

12
4 =

−−
−=

    
a , 2

11

11
5 −=

−
+=

   
a , 4

21

21
6 =

−
−=

   
a , 

0
24

12
7 =+=a , 1

23

11
8 =−=a , 2

43

21
9 −=+=a  

















−

−

−

=

210

420

1050

   

   

  

Ac  

( )
















−−

−=

2410

125

000

   

     

       

AAdj  

( )
















−

=
































−−

−=

22

11

0

5

7

4

2410

125

000

   

    

   

     

       

CAAdj  

Therefore, ( ) 0CAAdj , hence the equations has no solution 

 

Find the relation connecting p and k so that the system of simultaneous 

equations 








=++

=++

=−+

kzyx

zyx

pzyx

645

323

4

 has no solution  

Solution 

Example 84 
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







=++

=++

=−+

kzyx

zyx

pzyx

645

323

4

 thus 
















=






























 −

kz

y

xp

3

4

645

123

11

 

645

123

11

0

p−

=  

0
4

23

6

13
1

64

12
4

64

123

14

−−=

−

=
k

p
k

k

p

x  

02121832 +−+− pkpk  

The required relation is 14212 −− kpkp  

 

Solve for x, y and z 








=++

−=+

=++

12255

23

72

zyx

yx

zyx

      

Solution 

Given  








=++

−=+

=++

12255

23

72

zyx

yx

zyx

 

















−=
































12

2

7

255

013

121

  

  

z

y

x

 

033
25

11
1

25

12
3

255

013

121

0 =−=+−==  

Example 85 
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The original determinant is zero, this means equations has no unique 

solution, can either have infinity many solutions, ( ) 0=CAAdj  or has no 

solution, ( ) 0CAAdj  

Let 
















=

987

654

321

aaa

aaa

aaa

Ac
 be the cofactors matrix, 

From 
















=

255

013

121

A  

2
25

01
1 =+=a , 6

25

03
2 −=−=a , 10

55

13
3 =+=a , 1

25

12
4 =−=a , 

3
25

11
5 −=+=a , 5

55

21
6 =−=a , 1

01

12
7 −=+=a , 3

03

11
8 =−=a , 

5
13

21
9 −=+=a  then cofactor matrix become, 

















−−

−

−

=

531

531

1062

   

      

     

Ac   the 

adjoint of A is ( )
















−

−−

−

=

5510

336

112

     

   

      

AAdj  

( )
















=
















−
















−

−−

−

=

0

0

0

12

2

7

5510

336

112

  

   

     

   

      

CAAdj  

Because ( ) 0=CAAdj , the system is consistent with infinity many solutions. 

These solutions can be obtained by letting tx = , 








=++

−=+

=++

12255

23

72

zyx

yx

zyx

 

From 72 =++ zyx yxz 27 −−=  because tx =  it become ytz 27 −−=  
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From 23 −=+ yx  then tyxy 3232 −−=−−=  

Form the two equations above,  ytz 27 −−=  and ty 32−−=  substituting y 

in an equation containing z to get z. ( )ttz 3227 −−−−= , tz 511+=  

Therefore the solutions are tx = , ty 32−−=  and tz 511+=  

 

(d) Trivial and non-trivial solution 

Consider the system of equations 








=++

=++

=++

3333

2222

1111

dzcybxa

dzcybxa

dzcybxa

 

If 0321 === ddd  and 0

333

222

111

=

cba

cba

cba

 the equations are called trivial 

equations, where 0=== zyx   are called trivial solutions. 

Non-trivial solution is a non-zero solution of the equations. 

 

Find a non-trial solution of the following equations 








=−+

=−−

=−+

024

05

0

zyx

zyx

zyx

 

Solution 

Given  








=−+

=−−

=−+

024

05

0

zyx

zyx

zyx

 

















=
































−

−−

−

0

0

0

214

115

111

z

y

x

   

   

 

Example 86 
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Test: 0
14

15
1

24

15
1

21

11
1

214

115

111

=
−

−
−

−
−

−

−−
=

−

−−

−

      
   

   

 

The equations has trivial solutions 0=== zyx  

To get a non-trivial solution, let tx =  

Add the first two equations 
05

0

=−−

=−+
+

zyx

zyx
 

zx 26 = which leads to xz 3= tz 3=  

Choose any equation and make y the subject, here equation 3, 
024 =−+ zyx  

xzy 42 −= , given, tx =  and tz 3= ( ) tty 432 −= ty 2=  

Therefore, the non-trivial solutions are tx = , ty 2=  and tz 3= . Where t is 

a real number. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Questions 

1. When visiting an insane asylum, I asked two inmates to give me their ages. They 

did so, and then, to test their arithmetical powers, I asked them to add the two 

ages together.  One gave me 44 as the answer, and the other gave 1,280. I 

immediately saw that the first had subtracted one age from the other, while the 

second person had multiplied them together. What were their ages? 

 

2. A man and his wife had three children, John, Ben, and Mary, and the difference 

between their parents' ages was the same as between John and Ben and 

between Ben and Mary. The ages of John and Ben, multiplied together, equalled 

the age of the father, and the ages of Ben and Mary multiplied together equalled 

the age of the mother. The combined ages of the family amounted to ninety 

years. What was the age of each person? 
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EXERCISE 14: ALGEBRA 

1. Use the matrix method solve for x, y and z from 








=++

=++

=++

24022

30023

1802

zyx

zyx

zyx

Verify the solutions by Cramer’s rule. 
2. Solve the system of simultaneous equations by either method 









=++−

=++

=++

22

27583

22642

321

321

321

xxx

xxx

xxx

 

3. Solve for x, y and z  by inverse method 








=−+

=++−

=+−

832

322

9823

zyx

zyx

zyx

 

4. Solve the system of simultaneous equations 








−=+−

−=−+

=+

7225

31263

732

zyx

zyx

zy

 

5. Solve by Cramer’s method 








=+−

=++

−=−+

134

923

3

zyx

zyx

zyx

 

Examine the consistence of the following simultaneous equations 

6. 








−=+−

=++

=+−

1625

2532

545

zyx

zyx

zyx

 7. 








=−

−=−

=−−

353

12

223

21

32

321

xx

xx

xxx

8. 








=++

=−+

=++

17454

723

1053

zyx

zyx

zyx

 9. 








=++

=−−

=++

753

435

8284

zyx

zyx

zyx

10. 








=+−

=−+

=++

25856

8048

30437

zyx

zyx

zyx

 11. 








=++

=++

=++

14975

10654

432

zyx

zyx

zyx
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12. 








=++

−=−+−

=++

1534

3512

2848

zyx

zyx

zyx

 13. 








−=−+

=−−

−=−+

3532

123

232

zyx

zyx

zyx

14. Find the value of k for which the system of equations 









=−+

=−+

=++

13

322

115

zykx

zyx

zyx

  have unique solution 

Find a non-trivial solution of equations 

15.  








=++

=++

=++

0975

0654

032

zyx

zyx

zyx

 16. 








=+−

=++

=+−

0897

01243

042

zyx

zyx

zyx

17. 








=++

=++

=+−

065

0743

0224

zyx

zyx

zyx

 18. 








=++

=−

=++

0274

023

0274

zyx

zy

zyx

 

19. 








=++

=−+−

=++

053

053

0842

zyx

zyx

zyx

 20. 








=+−

=−+

=++

0856

048

0437

zyx

zyx

zyx

21. Show that 0=

−

−

−

czcz

byby

axax

 

22. Prove that ( )( )bcaba

cba

bba

aaa

−−=  

 

 

 

 

Question 

A number is made up of two digits. The sum of its digits is 11. If the digits in the original 
number are interchanged, the original number is increased by 9. Find the number. 
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6.11.3 Properties of determinant 

Property 1 
If columns are changed to rows or rows to columns, the value of 
the determinant remain unchanged. (Determinant transpose). 

 

Let matrix 







=

dc

ba
A  the determinant is ( ) bcadA −=det . Let A 

transpose be 







=

db

ca
AT  the determinant is ( ) bcadAT −=det  shown 

For a 3 by 3 matrices, let 
















=

333

222

111

cba

cba

cba

A  

Determinant of A is 

333

222

111

cba

cba

cba

A =  

The determinant of A using the first row is 

( )
33

22
1

33

22
1

33

22
1det

ba

ba
c

ca

ca
b

cb

cb
aA +−=  

123132213312231321)det( cbacbacbacbacbacbaA −++−−=  

Let the transpose of A be 
















=

321

321

321

ccc

bbb

aaa

AT  

Determinant of transpose of A is 

321

321

321

ccc

bbb

aaa

A =  

Determinant of transpose of A using the first column is 

( )
32

32
1

32

32
1

32

32
1det

bb

aa
c

cc

aa
b

cc

bb
aAT +−=  

( ) 123132213312231321det cbacbacbacbacbacbaAT −++−−= hence 

proved. 
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Property 2 
If two rows or columns has identical elements, the value of the 
determinant is zero. 

Proof: 

1. Let the determinant be 0=−== abab
bb

aa
A  

2. Let the determinant be 0=+−==
bb

aa
a

bb

aa
a

bb

aa
a

bbb

aaa

aaa

A  

 

 Find the determinant of 
















=

615

222

222

A  

Solution 

615

222

222

=A  thus 
61

22
2

65

22
2

61

22
2 +−=A  

( ) ( ) ( )1022101222122 −+−−−=A  

016420 =−−=A  

Property 3 
If a scalar number is multiplied to the determinant, that scalar is 
multiplied to only one row or one column of a determinant. 

Thus,  

Let 

321

321

321

321

321

321

321

321

321

cckc

bbkb

aaka

ccc

bbb

kakaka

ccc

bbb

aaa

kAk ===  

Vice-versa is true. 

Property 4 
Interchanging rows or columns of the determinant changes the 
sign of the determinant. 
 

Example 87 
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321

321

321

321

321

321

ccc

aaa

bbb

ccc

bbb

aaa

−=  

Proof 

Let 
21

21
3

21

21
2

32

32
1

321

321

321

1 cc

bb
a

cc

bb
a

cc

bb
a

ccc

bbb

aaa

+−==  

      ( ) ( ) ( )1221313312233211 cbcbacbcbacbcba −+−−−=  

Let 
21

21
3

31

31
2

32

32
1

321

321

321

2 cc

aa
b

cc

aa
b

cc

aa
b

ccc

aaa

bbb

+−==  

       ( ) ( ) ( )1221313312233212 cacabcacabcacab −+−−−=  

       ( ) ( ) ( )1221313312233212 cbcbacbcbacbcba −−−+−−=  

Thus 21 −=  

Property 5 
If each element of one row or column of the determinant is 
multiplied by constant, and the results is added or subtracted to 
the other row or column, the determinant is unchanged. 
 

That is 

321

332211

321

321

321

321

ccc

kabkabkab

aaa

ccc

bbb

aaa

+++=  where k is any real 

number. 
 
Proof 

Let 
21

21
3

21

21
2

32

32
1

321

321

321

1 cc

bb
a

cc

bb
a

cc

bb
a

ccc

bbb

aaa

+−==  
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      ( ) ( ) ( )1221313312233211 cbcbacbcbacbcba −+−−−=  

Let 

321

332211

321

2

ccc

kabkabkab

aaa

+++=  

21

2211
3

31

3311
2

32

3322
12 cc

kabkab
a

cc

kabkab
a

cc

kabkab
a

++
+

++
−

++
=  

( ) ( ) ( )1221313312233212 cbcbacbcbacbcba −+−−−=  

Hence 21 =  

Property 6 
If the elements of one row or column of the determinant are 
multiples of the other row or column, then the determinant is 
zero. 

That is 0222

321

321

321

=

ccc

aaa

aaa

 

Proof 

21

21
3

31

31
2

32

32
1

321

321

321 222222
222

cc

aa
a

cc

aa
a

cc

aa
a

ccc

aaa

aaa

+−==  

( ) ( ) ( )122131331223321 222222 cacaacacaacacaa −+−−−=  

0222222 132231132321231321 =−++−−= caacaacaacaacaacaa  

Thus, 0=  

 
Property 7 

Product of two determinants is equals to the product of individual 
determinant. 

If 
31

21

bb

aa
A =  and 

21

21

yy

xx
B =  then ( ) ( ) ( )BAAB detdetdet =  
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Using the properties of determinant, show that ( )23

2

2

2

1

1

1

1

x

xx

xx

xx

−=  

Solution 

3211
2

2

2

1

1

1

CCCC

xx

xx

xx

++=  

( )
11

11

1

1

11

11

1

2

2

2

22

2

22

x

x

xx

xx

xxx

xxx

xxxx

++=

++

++

++

=  

( )
11

11

1

1
2

2

2

x

x

xx

xx ++  

( )




−=

−=
++

133

122

2

2

2

11

11

1

1
RRR

RRR

x

x

xx

xx  

( )
22

2

2

2

111

111

1

1

xxx

xxx

xx

xx

−−−

−−−++=  

( ) ( )

( ) ( )( )xxxx

xxx

xx

xx

+−−−

−−++

1110

110

1

1

2

2
 

( )( )( )

xx

x

xx

xxxx

+−

−−++=

10

10

1

111

2

2  

Example 88 
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( )( ) ( )( ) ( )22222 111
1

1
11 xxxxx

xx

x
xxx ++−++=

+−
−++  

( )( ) ( )2322 111 xxxx −=−++=  hence shown. 

 

Use the determinant properties, show that ( )3

22

22

22

2

0

0

0

xyz

zyzx

yzyx

xzxy

=  

Solution 

Given   

0

0

0

22

22

22

zyzx

yzyx

xzxy

 

0

0

0

0

0

0
222

22

22

22

zz

yy

xx

zyx

zyzx

yzyx

xzxy

=  

( )

zzz

yyy

xxx

xyzCCC

0

0

0
2

322

−

−

−

=−=  

( ) ( ) ( )( ) ( )322 2

0

00

xyzyzyzxxyz

zz

yyy

x

xyz =+=−=  

Hence shown. 
 
 

Prove that ( )( )( )xzzyyxxyz

zyx

zyx

zyx

−−−=
333

222  

Solution 

Example 89 

 

Example 90 
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133

122

222333

222

111

RRR

RRR

zyx

zyxxyz

zyx

zyx

zyx

−=

−=
=  

( )( ) ( )( )xzxzxyxyx

xzxyxxyz

+−+−

−−=
2

001

 

( )( ) ( )( )( )yzxzxyxyz

xzxyx

xxzxyxyz −−−=

++

−−
2

11

001

 hence shown 

 

EXERCISE 15: ALGEBRA 

1. Use any 3 by 3 determinant; prove that when columns or rows are 
interchanged the determinant changes the sign. 

2. Use determinant properties factorize 
2

2

2

1

1

1

zz

yy

xx

 

3. Show that 01

1

1

1
2

2

2

2

=++= ww

ww

ww

ww

 

4. Prove that ( )( )2zxzyx

zyyx

xzxz

yxzy

−++=

+

+

+

 

5. Factorize 

acb

bac

cba

 
6. Factorize 

2

2

2

cabc

bacb

abca

 

7. Show that 
222

111

cba

cba  
8. Factorize 

43

43

43

zzz

yyy

xxx
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9. Show that  ( )332 ax

yyxx

xyyx

yxxy

−=

+

+

+

 

10. Show that  

( )

( )

( )

( )3

222

222

222

2 zyxxyz

yxzz

yzxy

xxzy

++=

+

+

+
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6.12 Binomial theorem 

Pascal’s triangle 
Consider the following expansions 

 

( )

( )

( )

( )

( )

( )

..........................................................................

51010511

46411

3311

211

11

11

54325

5324

323

22

1

0

xxxxxx

xxxx     x

xxx         x

xx              x

x                   x

                      x

+++++=+

++++=+

+++=+

++=+

+=+

=+

 

Taking the coefficients of the expansion above we form the following 
triangle 

 

This triangle is called Pascal’s triangle. It was introduced by a French 
mathematician and philosopher Blaise Pascal, who lived 1623 – 1662. This 
triangle can be extended by adding the upper two numbers of the triangle. 
The coefficient of any expansion are given in a Pascal’s triangle. Where the 
powers of x are increasing. 

When n is a positive integer. 
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( )
( ) ( )( ) nn xx

nnn
x

nn
x

n
x ++

−−
+

−
++=+ ...

!3

21

!2

1

!1
11 32  which in short 

form can be written as 

( ) n
n

nr
r

nnnnn xCxCxCxCxCx ++++++=+ ......1 2
2

1
1

0
0  where 

( ) !!

!

rrn

n
Cr

n

−
=  

So when n is a positive integer the expansion gives a finite series called 
binomial expansion. 

When 4=n  

( ) 4324 46411 xxxxx ++++=+  simplified series become 

( ) 4324 46411 xxxxx ++++=+  the series terminate when x reaches 

the power of 4. 

Note that, in the expansion ( ) 4324 46411 xxxxx ++++=+ , 4=n  and 

the number of terms is 5. So that when n is a positive integer the expansion 

will have ( )1+n  terms. 

When n is a negative integer is the numerator of the coefficient will never 

contain a factor zero. In that case ( )1+− rn  will never be zero, therefore 

the expansion does not terminate and the results is an infinity series. 
These results apply when n is a fraction. 

Generally, 

( )
( ) ( )( ) n

nnn
nn bb

annn
b

ann
b

na
aba ++

−−
+

−
++=+

−−−

...
!3

21

!2

1

!1
3

3
2

21

 

 

Expand ( )52 x+  

Solution 
Using binomial theorem 

( ) ( ) ( ) ( ) ( ) ( ) ( ) 50
5

541
2

532
3

523
2

54
1

505
0

55 2222222 xCxCxCxCxCxCx +++++=+  

( ) 54325 10408080322 xxxxxx +++++=+  

 

Example 91 

 

Example 92 
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Expand ( ) 421 −− x  up to the term containing 4x  

Solution 

Using ( )
( ) ( )( )

++
−−

+
−

++=+ ...
!3

21

!2

1
11

32 xnnnxnn
nxx n  

( ) ( )( )
( )( ) ( )( )( )

+
−−−−−−

+
−−−−

+−−+=− −

!3

224144

!2

2144
24121

32
4 xx

xx  

( )( )( )( )
...

!4

23424144 4

+
−−−−−−−− x

 

( ) 4324 560160408121 xxxxx ++++=− −  

Note that if n is negative, combination formula cannot be used, because 
( )! n−  is not defined, likewise when n is fraction. 

 

Expand ( ) 12 −+ x  up to the term contain 4x  

Solution 

To easy expansion, we re-write the expansion as 

( )
11

1
1

1

2
1

2

1

2
12

2
122

−−
−

−
−









+=








+=
















+=+

xxx
x  

( )( ) ( )( )( )













+







−−−
+







−−
+








−=








+

−

...
2!3

321

2!2

21

2
1

2

1

2
1

2

1
3321

xxxxx
 














+













+













−













+−=








+

−

...
1624

24

86

6

42

2

2
1

2

1

2
1

2

1 4321
xxxxx

 

( ) ...
3216842

1
2

2
1

2

1 432
1

1

−+−+−=+=







+ −

−
xxxx

x
x

 

 

Example 93 

 

Example 94 
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Expand ( )10yx +  in descending powers of x up to the term containing 6x  

Solution 
 

( ) ...
!4

78910

!3

8910

!2

910
10

463728
91010 +


+


+


++=+

yxyxyx
yxxyx  

( ) ...2101204510 46372891010 +++++=+ yxyxyxyxxyx  

 

Use the binomial theorem to expand ( )73 x+  and use the results to 

estimate the value of ( )7045.3  correct to 7 significant figures. 

Solution 

( )
7

7
7

7

3
13

3
133 








+=
















+=+

xx
x  

Expanding up to the term containing 4x  and ignore the higher terms, 














+








+








+








++=








+ ...

3!4

4567

3!3

567

3!2

67

3

7
13

3
13

432
7

7
7 xxxxx

 









+++++=








+ ...

81

35

27

35

3

7

3

7
13

3
13 4327

7
7 xxx

xx
 

...9452835510351032187
3

13 432
7

7 +++++=







+ xxxx

x
 

From ( ) ( ) ( )777 3045.03045.3 x+=+=  

Then 045.0=x  

...9452835510351032187
3

13 432
7

7 +++++=







+ xxxx

x
 

Thus ( ) 231.2427045.3 7   

 

 

Use binomial expansion find the value of ( )9007.2  correct to 4 decimal 

places 
Solution 

Example 95 

 

Example 96 
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Let expand ( )nba+   

( )
( ) ( )( )

...
!3

21

!2

1 3322
1 +

−−
+

−
++=+

−−
− bannnbann

bnaaba
nn

nnn
 

Ignoring the higher powers 

( ) ( ) ( )
( )

!2

007.0289
007.029207.02007.2

27
8999 

++=+=  

( )
...

!3

007.02789 36

+


+  

(2.007)2 = 512 + 16.128 + 0.225792 + 0.001843968 = 528.3556 

 

Use binomial theorem, expand ( )622 xx ++  as far as the term containing 
4x  

Solution 

Given   ( )622 xx ++  

Let   ( )2xxb +=  

From ( )
( ) ( )( )

...
!3

21

!2

1 3322
1 +

−−
+

−
++=+

−−
− bannnbann

bnaaba
nn

nnn
 

( ) ...
!3

2456

!2

256
2622

3324
566 +


+


++=+

bb
bb  

( ) ...160240192642 326 ++++=+ bbbb  

( ) ( ) ( ) ( ) ...160240192642
3222262 +++++++=++ xxxxxxxx  

( ) ...720640432192642 43262 +++++=++ xxxxxx  

 

Example 97 
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Coefficient of the terms in binomial expansion 

To find the coefficient of a particular term in the binomial expansion of 

the form ( )nba + , use the formula rrn
r

n baCCoef −=  where r  is the 

position of the term required and nr   
 

Determine the coefficient of the of the term containing 5x  is the 

expansion of ( )1523 x+  

Solution 

The formula is rrn
r

n baCC −=  

( ) ( ) 105515
5

15 39609623 == −CC  

The coefficient is 5,674,372,704 

 

Determine the constant coefficient in the expansion 
11

4

3
2 








− x  

Solution 

The constant coefficient is the coefficient with the term containing 0x  

It is easily obtained, since is the first term of the expansion 

11

4

3
2 








− x  

which is 2048211 =  
 

 

Write down the coefficient of the constant term of the expansion 
10

4

1
3 








−

x
x  

Solution 

Example 98 

 

Example 99 

 

Example 100 
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Given 
10

4

1
3 








−

x
x . The constant term of the expansion is the term with 

510 =− r  thus 5=r  

By using rrn
r

n baCC −=  

The coefficient become ( )
256

15309

4

1
3

5
5

5
10 =








= CC  

 

Find the constant coefficient of the expansion 
6

2

5

4
3 








−

x
x  

Solution 

Given 
6

2

5

4
3 








−

x
x  then rrn

r
n baCC −=  

( )
rr

r
x

xCC 







−=

−

5

4
3

626  

( ) ( ) r
rrr

r xxCC −−−








−=

5

4
3

6266  

For the constant term, 0x  
0212 xx rr =−−  thus 4=r  

The coefficient is ( )
125

6912

5

4
3

4
2

4
6 =








−= CC  

 

Find the ratio of the term having x4 and that of x6 in the expansion of 
13

3

1
4 








−x  

Solution 

Given 
13

3

1
4 








−x  

Example 101 

 

Example 102 
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The ratio is 
( )

( )
7

9

66

44

7
713

7
13

9
913

9
13

6

4

3

1

3

1

4

4

1716

715

3

1
4

3

1
4









−









−

=









−









−

=

−

−

x

x

xC

xC

C

C
 

2222 247104

715

341716

715

xx
=


=  

The required ratio is 2247104:715 x  

 

In the expansion ( )303 yx −  as a series in ascending powers of y find 

(a) The term containing 3x  
(b) The 8th term 

Solution 

(a) ( )rr
rr yxCT −= −

+
3030

1  

The term containing 3x  is the term for which 30 – r = 3, thus 

27=r  

( ) 273273
27

30
28 4060 yxyxCT −=−=  

(b) Since the first term of the series is the term with 0=r , the 8th 
term is the term with 7=r . 

( )7730
7

30
8 yxCT −= −  thus 723

8 2035800 yxT −=  

 

Binomial theorem for any index 

So far, we have discussed the binomial theorem when n is a positive 
integer, here we will check the expansion when n is any index. 

 

Use the binomial theorem to expand 
x+1

1
 in ascending powers of x as 

far as the term containing 5x  

Example 104 

 

Example 103 
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Solution 

Given ( ) 11
1

1 −+=
+

x
x

 

From ( )
( ) ( )( )

...
!3

21

!2

1
11

32

+
−−

+
−

++=+
xnnnxnn

nxx n
 

( ) ( )
( )( ) ( )( )( )

...
6

21111

2

111
111

32
1 +

−−−−−
+

−−−
+−+=+ − xx

xx  

( ) ...11 54321 +−+−+−=+ − xxxxxx  

 

Obtain the expansion of ( ) 22 −+ x  in ascending powers of x as far as the 

term with 3x  and determine the values of x for which the expansion is 
valid. 

Solution 

Refer the general expansion ( )
( )

...
!2

1 22
1 +

−
++=+

−
− bann

bnaaba
n

nnn
 

Using the expansion above, we get  

( ) ( )( )
( )( )( ) ( )( )( )( )

...
!3

2432

!2

232
2222

3524
322 +

−−−
+

−−
+−+=+

−−
−−− xx

xx  

( ) ...
8

1

16

3

4

1

4

1
2 322 +−+−=+ − xxxx  

To determine the validity of the expansion, compare the expansion with 

( )
n

nn

a

b
aba 








+=+ 1  

( )
2

2
2

2

2

1
12

2

1
122

−
−

−
−









+=
















+=+ xxx  

Example 105 
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From the expression above, for the expansion to be valid, use the 

interval 11 −
a

b
, for this case 1

2

1
1 − x  which leads to 22 − x . 

 

Find the first 4 terms of the expansion 3 32 x−  using binomial theorem 
and state the values of x for which the expansion is valid. 
Solution 

From ( )
( )

...
!2

1 22
1 +

−
++=+

−
− bann

bnaaba
n

nnn
 

( ) ( )

( )

!2

321
3

1

3

1

32
3

1
23232

2
2

3

1

1
3

1

3

1

3

1
3

x

xxx

−






















−

+−














+=−=−

−

−
 

...23
522232 33

8
23

5

3

2

3

1
3 −−−−=−

−−−
xxxx  

Consider, ( ) 3

1

3

1

3

1

2

3
1232 








−=−

x
x  , the validity of the expansion holds 

when  1
2

3
1 −

x
 therefore the expansion is valid when 

3

2

3

2
− x , 

thus 
3

2
x  

 

6.13  Partial fractions 

A rational function is a fraction in which both the numerator and 
denominator are polynomials. The function, which can be expressed as 

)(

)(
)(

xh

xg
xf =  where )(xg  and )(xh  are both polynomials. Partial fractions is 

the decomposition of fractions into sum of other simplified fractions. 
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Proper fraction with linear factors in denominator 

Consider the function 
( )( ) ( )zxbxax

xp

−−− ...

)(
 where a, b, c, …,.z are 

constants, then the function can be expressed as the sum of the 
simplified rational functions as,  

( )( ) ( ) zx

Z

cx

C

bx

B

ax

A

zxbxax

xp

−
++

−
+

−
+

−
=

−−−
...

...

)(
 where A, B, C, …, 

Z are real numbers. 

( )( )( ) ( ) 








−
++

−
+

−
+

−
−−−−=

zx

Z

cx

C

bx

B

ax

A
zxcxbxaxxp ......)( .  

 

Express 
( )( )21

2

+− xx
 into partial fractions 

Solution 

Given  
( )( ) 2121

2

+
+

−
=

+− x

B

x

A

xx
 

( ) ( )122 −++= xBxA  

When 1=x  

3

2
32 == AA  

When 2−=x  

3

2
32 −−= B  

Therefore, 
( )( ) ( ) ( )23

2

13

2

21

2

+
−

−
=

+− xxxx
 

 

 

Resolve 
6

3
2 −+

−

xx

x
 as partial fractions 

Solution 

Example 107 
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Factorize the denominator ( )( )3262 +−=−+ xxxx  

( )( )32

3

6

3
2 +−

−
=

−+

−

xx

x

xx

x
 

( )( ) 3232

3

+
+

−
=

+−

−

x

B

x

A

xx

x
 

( ) ( )233 −++=− xBxAx  

Compare the exponents 




−=−

=+

323

1

BA

BA
 solve simultaneously 

Then, 
5

1
−=A  and 

5

6
=B  

Therefore, 
( ) ( )25

1

35

6

6

3
2 −

−
+

=
−+

−

xxxx

x
 

 

Express 
9652

13
23

2

−−+

+−

xxx

xx
as partial fractions 

Solution 

Factorizing ( )( )( )33219652 23 +−+=−−+ xxxxxx  

( )( )( )3321

13

9652

13 2

23

2

+−+

+−
=

−−+

+−

xxx

xx

xxx

xx
 

( )( )( ) 33213321

132

+
+

−
+

+
=

+−+

+−

x

C

x

B

x

A

xxx

xx
 

( )( ) ( )( ) ( )( )32131332132 −++++++−=+− xxCxxBxxAxx  

When 1−=x  

( )( )
2

1
255 −=−= AA  

When 3−=x  

Example 109 
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( )( )9219 −−= C   then 
18

19
=C  

When 1=x  

)1)(2()4)(2()4)(1(131 −++−=+− CBA  

CBA 2841 −+−=−   

But 
2

1
−=A  and 

18

19
=C  thus 1

18

19
28

2

1
4 −=








−+








−− B  

1
9

19
82 −=−+ B  then 

9

1
−=B  

Therefore, 
( )( )( ) ( ) ( ) ( )318

19

329

1

12

1

3321

132

+
+

−
−

+
−=

+−+

+−

xxxxxx

xx
 

 

Express 
1

2

2

3

+
+

− xx
 as a single fraction 

Solution 

This can be done as follows, 

( ) ( )
( )( ) 2

15

12

2213

1

2

2

3
2 −−

−
=

+−

−++
=

+
+

− xx

x

xx

xx

xx
 

 

Proper fraction with quadratic factors in denominator 

Consider, ( )( ) kx

C

cbxax

BAx

kxcbxax

xp

−
+

++

+
=

−++ 22

)(
. This is normally 

applied when a quadratic root cannot be factorized into real numbers or 
has no simple roots. If the quadratic factor can be factorized, factorize and 
use the above technique to partialize. 
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Partialize 
( )( )213

4
2

2

−+−

+

xxx

x  

Solution 

( )( ) 213213

4
22

2

−
+

+−

+
=

−+−

+

x

C

xx

BAx

xxx

x
 

( )( ) ( )1324 22 +−+−+=+ xxCxBAxx  

CCxCxBBxAxAxx +−+−+−=+ 3224 222  

Compare: 









=+−

=−+−

=+

42

032

222

CB

CxBxAx

xCxAx

 

The coefficients; 








=+−

=−+−

=+

42

032

1

CB

CBA

CA

 

Solve for A, B and C: 9=A , 6−=B  and 8−=C  

Therefore, 
( )( ) 2

8

13

69

213

4
22

2

−
−

+−

−
=

−+−

+

xxx

x

xxx

x
 

 

Express 
22

5
23 −+−

−

xxx

x
 as a partial fraction 

Solution 

Factorize, ( )( )2122 223 −+=−+− xxxxx  

Example 111 
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( )( ) 1221

5
22 +

+
+

−
=

−+

−

x

CBx

x

A

xx

x
 

( ) ( )( )215 2 −+++=− xCBxxAx  

CCxBxBxAAxx 225 22 −+−++=−  

Compare the coefficients 








−=−

=+−

=+

52

12

0

CA

CB

BA

 

Then 
5

3
−=A , 

5

3
=B  and 

5

11
=C  

Therefore, ( )( ) ( ) ( )15

113

25

3

21

5
22 +

+
+

−
−=

−+

−

x

x

xxx

x
 

 
 

Partialize 
2

32
24

2

−+

++

xx

xx
 

Solution 

Factorize, ( )( ) ( )( )( )211212 22224 ++−=+−=−+ xxxxxxx  

( )( )( ) 211211

32
22

2

+

+
+

+
+

−
=

++−

++

x

DCx

x

B

x

A

xxx

xx
 

( )( ) ( )( ) ( )( )1212132 2222 −+++−+++=++ xDCxxxBxxAxx  

When 1=x 1= A   

When 1−=x
3

1
−= B  

When 0=x  

DBA −−= 223  thus  
3

1
−=D  

When 2=x  

DCBA 3661811 +++=  thus 
3

2
−=C  

Example 113 
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Therefore, 
( ) ( )23

12

13

1

1

1

2

32
224

2

+

+
−

+
−

−
=

−+

++

x

x

xxxx

xx
 

 

Proper fraction with repeated factors in denominator 

Consider a rational function, 

( ) ( ) ( ) ( ) ( ) bx

Z

ax

W

ax

C

ax

B

ax

A

bxax

xp
nnnn +
+

+
++

+
+

+
+

+
=

++ −−
...

)(
21

 

Were A, B , C, …, W and Z are real constants. 

 

Partialize 
( ) ( )21

3
2 −+

−

xx

x
 

Solution 

Given  
( ) ( ) ( ) 21121

3
22 −
+

+
+

+
=

−+

−

x

C

x

B

x

A

xx

x
 

( )( ) ( ) ( )212213 ++−+−+=− xCxBxxAx  

( ) ( )12223 22 +++−+−−=− xxCBBxxxAx  

CCxCxBBxAAxAxx +++−+−−=− 2223 22
 









−=+−−

=++−

=+

322

12

0

CBA

CBA

CA

 

9

1
=A , 

3

4
=B  and 

9

1
−=C  

Therefore, 
( ) ( ) ( ) ( ) ( )29

1

13

4

19

1

21

3
22 −
−

+
+

+
=

−+

−

xxxxx

x
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Express 
1584

53
23

2

−+−

++

xxx

xx
 to partial fractions 

Solution 

( )( )2

2

23

2

121

53

1584

53

−−

++
=

−+−

++

xx

xx

xxx

xx
 

( )( ) ( )22

2

12121121

53

−
+

−
+

−
=

−−

++

x

C

x

B

x

A

xx

xx
 

( ) ( )( ) ( )11211253 22 −+−−+−=++ xCxxBxAxx  

CCxBBxBxAAxAxxx −++−++−=++ 324452 222
 

Coefficients, 








=−+

=+−−

=+

5

234

124

CBA

CBA

BA

 

8=A , 
2

31
−=B  and 

2

25
−=C  

Therefore, 
( )( ) ( ) ( )22

2

122

25

122

31

1

8

121

53

−
−

−
−

−
=

−−

++

xxxxx

xx
 

  

Partialize 
( )( )3

2

14

3

+−

−

xx

x
 

Solution 

( )( ) ( ) ( )323

2

111414

3

+
+

+
+

+
+

−
=

+−

−

x

D

x

C

x

B

x

A

xx

x
 

( ) ( )( ) ( )( ) ( )4141413 232 −++−++−++=− xDxxCxxBxAx  

When   4=x  then 
125

13
=A  

Example 115 

 

Example 116 

 



Algebra 

 

125 | A l g e b r a  

 

When   1−=x  then 
5

2
=D  

When   0=x  

3444 −=−−− DCBA  
When   1=x  

236128 −=−−− DCBA  

Solve   










=+

=+

125

204
612

125

188
44

CB

CB

 

125

13
−=B , 

25

12
=C  

( )( ) ( ) ( ) ( ) ( )323

2

15

2

125

12

1125

13

425

13

14

3

+
+

+
+

+
−

−
=

+−

−

xxxxxx

x
 

 

 

 

Improper fractions 

When a rational function is improper fraction, before partializing, divide 
first and partialize the remainder. 

Consider 
)(

)(
)(

xg

xp
xf =  where, )()( xgxp  , 

)(

)(
)(

)(

)()(
xg

xr
xq

xq

xpxg += , here we 

partialize 
)(

)(

xg

xr
 

 

 

Partialize 
42

243
2

23

−+

−++

xx

xxx
 

Solution 

Divide by long division method, 
42

243
2

23

−+

−++

xx

xxx
 

Example 117 
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2x

82 x44                   

84x2x2        

2x46x2        

x42xx

2x4x3x42xx

2

2

23

232
+

+

−+

−+

−+

−++−+  

Therefore,  
42

8244
2

42

243
22

23

−+

+
++=

−+

−++

xx

x
x

xx

xxx
 

Partialize  
42

8244
2 −+

+

xx

x
 

( )( ) 7676

8244

+
+

−
=

+−

+

x

B

x

A

xx

x
 

( ) ( )678244 −++=+ xBxAx  

BBxAAxx 678244 −++=+  





=−

=+

8267

44

BA

BA
 thus 

13

346
=A  and 

13

226
=B  

( ) ( )713

226

613

346

+
+

− xx
 

Therefore, 
( )( ) ( ) ( )713

226

613

346
2

76

8244
2

+
+

−
++=

+−

+
++

xx
x

xx

x
x  
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Partial fraction to find the sum of the series 

Some series need to be expressed into partial fractions to get their sum. 
These series are the one expressed in rational form. Consider the following 
examples 
 

Express 
( )1

1

−nn
 as partial fraction and show that 

( ) ( ) nnnnn

1
1

1

1
...

34

1

23

1

12

1

1

1
−=

−
++


+


+


=

−
 

Solution 

Let 
( ) 11

1

−
+=

− n

B

n

A

nn
 

When 1=n  then 1=B  and when 2=n  then 1−=A  



























−
−

=

−
−

−
=

−
−

−
=

−=

−=

−=

−=

+

−

−

nn
     A

nn
A

nn
A

A

A

A

A

n

n

n

1

1

1
1

1

2

1
2

1

3

1

..................
5

1

4

1
4

1

3

1
3

1

2

1
2

1

1

1

1

2

5

4

3

2

     

Hence 
n

Sn
1

1−=  

 

Example 118 

 



Algebra 

 

128 | A l g e b r a  

 

 

Find the sum of 
( )( )3214

4
2 +− nn

n
 

Solution  

Partial fraction, 
( )( ) ( )( )( )321212

4

3214

4
2 ++−

=
+− nnn

n

nn

n
 

( )( )( ) 321212321212

4

+
+

+
+

−
=

++−
=

n

C

n

B

n

A

nnn

n
 

( )( ) ( )( ) ( )( )1212321232124 +−++−+++= nnCnnBnnAn  

Since the equation is true for all n, when 0=n  we get 033 =−− CBA  

When 1=n  we get  

( )( ) ( )( ) ( )( )1212321232124 +−++−+++= nnCnnBnnAn  

Then 43515 =++ CBA  

When 1−=n  

( )( ) ( )( ) ( )( )1212321232124 +−++−+++= nnCnnBnnAn  

Then 433 −=+−− CBA  









−=+−−

=++

=−−

433

43515

033

CBA

CBA

CBA

 

Solve for A, B and C, then 
4

1
=A , 

2

1
=B  and 

4

3
−=C  

( )( )( ) ( ) ( ) ( )324

3

122

1

124

1

321212

4

+
−

+
+

−
=

++− nnnnnn

n
 

Let 
( ) ( ) ( )324

3

122

1

124

1

+
−

+
+

−
=

nnn
An  
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























+
−

+
+

−
=

+
−

−
+

−
=

−
−

−
+

−
=

−+=

−+=

−+=

+

−

−

128

3

24

1

48

1
48

3

24

1

128

1
48

3

64

1

208

1

.............................
26

3

14

1

20

1
28

3

10

1

12

1
20

3

6

1

4

1

1

2

3

2

1

nnn
    A

nnn
A

nnn
A

A

A

A

n

n

n

 

128

3

48

3

24

1

12

1

6

1

4

1

+
−

+
−

+
+++=

nnn
Sn  

128

3

48

3

24

1

12

1

6

1

4

1

+
−

+
−

+
+++=

nnn
Sn  

Therefore 
( )( )12824

910

2

1

++

+
−=

nn

n
Sn  

 

Express 
( )2

1

+nn
 into partial fractions, hence deduce that 

( ) ( )( )212

32

4

3

2

1
...

53

1

42

1

31

1

++

+
−=

+
++


+


+

 nn

n

nn
 

Solution 

( ) 22

1

+
+=

+ n

B

n

A

nn
 

12 =++ BnAAn  

Therefore 
2

1
=A  and 

2

1
−=B  thus  

( ) ( )22

1

2

1

2

1

+
−=

+ nnnn
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( )22

1

2

1

+
−=

nn
An  

























+
−=

+
−

−
=

−
−

=

−=

−=

−=

+

−

−

42

1

2

1
22

1

22

1
2

1

42

1

..............................
10

1

6

1
8

1

4

1
6

1

2

1

1

2

3

2

1

nn
A

nn
A

nn
A

A

A

A

n

n

n

 

42

1

22

1

4

1

2

1

+
−

+
−+=

nn
Sn  

Therefore, 
( )( )122

32

4

3

++

+
−=

nn

n
Sn  
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MISCELENEOUS EXERCISE: ALGEBRA 

Partialize the following 

1. 

( )( )22

2

24

2

++

++

xx

xx
 2. 

( )( )13

4
2 ++

+

xx

x
 

3. 
34

3
2 ++

−

xx

x
 4. 

6116

3
23

2

+++

+

xxx

xx

5. 
( )( )33

3
2 ++

−

xx

x
 6. 

2

11
2 −−

−

xx

x

7. 
2

96
2

3

−+

+−

xx

xx
 8. 

( )( )321

10

+−

+

xx

x

9. 
1

5
23

2

+++

+

xxx

x
 10. 

1256

1
23

2

+−−

++

xxx

xx

11. 
( )( )1176

73
22 +++

+

xxx

x
 12. 

7116

13
2 −−

+

xx

x

13. 
( )( )31035112

66
22

23

+−++

++

xxxx

xx
 14. 

612612

54
23 −−+

−

xxx

x

15. f 
1

5

23

4

23 2 +
+

−
=

−+

+

xxxx

bax
 find the value of a, and b. 

16. 
( )( )31

765 234

−−

−+−

xx

xxx
 17. 

6

92
2 −−

+

xx

x
 

18. 
( )( )21

22

++

+

xxx

x
 19. 

383

9
2

3

−+

−

xx

xx

20. 
xx

xx

+

−−
2

23 2
 21. 

xxx

xx

23

4
23

2

+−

+−
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22.  
( )( )3

2

11

1

xx

x

++

+
 23. 

1

525
4

23

−

++

x

xxx
 

24. 
8

1
3

2

−

−−

x

xx
 25. 

24

23

3

72

xx

xx

+

−−

26. 
16

4
4 −x

x
        27.   

( )3

2

12

3

−x

x

28. 
( )( )14

1110
2 +−

−

xx

x
 29. 

( )( )352

5112
2

2

−−+

+−

xxx

xx

30. Express 
( )( )31

1

++ nn
 in partial fractions and hence find the sum of 

( )( )31

1
...

64

1

53

1

42

1

++
++


+


+

 nn
. 

31. Express 
( )1

1

+xx
 in partial fractions and show that 

( )
1

1

1

1

=








+


=n
nn

 

32. Find the sum of the series ...
43

1

32

1

21

1
+


+


+


 

33. Show that 
( )( ) 23

1

2

1

2313

3

1
+

−=
+−

=
nnn

n

n

 

34. Find the sum of the series 

239

1
...

1411

1

118

1

85

1

52

1
2 −+

++


+


+


+
 nn

 

35. Use partial fraction to show that 

( )( )

( )
( )( )32126

75

3314

1
...

975

4

753

3

53

2
2 ++

+
=

+−

+
++


+


+

 nn

nn

nn

n
, 

state whether the series 
( )( )


=

+−

+
n

n nn

n

1
2 3314

1
 converge as →n  

and it does  find 
( )( )




=
+−

+

1
2 3314

1

n nn

n
 (sum to infinity) 

36. Show that 
( )( ) 121212

1
...

75

1

53

1

31

1

+
=

+−
++


+


+

 n

n

nn
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37. Write down the expansion of ( ) 21 −− x  in ascending powers of x and 

deduce that Show that ( )
( )

( )2
0

1 x

xaba
xbna

n

n

−

−+
=+



=

 for 1x  

hence prove that 
4

9

3

18

0
2

=
+




=n
n

n
. 

38. Find the sum of the series 

( )( )21

23
...

543

11

432

8

321

5

++

+
++


+


+

 nnn

n
 

39. Express into partial fractions 
( )( )xx

x

−+

+

21

4
 

40. Partialize 
3

4

+

−

x

x
 

41. Partialize 
( )

( )( )412

53
2 −+

+

xx

xx
 

42. Partialize 
2

2

4

6

x

x

−

−
 

43. Partialize 
( )( )41

32
2 +−

+

xx

x
 

44. Express 
( )212

54

+

+

x

x
 as a partial fractions 

45. Express 
( )( )321

1

+−

+

xx

x
 as a sum of partial fractions 

46. Express 
( )1

35
2

2

+

−

xx

x
 as the sum of partial fractions 

47. Express 
( )( )21

72

+−

+

xx

x
in partial fractions and hence find the first 

three terms of its binomial expansion 
48. Find the first three terms in ascending powers of x in the binomial 

expansion of 
( )( )2131

4

xx −−
  

49. Find the expansion of 
x21

1

−
in the form ...32 ++++ dxcxbxa  and 

hence determine the values of a, b, c and d. 
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50. Expand ( )( )xx +− 12  and hence express 
22

3

xx

x

−+
 in partial 

fractions 

51. Show that the sum of ...13951 32 ++++ xxx  is 
( )21

31

x

x

−

+
 if 1x  

52. Find the sum of the series ...753 2 +++ nn  if 1n  

53. Show that 2...16842 32

1

16

1

8

1

4

1

=  
54.  (a) Solve for x and y the following system of equations, give your 

answers correct to three significant figures 
( )





=

=

yx

yx

974

532
 

(b) Let ( )cba +−=  or otherwise, prove that ( )cba ++  is a factor of 

abccba 3333 −++ . Deduce a factor of xyzzyx 68 333 +−+    

55. Show that if 0a  the function cbxaxxf ++= 2)(  has a least value, 

and find it. Hence find the values of a, b and c, if the function 

cbxaxxf ++= 2)(  has the minimum value -5 when 1−=x  and the 

value zero when 2−=x .      
56. (a) Find the value of a and n if the first three terms of the binomial 

expansion of ( )nax+1  are ...
3

20
41 2 ++− xx  

(b) Find the expansion in ascending powers of x, as far as the term in 

2x , of the expression 
3 22 284

3

xx

x

−+−

+
 

(c) Prove that unless 1=x  the sum of the series 

12 ...1: −++++ nxxxS  is 
x

x n

−

−

1

1
 

(d) By multiplying the series 12 ...321': −++++ nnxxxS  by ( )x−1   

and summing the resulting series, find the sum of the series 'S  
(e) Consider what happens to the sum of each of the given series as 

→n , if 10  x . (It may be assumed that if 10  x  then 

0→nnx  as →n     

57. (a) Find the coefficient of 
x

1
 in the expansion of 

5
1

2 







−

x
x  
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(b) Find the coefficient of 3x  in the expansion of  

 (i)  ( )621 x+   (ii) ( )( )62131 xx +−  

(c) If the polynomial axxx +−− 234 22  is divisible by 442 +− xx . 
 (i) Find the value of a. 

 (ii) When a has this value, show that axxx +−− 234 22  is never 
negative.   

58. Let 
( )( )2

2

212

49
)(

−+

+
=

xx

x
xf  

(a) Express )(xf  in partial fractions 

(b) Show that, when x is sufficiently small for 3x  and higher powers 

to be neglected, 251)( xxxf +−=     

59. A geometric progression has first term 64 and sum to infinity 256. 
Find 
(a) The common ratio, 
(b) The sum of the first ten terms. 

60. (a) If yx 52 =  show that 
y

x
=5log2  

(b) Solve the equation 6132 23 −−+ xaxx  if its is divisible by 3−x  

(c) Solve the inequality xx +12  

61. The polynomial baxxx ++− 23 is divisible by 1+x  and leaves a 
reminder of 12 when divided by 2−x . Find 
(a) The values of a and b 
(b) When a and b have these values, factorize the polynomial.  

62.  (a) Expand ( ) 2
1

41 −
+ x  in ascending powers of x, up to and including 

the term in 
3x , simplify the coeeficients. 

(b) The first three terms in the expansion of ( )nax+2 , in ascending 

powers of x, are 24032 bxx +− . Find the values of the constant n, 
a,and b. 

63.  (a) Express 
( )( )( )121

67
)(

2

+−−

−+
=

xxx

xx
xf  in partial fractions 

(b) Show that, when x  is sufficiently small for 4x  and higher powers 

to be neglected .
4

11

2

3
23)( 32 xxxxf +−+−=  
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64. (a) Find the first 3 terms in the expansion of ( )62 x−  in ascending 

powers of x. 

(c) Find the value of k for which there is no term in 2x  in the 

expansion of ( )( )621 xkx −+  

65. The series of natural numbers is grouped as follows: )1( , ( )4 3, 2, , 

( )9 8, 7, 6, 5, , … 

(a) Find the total number of integers in the first 1−n  brackets 

(b) Show that the first number in the thn  brackets is 222 +− nn  

(c) Show that the sum of the numbers in the thn  bracket is 

( )33 1−+ nn  

(d) If the first number in the thn  bracket is denoted by a and the first 

number in the ( )thn 1+  bracket is denoted by b, show that the 

sum of the numbers in the thn  brackets is exactly divisible by 
( )ba−−  and that the quotient is an odd number. 

66. (a) Find the least positive integral value of n for which 







=









25

1

5

4
n

 

(b) Find the value of k for which the equation ( )( ) kbxxa =−−  has 

repeated roots. 

67. (a) Expand ( )px+1  and 
bx

ax

+

+

1

1
 in ascending powers of     

       x as far as the terms in 3x  

(b) If these expansions are identical as far as the terms in 2x  express 
a and b in terms of p. 

(c) By taking 
3

2
=p  and 

8

1
=x  show that an approximation to the 

cube root of 81 is 
49

212
 

(d) Find in terms of p and x, the difference between the terms in 3x  
of the two expansions, and evaluate this difference, correct to one 

significant figure, when 
3

2
=p  and 

8

1
=x  
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68. The equation 442)( 234 −−++= xbxaxxxf  where a and b are real 

constants. Given that 0)(
2
1 =−f  and 0)2( =f , find the values of a 

and b. 
(a) Express )(xf  as the product of factors and hence solve for x. 

(b) Find the set of values of x for which 0)( xf   

69. (a) Express 
( )( )21

3

+− xx

x
 in partial fractions 

(b) Evaluate 
( )( ) +−

dx
xx

x

21

3
 

70. Find constants a and b so that in the expansion of the function 
xbxxax cossin ++  in ascending powers of x, the first non-zero 

terms is the one in 5x , and determine the coefficient of that term. 

71. (a) Find the set 323 −+ xx  

(b) The ordered positive integers are bracketed thus: )1( ; ( )3 2, ; 

( )6 5, 4, ; … there being rth bracket. Find simplified expressions for 

 (i) The last integer in the nth bracket, 
 (ii) The first integer in the nth bracket. 

72. Prove that each of the circles 0422 =−+ xyx  and 

04381222 =+−−+ yxyx  lies completely outside the other. 

73. A sequence with nth term nu  is defined by 31 =u  and 41 +=+ nn uu  

for 1n  

(a) Write down the values of 2u , 3u  and 4u  

(b) By identifying the type of the sequence or otherwise, express nu  

in terms of n 
74. (a) Solve the equations 92 =+ yx  and 018 =+xy  simultaneously and 

find the distance between the points of intersections. 
(b) The progression has the first term of 12 and a fifth term of 18. 

(i) Find the sum of the first 31 terms if the progression is 
arithmetic progression 

(ii) Find the difference between the sum of the first 10 terms 
and the last 10 terms if the progression is geometric with 
40 terms. 
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75. Solve 61 −y  hence solve the inequality 612 −x  expressing any 

numerical value in the form of 
q

p

ln

ln
 where pand q are integers. 

76. (a) Solve the inequality xx 252 −+  

(b) One root of the cubic equation 823 23 −−+ xaxx  is – 2, find the 
value of a and factorize the equation completely, hence solve the 
equation. 

77. The polynomial axxx +++ 34 4  has a factor 22 ++ xx  find the value 
of a and the factorize the expression completely. 

78. (a) Expand ( ) 3
1

31 −− x  in ascending powers of x, up to the term in 3x , 

simplifying the coefficients 

(b) Use the results above to find find the value of 3 4.0  correct to 3 
significant figures. 

79. Express 495299604 23 +++ xxx  in the form of ( ) ( )BxCBxA +++ 3 , 

find the integers A, B and C, hence solve the equation 

( ) ( ) 02429 3 =−−− yy  

80. (a) Solve the inequality 129 − x  

(b) Solve the equation ( ) xx log25log −=+  

(c) Express 
( )( )212

76
)(

xx

x
xf

+−

+
=  in partial fractions 

(d) Show that when x is sufficient small for 4x  and higher powers to 

be neglected, 32

4

15

2

1
53)( xxxxf −−+=  

81. Find the value of the term which is independent of x in the expansion 

of 
4

3








+

x
x  

82. A geometric progression, for which the common ratio is positive, has 
a second term of 18 and a fourth term of 8. Find 
(a) The first terms and the common ratio of the progression 
(b) The sum to infinity of the progression 

83. (a) Express 1082 2 −+ xx  in the form ( ) cbxa ++ 2  

(b) For the curve 1082 2 −+= xxy , state the least value of y and the 

corresponding value of x. 
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(c) Find the set of values of x for which 14y  

84.  (a) Solve the inequality xx 312 −  

(b) The cubic polynomial baxxxf ++= 232)(  it is given that ( )1+x  is 

a factor of )(xf , and that when )(xf  is divided by ( )2+x  the 

remainder is – 5. Find the values of a and b.  

(c) Express x9  in terms of y, where xy 3=  

(d) Hence solve the equation ( ) ( ) 033792 =+− xx  expressing your 

answers for x in terms of logarithm where appropriate. 
85. Solve the following equations 

(a) ( ) 1012 =−xx ee  

(b) ( ) ( ) 16568 455 logloglog =−−− yy  

86. The cubic polynomial f(x) is such that the coefficient of 3x  is –1 and 
the roots of the equation 0)( =xf  are 1, 2 and k. Given that )(xf  has 

a remainder of 8 when divided by 3−x , find  
(a) The value of k 
(b) The remainder when )(xf  is divided by 3+x  

87. (a) Find , in its simpliste form, the product of 3
2

3
1

ba +  and 3
4

3
2

3
1

bba +  

(b) Give that ( )( ) kxx =−+ 122 52  evaluate x10  

88. (a) Simplify 
( )
22

21

82

42016
+−

+ +
xx

xx

 

(b) Find the solution set of the quadratic inequality 

 (i) 01282 +− xx  

 (ii) 082 − xx  

 (iii) Find the solution set of the inequality 6682 +− xx  

89. The equation 014128 23 =−++ xxx  has roots  ,  ,  . Show that 

the equation with roots 12 + , 12 + , 12 +  is 013 =−− yy  

90. Prove by induction that, for all 1N , 
( ) ( )

=
+

−=
+

+
n

n

nn nnn

n

1
21

1
1

21

2
 

91.  Use the relevant standard results to find,  ( )
=

−=

n

n

n nnS

1

23 68  
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92. (a) Show that if bca log2loglog =+  then a, b, and c are in geometric 

progression. 

(b) Show that if yyx log3loglog =+  then x, 3y  and yz are in 

geometric progression 
(c)  Show that zyx −−  is a factor of the expression

( ) ( ) ( ) xyzyxxyxzzxzyyzzyx 2333 ++−+−+−++ . Without further 

working write down two other factors of this expression. 

93. The first three terms in the expansion of 
5

4








+

x
a are 232 cxbx ++ . 

Find the value of each out the constants a, b, c. 

94. (a) Given that 








−

−
=

32

1a
X and 








=

a
Y

34

12
 if a is a constant, find 

the value of a if ( ) ( ) 1det4det += YX  

(b) If 3log 2 =ab  find 2log ba  

 

95. (a) Solve the simultaneous equations 

( )







=+−+

=+−

=−+

4135

02

22

zyx

zyx

zyx



 

(b) If p, q and r form an arithmetic progression. Show that their 
squares cannot form an arithmetic progression, unless their 
common difference is zero. 

(i) When 0  
(ii) When 0=  

96. (a) Use standard results to show that ( )( )121
6

1

2 ++= nn
n

r

n

 and 

deduce the sum of the first n terms of the series ...531 222 +++  
(b) Inside a given sector of radius 8 cm and central angle 30  a square 

is drawn such that each vertex is either on one radius or on the 
arc. Determine the area of the sector which lies outside the 
square. 

97.  (a) Sum to n terms, and to infinity, the series 

...
975

6

753

4

531

2
+


+


+


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(b) Given two concentric circles C1 and C2 of radius 9 cm and 7 cm 
respectively. A straight-line cuts C1 at Pand S and C2 at Q and R, 
such that P, Q, R and S are consecutive points of the line. If 

RSQRPQ == , determine 
(i) The length of the chord 
(ii) The length of the small arc PS 

98. (a) Solve the following equation 4loglog 82 =− xx  

(b) Find the roots of the quadratic equation 062 =+− kxx  if one 
the root is 3 times the other and hence find the value of the 
constant k. 

(c) Expand 
( )( )1231

5

+−+ xx
 as the series of ascending power of x 

up to the fouth term and hence find the value of x for which the 
expression is not valid 

(d) Prove by mathematical induction that 132 −n  is divisible by 4 for 
all positive integer values. 

99. (a) By induction, show that ( ) ( )1212...531 223333 −=−++++ nnn  

(b) Expand 
( )

x

x

32

12
6

2
1

+

++
 in ascending powers of x up to the term in 

3x  
100. (a) A geometric progression has non-zero first term a and the common 

ratio r, where   
 10  r . Given that the sum of the first 8 is equal to half the sum to 
infinity, find the value of r. 
(b) If the 17th term of the progression is 10 find a. 
(c) An arithmetic progression has first term a and the common 

difference 10. The sum of the first n terms of the progression is 
10,000. Express a in terms of n, and show that the nth term of the 

progression is ( )15
10000

−+ n
n

 

(d) Given that the nth term is less than 500, show that 

020001012 +− nn  and hence find the largest possible value of 
n. 

101. (a) Solve the following logarithm and exponential simultaneous 

equations 




=

=

1loglog

25log

33

9

yx

xy
 



Algebra 

 

143 | A l g e b r a  

 

(b) Find the value of k if 8223 +++ kxkxx  it is a perfect cube. 

(c) Express 
( )( )( )3232

2211

+++

+
=

xxx

x
y  into partial fractions, hence 

find  ydx . 

102. (a) If 222 356 −−− xxx  is divided by ( )( )( )1211 −+− xxx  what is the 

remainder? 

(b) By using a binomial theorem expand x21 + up to the 7th term. 

(c) Approximate the value of 3 96  correct to 4 decimal places. 

103. (a) Find the value of k in the equation ( ) ( ) 02373122 =+++− kxkx  if it 

has equal roots. 
(b) The value of a and b, when the expression 

04 235 =+++++ baxxbxx  is divided by ( )( )11 +− xx  and gives a 

remainder 32 +x . 

104. Resolve into partial fractions 
( )( )11

53
2

23

−−

+−−

xx

xxx
 

105. Let 12 += xxu  solve 0291492 234 =+−+− xxxx  
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